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A NOTE ON THE VALUE DISTRIBUTION OF ¢ f?f® — 1

G. Biswas, P. Sahoo. A note on the value distribution of ¢ f2f*) — 1, Mat. Stud. 55 (2021),
64-75.

In this paper, we study the value distribution of the differential polynomial ¢ f2f®*) — 1,
where f(z) is a transcendental meromorphic function, ¢(z) (# 0) is a small function of f(z) and
k (> 2) is a positive integer. We obtain an inequality concerning the Nevanlinna characteristic
function T'(r, f) estimated by reduced counting function only. Our result extends the result
due to J.F. Xu and H.X. Yi [J. Math. Inequal., 10 (2016), 971-976].

1. Introduction, definitions and results. In this paper, by meromorphic function we
shall always mean meromorphic function in the complex plane. We shall use the standard
notations of the Nevanlinna theory of meromorphic functions as explained in [3], [5], [11]
and [12]. For a nonconstant meromorphic function f(z), we denote by 7'(r, f) the Nevanlinna
characteristic function of f(z) and by S(r, f) any quantity satisfying S(r, f) = o{T'(r, f)}
for all r outside a possible exceptional set of finite logarithmic measure. The meromorphic
function ¢(2) is called a small function of f(2), if T'(r,¢) = S(r, f).
In this research work, we need the following definitions.

Definition 1 ([12]). Let f(z) be a nonconstant meromorphic function and p be a posi-
tive integer or infinity. For a € C U {oo}, we denote by N (r, ﬁ) the counting function
of those zeros of f(z) — a (counted with proper multiplicities) whose multiplicities are not
greater than p and by Np) (, ﬁ) the corresponding reduced counting function. We denote
by Nt (r, ﬁ) the counting function of those zeros of f(z) — a (counted with proper mul-
tiplicities) whose multiplicities are greater than p and by N(pﬂ(r, ﬁ) the corresponding
reduced counting function. Also we denote by N,(r, ﬁ) the counting function of zeros of
f(2) — a with multiplicity exactly p.

Furthermore, we denote by N.,(r, =) the counting function of all zeros of f(z) — a
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(counted with proper multiplicities) except the zeros whose multiplicities are exactly p and by

N (7, ﬁ) the corresponding reduced counting function.

Definition 2 ([12]). Suppose that f(z) is a nonconstant meromorphic function in the com-
plex plane C, and «(z) is a small function of f(z). Let ng, n1, ..., n; be non-negative integers.
We call M(f) = afro(f)™ ... (f*)™ a differential monomial in f and n = Z?:o n;,
the degree of M(f). Also let My(f), Ma(f), ..., Mg(f) be differential monomials in f of
degrees my,ma, ..., my, respectively. Then P(f) = Z?:l M;(f) is said to be a differential
polynomial in f and m = max{mq, ms, ..., my}, the degree of P(f).
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Many research works have been done on the value distribution of differential polynomials
of meromorphic functions by many mathematicians worldwide (see [2], [4], [7], [9]). In
1979, E. Mues [6] first proved a qualitative result of value distribution for a transcendental
meromorphic function f(z) in the complex plane. The result is as follows:

Theorem A. Let f(z) be a transcendental meromorphic function in the complex plane.
Then f%f' — 1 has infinitely many zeros.

Naturally, one may ask the following question.
Question 1. What is the quantitative result of Theorem A?

In 1992, Q. D. Zhang ([13|) find out a quantitative result of Theorem A which is as
follows.

Theorem B. Let f(z) be a transcendental meromorphic function in the complex plane.
Then

T(r, f) < 6N(7’ + S(r, ).

T

In 2011, J. F. Xu, H. X. Yi and Z. L. Zhang ([10]) improved Theorem B by estimating
the reduced counting function and proved the following result.

Theorem C. Let f(z) be a transcendental meromorphic function in the complex plane.
Then

T(r, f) < (W(r +S(r, f).

)
’ f2 f/ -1
Regarding Theorems B and C , one more question arises.

Question 2. What happens if we use a small function instead of a constant in the counting
function in Theorems B and C?

