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We consider structural, integral, differential properties of function defined by equality

I(Aglzaz.“ozn...) - AQE

0 an][l—as)[1—an]..: n € A={0,1}

for two-symbol polybasic non-self-similar representation of numbers of closed interval [0; 1] that
is a generalization of classic binary representation and self-similar two-base ()o-representation.
For additional conditions on the sequence of bases, singularity of the function and self-affinity
of the graph are proved. Namely, the derivative is equal to zero almost everywhere in the sense
of Lebesgue measure. The integral of the function is calculated.

Introduction. According to the well-known Lebesgue theorem every function of bounded
variation is either purely discrete, or absolutely continuous, or singular, or is a mixture
(a linear combination of two or three functions of these types). Now the class of the sin-
gular functions is studied insufficiently [10, 13]. Today an arsenal of effective tools to define
and study of the singular functions is relatively poor. The search for its expansion conti-
nues [1, 10, 13]. Each new case of their natural representation has some scientific interest.
Recently a new way of defining them by inverting the digits of the representation in one or
another system of encoding (representation) of the number is initiated. The inversors of di-
gits of QQa-representation [9], Qs-representation [6], As-continued fraction representation [2],
Go-representation [7] and others are studied. Almost all of them are singular functions (except
for the last one).

The singular functions [5], continuous nowhere monotonic and non-differentiable functi-
ons [3] are bright representatives of functions with locally complicated topological, metric
and fractal properties. The various systems of encoding of numbers are widely used for their
construction and description of properties [1, 4, 10].

In the paper, we consider inversor of digits of polybasic ()-representation that is a
generalization of ()o-representation and study its differential, integral and others properties.
Thus we introduce a new continuous class of functions with locally complicated differential
properties.

1. Basic objects and facts. Let A = {0,1} be an alphabet, let L = A x A x ... be a
space of sequences of zeros and ones, and let ||g;|| be an infinite stochastic matrix with two
rows and an infinite number of columns, which has the properties ¢, > 0, qox + 1 = 1,

[T max{qor, 1} = 0. Put Sor =0, Bix = qok, Por = 1 for any k € N.
=1
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Theorem 1 ([12]). For any number x € [0; 1], there exists a sequence () € L of zeros and
ones such that

[e%S) k—1
T = 60411 + Z (ﬁakk H qajj) = AS%OLQO% (1)
k=2 7j=1

Definition 1. An expansion of number z in series (1) is called its Q3-ezpansion and

abbreviated (symbolic) notation AS?M,,.%,, is called its Q%-representation. At the same time
ar = ai(x) is called k-th digit of this representation.

Remark 1. @Qj-representation is a two-symbol encoding of numbers of the unit interval, in
particular the fractional part of a real number.

If gow = ¢ for any k € N then Qj-representation is ()o-representation. Thus,
Q5-representation is a generalization of ();-representation, and therefore of classic binary
representation. For any m € N, the matrix ||¢;,||7,, that formed from a matrix ||¢;,|| satis-
fies the above-mentioned requirements and generates its own Q3 (m)-representation.

One of the simplest problem which leads to the concept of ()5-representation of numbers
is a problem about analytical expression of the probability distribution function of a random
variable with independent (but, generally speaking, not identically distributed) digits of its
binary representation [13].

The following statements provide a comprehensive answer to the question of identification
and comparison of numbers.

Theorem 2 ([12]). For any set (o, ..., ayy,) of zeros and ones the following equality is sati-

sfied: o o
Aafaz...aml(O) = a12a2...047n0(1)' (2)

*

_ A@3
Numbers x; = Ac1..‘cm0d1d2...

and 9 = A%

c1..cm1did...

x1 < x9 and the strict inequality x1 < x5 if there exist d,,, d,, such that d,, — d], # 1.

satisfy the non-strict inequality

o then there exists m such that 0 =

Corollary 1. If Ag§a2,,,an,,, =2 < Ty = AaQ,ga,
1-2
am # o, =1 and o; = o for i < m.

Corollary 2. There is a countable set of numbers that have two QQ%-representations (these
are the numbers of the form (2)). All other numbers of the closed interval [0;1] have the
unique (Q%-representation.