In 1992, Q. D. Zhang ([14]) studied the value distribution related to small functions used
in counting function and proved the following result.

Theorem D. Let f(z) be a transcendental meromorphic function in the complex plane and
©(z) (£ 0) be a small function of f(z). Then

T(r, f) < 6N<r ) +S(r, f).

e =1
In 2016, J. F. Xu and H. X. Yi ([8]) improved Theorem D by considering the reduced

counting function and proved the following result.

Theorem E. Let f(z) be a transcendental meromorphic function in the complex plane and

©(z) (£ 0) be a small function of f(z). Then

T(r, f) < 6N(r ) +S(r, f).

1
Tefrf -1
Note 1. In [8,14] the authors had assumed that the set of zeros and poles of f(z) and that
of ¢(z) are disjoint, though they did not mention it in the statement of their main results.

Now it is natural to ask the following question which motivated us to write this paper.
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Question 3. What will be the result if we replace the differential polynomial ¢ f2f — 1 by
of2f®) — 1, where k (> 2) is an integer?

In this paper we investigate to find out the possible answer to the above question and
obtain the following theorem.

Theorem 1. Let f(z) be a transcendental meromorphic function in the complex plane,
k (> 2) be an integer and ¢(z) (£ 0) be a small function of f(z) such that the set of zeros
and poles of f(z) and that of ¢(z) are disjoint and ¢(z) has no zeros of multiplicity 2. Then

— 1
(. f) < 6N (r, W> +S(r, f).

2. Lemmas. We now state some lemmas which will be needed in the sequel.

Lemma 1 ([3,5,12]). Let f(z) be a transcendental meromorphic function and k be a positive

integer. Then "
k
m(r, fT) =S(r, f).

Lemma 2. Let f(z) be a transcendental meromorphic function, k (> 2) be a positive integer
and ¢(z) (# 0) be a small function of f(z). Then o f%f%) is not equivalently constant.

Proof. To prove this lemma we follow [8]. Suppose that ¢ f2f*) = C, where C is a constant.
Obviously, C' # 0. Hence we have
1

27

Qls

zi_
c f

f_

Therefore, using Lemma 1 we get

m@}><§< gOf(k) % (r )*?ﬂ‘?ﬁ+0mzsmﬂ,

(1) £ (o) < (0 £) =50

Therefore, we obtain T'(r, f) = S(r, f), a contradiction. Hence ¢ f?f®* is not equivalently
constant. [

Lemma 3. Let f(z) be a transcendental meromorphic function, k (> 2) be a positive integer

and (=) (# 0) be a small function of f(z). Then
3T(r, f) < N(r, f) +N(r, %) + Nig (r %) N o (. %)—F
( of? f Spp—y) ~ No(r T f21f(’f))’>+s(r’f)’ (1)
N0 ) = N Ny + {8 () =N (r )} { M (7 7) =iV (r )

+m(r, f) —{—2m<r, %) < N(r, W) - N0<r,m> + S(r, f), (2)

where Ny(r, W) denotes the counting function of those zeros of (¢ f?f*) which are
not the zeros of f(pf?f*) —1).
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Proof. To prove this we follow [8,10]. From Lemma 2, we get ¢ f2f*) —1 is not equivalently

constant. Set
1 of ™ (of2f®Y (pf2f® —1)

f? f f? (pf2f®y
Hence, applying the inequalities m(r, f + g) < m(r, f) + m(r,g) + log2 and m(r, fg) <
m(r, f) +m(r,g) as explained in |3, p.5|, we have from above and Lemma 1

3m<r, %) = m(r, %) < m(r, Spj;(k)> + m(r, %{jk))» - m(r, %) +0(1) <
pff® -1

< Xy J -
Using the first fundamental theorem of Nevanlinna one has

m(r, f/f) =T, fIf) =N, f/f)<Tr, f/f) = N f/f)+0(1) <
SN(T,f//f)—N(T,f/f/)—FS(’l“,f).

Hence by Lemma 1

Sm(r, l) < N(T M) — N(r, w) +S(r, f) = N(r, (o f2f®))+

f T frfR —1 (pf2f®)
+N(r——;L——)—N@w ﬂﬂ@—1»—A(r——i——)+suf)
RN G i (2 o

because zeros and poles come from both of (¢ f2f*) and ¢ f2f*) — 1 letting equal sign
particularly of the formula N(r, fg) < N(r, f) + N(r, g) as explained in [3, p.5|.

By routine observation we see that at a pole of pf2f*) — 1 of order I, (of?f*) has a
pole of order I + 1. Such poles come from the poles of f(z) and the poles of p(z) only. So

N(r, (pf2F®)) = N(r, (02 F® = 1) < N pf2f® = 1) <
< N(r, f) + N(r,¢) < N(r, f) + S(r, ).

Therefore we have

3m<r, %) < N(r, f)+ N(r, W) - N(r, m> +S(r, f).
Hence
30(r, f) = 3m<’r, %) + 3N<'r, %) +O0(1) < N(r, f) + 3N(r, %)—i—
+N(T’W> —N(r,W) + S(r, f). (3)
Let

N(r, m> = Nooo (7’, W) + Noo <T7 m>+

8o gy 5000 ()
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where Nogo(r denotes the counting function of those zeros of (¢ f2f*)" which come

sy
from the zeros of (@ f2f*) — 1) and Ny(r, ' fo(k>

zeros of (pf?f*))" which come from the zeros of f(z). Hence we have

-) denotes the counting function of those

1 1 — 1
PP wpry) =N o) ®)

Let zy be a zero of f(z) with multiplicity p and pole of ¢(z) with multiplicity ¢. We consider
the following two cases: Case 1 and Case 2.

Case 1. Let p < k. If t < 2p — 1, then 2 is a zero of (¢ f2f®) with multiplicity at least
2p —t — 1. If t > 2p, then 2, is not the zero of (¢ f2f®). Hence in this case the zeros
of (of?f®) come only from the zeros of f(z) with multiplicity not greater than k& and the
poles of p(z) with multiplicity at most 2p — 1.

Case 2. Let p > k+ 1. If t <3p—k — 1, then z is a zero of (¢ f2f®))" with multiplicity at
least 3p —t —k — 1. If t > 3p — k, then z; is not the zero of (of2f®)". Hence in this case
the zeros of (¢ f2f®)" come only from the zeros of f(z) with multiplicity greater than k and
the poles of ¢(z) with multiplicity at most 3p — k — 1.

Hence we can write

Noo(ﬁW) ZQNk)<7’,%> _Nk)< }) +3N(k+1< }) (k+1)N k+1< %>—
—sN(r,¢) = 2N <r, %) + Nt (7“, %) — Nk) <T, %) (k+1) N(k+1< %)

where s = max{2p — 1, 3p — k — 1}. Therefore, we have

3N(r, %) —NO()(r, m> < Ny (r, %) +N< ;) L EN ,m( }) +S(r, ). (6)

Combining (3)—(6), we have

N(r ) — Nooo (r

1) () 1T )

1)~ o0 Grwy)

3T(r, f) < N(r, f) +N(r
+N<T
Thus the inequality (1) is proved. Since
1 1 1 1
3T(r, f)=N(r,f)+ N(r, ?> + Ny <7", ?> + Nig41 (r, ?> +m(r, f)+ Qm(r, ?> +0O(1),

the inequality (2) can be obtained easily. O

Lemma 4. Let f(z) be a transcendental meromorphic function and ¢(z) (£ 0) be a small
function of f(z) such that the set of zeros and poles of f(z) and that of p(z) are disjoint.

Suppose that F = o f?f®) —1 and h = —/, where k (> 2) is an integer. Let
6 = () +elme) +ormmng i)+
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+(16 14
¥

where

3k + 7)(k?* — 4k — 29)
k+3 ’
ay = —(k +5)(k* — 4k — 29), a3z = 4(k* — 4k — 29),

a1:2(k—|—1)2—(

a; = —4(k+1)(k+3), as =2k +1)(k +3)(k+5), ag = —2(k* — 4k — 29),
ar =4(k+1)(k+3), as = —(k+1)(k+3), ag = —(k+ 1)(k+ 3)(k +5).