Definition 2. Numbers of the interval [0;1] having two Qj-representations (ACQE_%I(O) =
Q3

c1_.CMO(I)) are called @Q5-binary numbers. The rest of the numbers in this interval having
only one (Q5-representation are called Q3-unary numbers.

The set of 3-binary numbers is countable.

Definition 3. A Q3-cylinder of rank m with base c¢jcs...c,, is a set A?ISCQ,,,CM of numbers x
from [0; 1] such that they have Q3-representation x = Agg,,_cmm%“ where (ay,) € L.
The @5-cylinders have the following properties:
1) AL, =A% JuA® 01 = U U AZ

c1...cm 12
c1€EA cm€EA
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= min AQ2

c1c2...cm0 c1c2...cm 17

2) max A2

k—1 m
3) The cylinder Acm .cm 18 a closed interval [a;b]: a = Z ﬁakk< H qaﬂ) b=a+ [] qos;
j=1

m AQZ |
) ‘Aclc2 Cm’ - H QCih M = Qi,m+1§

|Aclc2 cm‘
5) For any (¢y,), ﬂ Acl o = A?ﬁ...cm....

The following statement is obvious: every ()5-binary number is the endpoint of an infinite
number of cylinders of different ranks, starting with someone. The least rank of such a
cylinder is called the rank of @Q%-binary number (point). Remark that there are two sequences
of cylinders such that one of its endpoints is a given ()3-binary number.

Definition 4. The Q,-representation (Q, = [|[{g,,||) is called symmetric to Q%-representa-
tion (@3 = ||ginll) if o, = q1n-
Theorem 3. For any number z € [0; 1], the following equality is true:
Q*
Aaf(x)az(z).‘.an(x) + A

Proof. For numbers 0 and 1, the statement is obvious. Its general truth is proved by examples
for Q%-binary numbers (of 1st and 2nd rank).

~1. (3)

[1—au(@)][1-az(@)]...[l—an(z)]...

In fact, for numbers z = A?(%) = qop and 2’ = Aoaé) = A?(%) = Qo = 11, We have

r+2 =qn+q1=1
. Q3 Q5 Q5
Similarly, for x = Aof(o) and 7/ = A%(l) = A?f(o)
Q3 Q3 — -

Aof(o) + A?f(o) = qo1qo2 + (Qo; + %1‘102)7: qo1902 + 11 + Go1q12 = qo1(qo2 + q12) + qu1 = 1.

For numbers x = AQ2 and = AQ2 A(?fo),
A?12(0) + A01(0 (o1 + Q11QO2) + Q01902 = qo1 + 11902 + q11G12 = 1.

For Q- bmary numbers of the 3rd rank, we have

A%1 A?ﬁ = 01902903 + (11 + Qo112 + Go190213) = 11 + Qo1¢12 + Gor1go2 = 1;
A(?fl + A?(ﬁ = (qo1902 + qo1¢12903) + (q11 + G01q12¢13) = 1;
A%QI + A0Q121 = (o1 + q11902903) + (q11G12 + q11902q13) = 1;
A?fl + A001 = (qo1 + 11902 + ¢11¢12903) + Q11q12¢13 = 1.

Slmllarly, We can check the equality (3) for any @Q3-binary number.

For a general case, we recode the cylinders A?fchcm = Al_e))1—es]..[1—en] and number
r = Aglsal--anm = Afi—ai][1-az]..[I—ay]...- Let us pose the question: how a number

Q3
a’ —A[12 on][1—asz]...[1—am]...

is related to a number 27 It is clear that 2’ = 1 — z. In fact, by giving the number z in the

form z = A82 010 01 O 0, We have 2/ = A%..lol...lo...1...10...' Whence it is obvious
L

al a2 am aj a am

Q>
that 2’ +x=1= A(12 since |Ac1 om| = qucm ]A[l erll1—ea]. .[1— Cm}\

Thus, x 4+ 2’ = 1, which is equivalent to the equality (3). ]
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2. Object of study: inversor of digits.

Definition 5. An inversor of digits of Q5-representation of numbers of closed interval [0; 1]
is a function y = I(z) defined by equality

y=I(x =A% ):AQE

a1g...0n... l-—a1][l1—a2]...[1—an]...”