If G(z) # 0, then the simple poles of f(z) are the zeros of G(z).
Proof. Suppose z is a simple pole of f(z). Let

f(z) =

a

(z =) 1 bolz = 20) + bi= = 20)* + O((= = 0)")|.

where a (# 0), by, by are constants. Noting that ¢(zp) # 0, oo, let
o(z) = c[l +co(z — 20) +e1(z — 29)2 + O((z — 20)3)} :

where ¢ (# 0), ¢o, ¢1 are constants. Using (8) and (9), we obtain the following:

¢'(2)
¢(2)

a2

- [Co + (2¢1 — ) (2 — 20) + O((z — 20)2)]7

£2(2) = [1 4 2Bz — 20) + (B2 + 2b1) (2 — 20) + O((= — zo)ﬂ ,

(z — 20)?

£0(2) = (—1)*Kkla

(Z _ Zo)k+1

Using (9), (11) and (12) we get

14+ 0((z = 20)**)].

(—=1)*Kklac
(2 — 29)k+3

(B8 + 2boco + 2By + e1)(z = 20)2 + O((= = 20)7)]

F2) = @f2f® 1 = [1 + (2bo + co)(z — 20)+

, (—1)* 1k + 3)kla’c k+2
Fiz) = (z — 2z)Ft4 [1 k+3 <2b0 + CO) (2= 20)+
—I—:—i; (bg + 2bgco + 2by + cl> (z — 20)* + O((2 — z0)3)] :
Hence,

F'(z2) (k+3) 1
Fl) (220 s (et e) =)t

+%+3 <21)3 + g — 4by — 201) (z— 20)> + O((z — 20)3)} :

h(z) = ];,((;) = (_1)(:_(kz$ki)3k!a - [ + %M{(k + 1)bo + (K + 2)00}(Z — 20)+

69

(10)

(11)

(12)

(13)
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s (o + (= D+ (ke + 1)er bz — ) + 02 — 201,

R (2) k+3 1
IORCED - (k+3)2{(

{(k +1)262 + (k + 2)2c2 + 4boco — 2(k — 1)(k + 3)by—

k+ 1)bo + (k + 2)00}(2 — )+

+

(k+3)3
ok + 1)(k’+3)cl}(z - z0>2+o<<z—zo)3>] (14)

Thus from (10), (13) and (14) we obtain the following asymptotic relations:

Fl(z)\2 1 , 2
(Fey) = G lib 9~ 2090 e = 20 4 e+ 408
+(2k + 7)c§ + 4boco — 8(k + 3)by — 4(k + 3)61}(z )24 0((2 — Zo)g)} )

(FM),:( : [k +3) = (28 4+ — by —20)(z — ) +O((= = %)")], (16)

F(z) Z— 2
F'(z) I'(2) 1 ) ,
F(z) h(z) (2 — )2 [ +3)7 = { (3 + T)bo + (2K + 5)co } (2 — 20) + { (3K + T)t3+
+(2k + 5)ck + 3boco — 2(3k + 5)by — 4(k + 2)61}(Z )+ O((2 — 20)3)} o
W(z)\? 1 )
<h(z) ) = =22 [(k +3)° — Z{Uf + 1)bo + (k + 2)00}(2 — 20)+
+m{<k + 1)2(2k + 7)bg + (k +2)*(2k + 7)cg + 2(k* + Tk + 14)byco—
—4(k = 1)(k +3)%by — 4(k + 1)(k + 3)201}(2 —2)2+ O((z — zo)s)] : (18)

O ! 1 272 2 2 —
<h(z)> (2= 20)? [k+3_ m{(k+1) by + (k4 2)7cg + 4boco
—2(k — 1)(k + 3)bs — 2(k + 1)(k + 3)01}(2 )+ O((2 — 20)3)] | 19)

Z/((ZZ)) §/£§; _ (Z _1 ZO) |: _ (k} -+ 3)00 + {(k —+ 4)03 + 2b060 — Q(k + 3)01}(2 — ZO)—|—

+0((2 - 2)?)]. (20)

ig)) };L((zz)) e - 20) | = (k+3)co + k%g{(’* +Th 4+ 11)E + (k + 1)boco—
—2(k + 3)%1}(2 —2) +O((z — 20)2)] ) (21)
(9;'((5)))2 = [+ 0~ =), (“;((ZZ; ) =[ea-d)+0z-=)] @)

By substituting the above equalities (15)—(22) in (7) and executing some easy calculation,
we obtain G(z) = O((z — zp)). So 2 is a zero of G(z). O

Lemma 5. Let f(z), F(2), ¢(2), h(z) and G(z) be defined as in Lemma 4, ¢(z) (# 0) has
no zeros of multiplicity 2 and let k > 2 be an integer. Then G(z) # 0.
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Proof. We follow the proof as explained in [2,13,14]. On the contrary, we assume that
G(z) = 0. Under this assumption, we first show that: (i) F'(z) has no zeros; (ii) ¢(z) has no
zeros and poles; (iii) h(z) has no zeros; (iv) all zeros of f(z) are simple.

Suppose first that z; is a zero of F(z) of multiplicity i (> 1). From F(z;) = 0 and
F = @f?f®) — 1 it is obvious that f(z1) # 0, co and ¢(z;) # 0, co. As z; is a zero of F(2)
of multiplicity [y, z; is a zero of F'(z) = fh of multiplicity [; — 1. Obviously, z; will be the
zero of h(z) of order I; — 1. Using the Laurent series of G(z) at 21, we obtain the coefficient
of (z—21)"%as A(lh) = (a1 +az+as)l? — (a2 +as+2as+as)l; + (ag +as). From the definition
of a; (i € {1,2,,...,9}), we have

(k+5)2(k+T7)
A(ly) = 07 3)
Obviously, A(l;) = 0 has one positive solution lying between 0 and 2. Also A(1) # 0 for any
positive integer k. Hence A(l;) # 0 for any positive integers [; and k. So the point z; is a
pole of G(z) which contradicts G(z) = 0. Hence our claim (i) is proved. Let z; be a zero
of p(z) with multiplicity Iy (I > 1, # 2). Then by (i) and the assumptions of the lemma,
F(z) has no zeros and poles at zp and also f(z3) # 0, oco. Hence z will be a zero of h of
order I, — 1. Using the Laurent series of G(z) at 2y, we obtain the coefficient of (2 — z5) 72 as

B(ly) = (ay + a7 + ag)ls — (2a4 + a5 + a7 + ag)ly + (as + as).

B —(k+1)(k+5)(k+T7) +2(k+ 1)(k + 3)°.

From the definition of a; we again have

B(ly) = —(k+1)(k+3)5 — (k+1)*(k + 3)ly + 2(k + 1)(k + 3)°.
Obviously, B(ls) # 0 for any positive integers Iy (# 2) and k. So the point z; is a pole of
G(z) which contradicts G(z) = 0. Thus if G(z) = 0, then ¢(z) has no zeros.

Now suppose that z3 is a pole of ¢(z) of multiplicity I3 (> 1). From F = @f2f®) —1 it
is obvious that z3 will be a pole of F(z) of multiplicity I3 and a pole of h(z) of multiplicity
I3 + 1. Using the Laurent series of G(z) at 23, we obtain the coefficient of (z — 23)72 as

O(lg) = ((ll + as -+ ay + Qg —+ ay -+ ag)lg + (CLQ + as + 2@4 + Qs =+ ay + ag)lg + (CL4 —+ (l5).
From the definition of a; we have

2(k+1)(3k + 13)
Cl) =" 3
Obviously, C(l3) # 0 for any positive integer l35. So the point z3 is a pole of G(z) which
contradicts G(z) = 0. Thus if G(z) = 0, then ¢(z) has no poles. Hence our claim (ii) is
proved.

Now let z4 be a zero of h(z) of order Iy (> 1). Then by (i), (ii) and the definition of A,
F(z) and ¢(z) has no zeros and poles at z,. Using the Laurent series of G(z) at z4, we can
get the coefficient of (2 — 24)72 as

5+ 8(k+1)(k+4)s+2(k+ 1)(k + 3)°

D<l4) = a4li — CL5l4.