Since [ (AQS m) =1 (AQS 1(0))» this function is well-defined.

cic2...cp0 c1C2...Cn,
If o = % for any k£ € N, i.e., QQ5-representation is a classic binary representation then
I(x)=1—ux.

Theorem 4. A function I(x) is a continuous, strictly decreasing function with I(0) = 1,
I(1) =0.

Proof. The following equalities are obvious: 1(0) = [(A%) =A% =1 (1) = I(A(Qf)) =
A =0.

Let 1 < x5. Then according to Corollary 1 z; = A

c1...c;m—10d1ds...?

and there is m € N such that d,, — d], # 1. According to Theorem 2 we have

To = AQS

C1...Cm711d/1d’2...

Q* Q*
I(x1) — I(22) = A[12_01}...[1_cm]1[1—d1]... - Auiq]...[pcm]o[pdﬁ... > 0.

Therefore, the function I(z) is strictly decreasing.

Let zg = A?ﬁ._%._, be any Q5-unary point from (0;1), and let zy # = = Aanan Then
there is m such that o; = ¢; for © < m and «a,, # ¢,,. The condition z — xg is equivalent to
m — 0.

We consider an expression
m—1

() = I(x0)| = (]| ¢ei)|(Bi=amm + Bicumerim1@i—amm + )=
i=1
(_ﬁl—cn“m + ﬁl—cm+1,m+lq1—cm,m + )|

Since the absolute value in the right-hand side of the equation does not exceed 1 as the
difference of two numbers from an interval [0;1], we have |I(x) — I(xo)] — 0 as n — 0.
Therefore, the function /(z) is continuous at the point x.

For Q%-binary point zy = ACQE._C"LO(U = ACQE..CWLl(O)7 the continuity of the function is proved
similarly, but for the proof of the left-hand continuity of the function one need to use the first
representation. It is also necessary to use the second representation for right-hand continuity
of function. Therefore, I(z) is continuous at each point of the interval [0; 1]. O

Definition 6. If a matrix ||¢;|| satisfies the condition klim Jok = Qo then we say that it has
—00
an asymptotic property.

*

Theorerr; 5. If for almost all numbers © = Agf(z)az(:c)...an(z)... of closed interval [0;1] the
l1—ap(z)n

sequence === is either divergent or its limit is not equal to 1 then the function I(z) is a

singular function, i.e., it is a continuous function such that its derivative is equal to 0 almost
everywhere (in the sense of Lebesgue measure).
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Proof. Since the function [ is continuous and monotonic, we see that according to the
well-known Lebesgue Theorem it has a finite derivative almost everywhere (in the sense
of Lebesgue measure). We consider Q)3-unary point xy = A?ﬁcn such that there exists a
finite derivative I'(zg). Then the derivative is calculated by the formula

HA% ) (A ~
—I/(xo) — lim ( c1.. cn(O)) ( Cl---Cn(l)) _ q1—cnn ' (4)
=N Qeun

[1=c1]. [l—cn]| n=1

Under the conditions of the theorem, the last product is divergent on the set of full
Lebesgue measure. Being finite, it diverges to zero. Therefore, I(z) is a singular function.

When the conditions of the theorem are satisfied, the multipliers of the last infinite
product are separated from zero, and therefore the necessary condition of its convergence is
not satisfied. Therefore, according to the Lebesgue Theorem, the derivative of the function
I is zero at the point xy. This proves the singularity of the inversor. O]

Corollary 3. If a matrix ||q;x|| has an asymptotic property with 0 < klim qor = qo < 1 and

Qo # %, then function I(x) is a singular function.

Proof. If the matrix ||gix| has an asymptotic property and ¢ 7é then multipliers of
product (4) are separated from 1. Therefore, the necessary condltlon for its convergence
is not fulfilled. Thus, the infinite product diverges to zero. And this proves the singularity
of the function I(x). O

Lemma 1. If a matrix ||¢q;|| has an asymptotic property and gy = % then the function I has
not derivative (neither finite nor infinite) at every (Qo-binary point.