From the definition of a4 and as, we see that D(l;) # 0 for any positive integer l4. So the
point z4 is a pole of G(z) which contradicts G(z) = 0. Hence our claim (iii) that h(z) has no

zerosbis tru(e. )From h(z) = @(2){2f"(2) fR(2) + F(2) fE ()} + @' (2) f(2) fP)(2) and (iii),
we obtain (iv).

Set (z) = Z((ZZ)) We can deduce that (z) is an entire function, all zeros of 1(z) can
occur only at multiple poles of f(z) and the following expressions hold:

F/ fh h/ F/ ,l/)/ ¢/

f_F_fw’ E_F—i_@_fw—i_ﬂ‘
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Substituting the above two equalities in (7), we get

/

(a1 -+ as + (I4)f21/J2 + (CLQ + as + 2(14 -+ a5)f¢' + ((16 + cw)f%zﬂ—k

I\ 2 AN !, Al /\ 2 NIV}
—l—{a4 (%) + %(%) + m%% + ag (%) + ag(%) } + (ay + as) f'v = 0. (23)
Obviously as + a5 = (k + 5)*(k + 7) # 0 and ) # 0, otherwise from FF/ = f =0, we get F
is equivalently constant which contradicts Lemma 2. Thus by (23), we have

1

f(z) = all,l(z) + flia(2) + Pl s (2), (24)
where 04 ;(2) (i € {1,2,3}) are differential polynomials in %’ and %. Differentiating both
sides of (24) we have

1
f(2) = Elzl(z) + flop(2) + fYlas(2) + [ ha(2),

where l;(2) (1 € {1,2,3,4}) are differential polynomials in % and %. Continuing the above
process we obtain

1

FP(z) = Elm(?«’) + flea(2) + Poles(2) + 4 90 0(2), (25)
where [;.;(2) (i € {1,2,...,k + 2}) are differential polynomials in % and ‘%.
Now suppose z5 is a zero of f(z). From (24) and (25) with (z5) # 0, oo, we have

, 1 (k) 1
f(z) = —w(25)11,1(25)7 fY(25) = —w<25)lk,1(25)-
Also from the expressions for F'(z) and h(z) we have
Flan) = =1, Ali) = 2p(a0)f () ) = Z5 3 0a (oo o)

Substituting the above equality in the expression of ¥ (z), we have

3 (25) = —20(z5) 11 (25 )k (25). (26)

Set A(2) = ¥3(2) + 2¢(2)l1,1(2)lx1(2). We now discuss the following two cases: Case I and
Case II.
Case I. Let \(z) # 0. By (26) and (iv) we have

(. %) = Ni(r7) < N(r1) < T2+ 0(1) < O(T (.0} + 5(r. ).

7 A
7(r,0) = m(rv) = m(r. ) <m(r ) + S f)
Applying (2) and (i), we have
m(r, %) = S(r, ). (27)
Then
N(r, %) = S(r, f). (28)
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Combining (27) and (28) we have T'(r, f) = S(r, f), a contradiction.
Case II. A\(z) = 0. Using the expression of A(z), we deduce that

T(r,¢) =m(r,¢) = S(r, f) + S(r,¢) = S(r, ¢). (29)
Also

V7 (2) = —20(2)l1(2) k1 (2)- (30)

From (29), we deduce that ¢(z) is either a constant or a polynomial. If ¢ is a polynomial,
then the right-hand side of (30) is either a constant or a rational function whereas the left
hand side is a polynomial, and this gives a contradiction. So ¢(z)(% 0) is a constant. Let
¥(z) = C, where C(# 0). Hence from (30) we get
1 2
S N 9T

where Ly ;(2) and Ly (2) are differential polynomials in %. Hence

T(r,p) = T(r, é) +O0(1) = S(r, ).

Noting that ¢(z) has no zero, it becomes a nonzero constant. Substituting ¢(z) = C' in (23),
we obtain

(a1 + a3 + a) f°C* + (az + a5) f'C = 0,
which gives (1/f) = Cy, where C} (# 0) is a constant. Hence f(z) is rational, which is
impossible. Thus we get G(z) #Z 0. This completes the proof of Lemma 5. n

Lemma 6 ([1|). Suppose that f(z) is a transcendental meromorphic function and that

JTP(f) = Q(f),

where P(f) and Q(f) are differential polynomials in f(z) with functions of small proximity
related to f(z) as the coefficients and the degree of Q(f) is at most n. Then

m(r, P(f)) = S(r, f)-

3. Proof of Theorem 1. By Lemmas 4 and 5, we have seen that the simple poles of f(z)
are zeros of G(z) and G(z) # 0. Differentiating F' = pf2f*) — 1, we get

F/
pr=-1 (1)
where
8= @119 120 9 4 of /60— op T = g 32)

We see in the proof of Lemma 5 that the poles of G(z) whose multiplicities are at most two
come from the multiple poles of f(z) or from the zeros of F(z) or h(z) or from the zeros and
poles of p(z) except double zeros of ¢(z).

We think about the poles of 32G. We can visualize from (32) that the zeros of h(z) are
either the zeros of F'(z) or the zeros of 3(z). From (31), we can easily verified that the poles
of f(z) with multiplicity ¢ (> 2) are the zeros of ((z) with multiplicity ¢ — 1. Hence the
poles of 32G come from the zeros of F(z) and the zeros and poles of p(z) except double zeros
of ¢(z) and the multiplicity is at most 4. Hence,

N(r,3?G) < AN(r,1/F) + 4N(r, ) + 4N 4(r, 1/p) < 4N(r,1/F) + S(r, f).
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From the expression for G(z) we see that m(r, G) = S(r, f). Also by Lemma 6, we obtain
from (31) that m(r, %) = S(r, f). Therefore m(r, 3>°G) = S(r, f). Hence,
T(r, °G) < AN(r,1/F) + S(r, f).
Since the zeros of f(z) with multiplicity p (> k + 1) are the zeros of 3(z) with multiplicity

at least 2p — (k + 1), and therefore at least the zeros of 3?°G with multiplicity 4p — 2(k + 2).
Also the simple poles f(z) are the zeros of 32G. Hence we have

Ni(r, f) +ANga (. 1/ f) = 2(k + 2)Ngpa(r, 1/ f) < N(r, 1/8°G) <
T(r,3*G) < 4N(r,1/F)+ S(r, f). (33)

Combining twice of (1) and (33), we obtain
T(r, )+ N(r, f) + Ni(r, f) — 2N(r, f) + 4N(r, %) — 2N(7’, %) + 4N(k+1<7’, %)—
—2(k + Q)N(k:-‘,—l (7”, %) — 2Ny (T, %) —2kN (k41 (T, %) <
< 6N(T‘, W) _ 2N0< o f2f 5 ) +S(r, f). (34)

Let us consider the poles of left-hand side of (34),

N(r, f)+ Nu(r, f) = 2N(r, f) = N(r, f) + Ni(r, f) = 2Ni(r, ) = 2No(r, f) =
= N(r, f) = Ni(r, f) = 2Ne(r, f) = Ni(r, f) + Ne(r, f) = Ni(r, f) = 2No(r, f) > 0. (35)

Next we consider the zeros of left-hand side of (34) which is

an (r. %) — 2N (r, %) + AN (. %) — 20k + 2)N e (7, }) —any (. %) _

_QkN(k+1<7’, %) _ 2N<r, %) — QN( ) 44N, k+1< > —2(k+2)N goa <r, %)4‘
+2N, (r, %) + 2N (r, }) 2N, ( ) — 2N ot (r, %) >
> 2N<r, %) _ 2N<r, %) n 6N(k+1< ;) 4kkjl4jv(k+1(r, %) > 0. (36)
From (34)—(36), we obtain that T'(r, f) < 6N<r, W) + S(r, f).

4. Open Problems. We now pose the following two open questions.

Question 4. Is it possible in any way to remove the condition ‘p(z) has no zero of multi-
plicity 2" in Theorem 17

Question 5. What conclusion can be drawn if the set of zeros and poles of f(z) and that
of ¢(z) are not disjoint in Theorem 17
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