Proof. Let xg = Acch em0(1) = Agimcml(o) be any @Q3-binary point of interval (0;1). The
proof is by reductio ad absurdum. Suppose that there exists a derivative I'(xy). Then it is
equal to the cylindrical derivative, namely, it can be calculated by formulas:

—I'(wo) (H q1— clz>Q1 m+1 C]h I'( (H q1— cl,z>q0m+1 H qoi
i=1 i=1

Qe; 7 qo,m+1 0" Qe; 7 Qim+1,~ Chz

If go # 1 then members of sequences ((:) and (&) are separated from 1. Therefore, one
of the last multipliers in the different expressions of the derivative is zero, and the other is
infinity. That is why these expressions of derivative do not acquire a common value. The
resulting contradiction proves the statement. O]

3. Self-affine and integral properties of inversor of digit of ();-representation of
numbers.

Lemma 2. A graph I' of function I that is the following union I' = 'y U 'y, where I'; =
= {M(z;y): = = AL y = I(z)} is a self-affine set of space R?. Moreover, I'; = ¢;(T),

1203...7
o' = AP = fBi + qi,
where ¢;

i (z)az(x)...an(x)...

y' = Aﬁii][l—al]...[l—an]... = b + il (2).
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Proof. 1. First of all we prove the inclusion I'; C ¢;(T"). Let M x (z*;y*) € T, i.e., xx =

A%Q_un._ and y*x = A[?Q—ag]...[l—an}.J y* = I(z*). We consider a point M(x;y), where x =
AL oy = Aﬁi%][kadm[kan}m. It is clear that I(x) = y. And so M* € " and Mx* € ¢;("),

ie, I; C (D).

2. To prove inclusion w;(I") = T'; we consider a point M (x;y) € T" and its image M’ (z';y')
under affine transformation ;. Obviously that [(2’) = vy’ and since the first digit of Qo-
representative of number 2z’ is a digit i, we have M’ € T';. So ¢;(I") C T'; and ¢;(T") = T;.

This completes the proof of the lemma. n

Corollary 4. The self-affine dimension of the graph I' of the function I is equal to the
—2

number ————— which is a fractional number if qq # %

log, (qoq1)’

Indeed, given the self-affinity structure of the graph (expressions ¢q and ¢1), the equation
for determining the self-affine dimension has the form

z z
2 2

a1 0
0 q

g% 0

=1.
0 ¢

Its solution is the dimension of the graph T'.

Theorem 6. For the inversor I of digits of (Qso-representation of numbers,

/01 [(z)da = % (5)

1 -2
The following equality is true:

1 1 qm+2qm
I(x)dz = AP + m/l:cdx:APJrM, 6
/A RC (wn)” [ 1) o ©)
2 _ V] _ Q _AQ
Whel‘e P = |A5216m| — Zl;[l ch A — [<A012...C7n(1)) — A[12—C1]...[1—C7n](0)'

Proof. Since fol I(z)dx = [} I(x)dx + fqlo I(z)dz, taking into account
k—1

](‘T - Aanag...ak...) = ﬁl—al + Z (ﬁl—ak H ql—oq)v
k=2

i=1

o0 k—1
[(JJ = AOQofg...ak..) =qot+ ¢ (ﬁl—az + Z (ﬁl—ak H Ch—%))?
k=3

=1

[e'e) k—1
](.T = A?jgak) =0+ qo(ﬂl*&Z + Z (ﬂl*ak H ql*ai))
k=3 i=1
and self-affine property of graph of function (see previous lemma) we obtain

qo 1 1
/ I(z)dx = /Q I(z)dx = / (g0 + q1y)d(qo) = g5 + QOCh/ I(z)dz,
0 Ag? 0 0

/q : I(z)dz = /A . I(z)dz = /0 1(qoy)d(qo ) = g /0 ' I(2)dr.
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Hence, fo r)dr = @& + 2q0q fo x)dr, and therefore we have equality (5). Taking into
account that 1) the integral expresses the area of the corresponding curvilinear trapezoid;
2) the area has additive property; 3) the graph is a self-affine figure; 4) the function I is
strictly decreasing, we have

1 1
o =182 112 ) + 1A I8 ol [ T@)a

cy...cm
However, |AC1 Cm|| [1 erl [ cm]| (goq1)™. Then, according to the previous lemma, we
obtain equality (6). O

Remark 2. Theorem 6 allow us to calculate the integral f(t) = fg I(x)dz as the sum of the
integrals over all the cylinders preceding t.
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