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Let F and G be analytic functions given by Dirichlet series with exponents increasing to
+∞ and zero abscissa of absolute convergence. The growth of F with respect to G is studied
in the generalized order

%0
α,β [F ]G = lim

σ↑0

α(1/|M−1
G (MF (σ)|)

β(1/|σ|)
and the generalized lower order

λ0
α,β [F ]G = lim

σ↑0

α(1/|M−1
G (MF (σ)|)

β(1/|σ|)
,

where MF (σ) = sup{|F (σ + it)| : t ∈ R}, M−1
G (x) is the function inverse to MG(σ) and α and

β are positive increasing to +∞ functions. Formulas for computing these quantities are found.

Introduction. Let f and g be entire transcendental functions and Mf (r) = max{|f(z)| :
|z| = r}. For the study of relative growth of the functions f and g Ch. Roy [1] used the order
%g[f ] = lim

r→+∞
lnM−1

g (Mf (r))

ln r
and the lower order λg[f ] = lim

r→+∞

lnM−1
g (Mf (r))

ln r
of the function f

with respect to the function g. Research of relative growth of entire functions was continued
by S.K. Data, T. Biswas and other mathematicians (see, for example, [2, 3, 4, 5]) in terms
of maximal terms, Nevanlinna characteristic function and k-logarithmic orders. In [6] it is
considered a relative growth of entire functions of two complex variables and in [7] the relative
growth of entire Dirichlet series is studied in terms of R-orders.

Suppose that Λ = (λn) is an increasing to +∞ sequence of non-negative numbers and a
Dirichlet series

F (s) =
∞∑
n=1

fn exp{sλn}, s = σ + it, (1)

has the abscissa of absolute convergence σa ∈ (−∞,+∞]. For σ < σa we put MF (σ) =
sup{|F (σ + it)| : t ∈ R}. Suppose that σa = +∞. Then the function MF (σ) is continuous
and increasing to +∞ on (−∞, +∞) and, therefore, there exists the functionM−1

F (x) inverse
to MF (σ), which increases to +∞ on (x0, +∞).

By L we denote the class of continuous non-negative on (−∞, +∞) functions α such
that α(x) = α(x0) ≥ 0 for x ≤ x0 and α(x) ↑ +∞ as x0 ≤ x → +∞. We say that α ∈ L0,
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if α ∈ L and α((1 + o(1))x) = (1 + o(1))α(x) as x → +∞. Finally, α ∈ Lsi, if α ∈ L and
α(cx) = (1 + o(1))α(x) as x → +∞ for each c ∈ (0, +∞), i. e. α is a slowly increasing
function. Clearly, Lsi ⊂ L0.

If α ∈ L, β ∈ L and F is an entire function then the quantities

%α,β[F ] := lim
σ→+∞

α(lnMF (σ))

β(σ)
, λα,β[F ] := lim

σ→+∞

α(lnMF (σ))

β(σ)
(2)

are called ([8, 9]) the generalized (α, β)-order and the generalized lower (α, β)-order of F ,
accordingly. We say that F has the generalized regular (α, β)-growth, if 0 < λα,β[F ] =
= %α,β[F ] < +∞. The generalized (α, β)-order %α,β[F ]G and the generalized lower (α, β)-
order λα,β[F ]G of the entire function F with respect to an entire function G given by Dirichlet
series G(s) =

∑∞

n=1
gn exp{sλn} are defined [10] as follows

%α,β[F ]G := lim
σ→+∞

α(M−1
G (MF (σ)))

β(σ)
, λα,β[F ]G := lim

σ→+∞

α(M−1
G (MF (σ)))

β(σ)
. (3)

Connections between %α,β[F ]G and λα,β[F ]G on one hand and %α,β[F ], λα,β[F ], %α,β[G]
and λα,β[F ] on the other hand investigational in the articles [10, 11]. In particular, in [10]
the following elementary statements are proved: Let α ∈ L and β ∈ L.
10. Unless %α,β[F ] = %α,β[G] = 0 or %α,β[F ] = %α,β[G] = +∞, the inequality %α,β[F ]G ≥
%α,β[F ]/%α,β[G] is true and subject to the condition of the the generalized regular (α, β)-
growth of G this inequality converts into an equality.
20. Unless λα,β[F ] = λα,β[G] = 0 or λα,β[F ] = λα,β[G] = +∞, the inequality λα,β[F ]G ≤
λα,β[F ]/λα,β[G] is true and subject to the condition of the the generalized regular (α, β)-
growth of G this inequality converts into an equality.

The following theorem proved in paper [10] contains formulas for calculating the orders
of relative growth in terms of the coefficients of the corresponding Dirichlet series (in terms
of R-types the similar result is obtained in [11]).

Theorem 1 ([10]). Let 0 < p < +∞ and one of the conditions is valid: a) lnn = o(λn)

(n→∞), α ∈ L0, β(lnx) ∈ L0, dβ−1(cα(x))
d lnx

→ 1
p

(x→ +∞) for each c ∈ (0,+∞); b) α ∈ Lsi,
β ∈ L0, %α,β[F ] < +∞, dβ−1(cα(x))

d lnx
= O(1) (x→ +∞) and lnn = o(λnβ

−1(cα(λn))) (n→∞)
for each c ∈ (0,+∞).

Suppose also that α(λn+1/p) = (1 + o(1))α(λn/p) as n → ∞. If the function G has
generalized regular (α, β)-growth and κn[G] := ln |gn|−ln |gn+1|

λn+1−λn ↗ +∞, n0 ≤ n→∞, then

%α,β[F ]G = lim
n→∞

β

(
1

p
+

1

λn
ln

1

|gn|

)/
β

(
1

p
+

1

λn
ln

1

|fn|

)
unless %α,β[F ] = %α,β[G] = 0 or %α,β[F ] = %α,β[G] = +∞.

If, moreover, the function G has generalized regular (α, β)-growth and κn[F ] ↗ +∞ as
n0 ≤ n→∞ then

λα,β[F ]G = lim
n→∞

β

(
1

p
+

1

λn
ln

1

|gn|

)/
β

(
1

p
+

1

λn
ln

1

|fn|

)
unless λα,β[F ] = λα,β[G] = 0 or λα,β[F ] = λα,β[G] = +∞.
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Here we prove analogues of Theorem 1 for Dirichlet series with zero abscissa of absolute
convergence.
1. Preliminary results. For α ∈ L and β ∈ L the quantities

%0
α,β[F ] = lim

σ↑0

α(lnMF (σ))

β(1/|σ|)
, λ0

α,β[F ] = lim
σ↑0

α(lnMF (σ))

β(1/|σ|)
. (4)

are called ([12]) the generalized (α, β)-order and the generalized lower (α, β)-order of Dirichlet
series (1) with zero abscissa of absolute convergence. As above, we say that F has the
generalized regular (α, β)-growth, if 0 < λ0

α,β[F ] = %0
α,β[F ] < +∞. The function MF (σ) may

be bounded on (−∞, 0), but if lim
n→∞

|fn| = +∞ then MF (σ) is continuous and increasing to

+∞ on (−∞, 0) and, therefore, there exists the function M−1
F (x) inverse to MF (σ) which

increases to 0 on [x0, +∞). In what follows, we will assume that the conditions lim
n→∞

|fn| =
+∞ and lim

n→∞
|gn| = +∞ are satisfied. By analogy to (3) we define the generalized (α, β)-

order and the generalized lower (α, β)-order of F with respect to G as follows

%0
α,β[F ]G = lim

σ↑0

α(1/|M−1
G (MF (σ))|)

β(1/|σ|)
, λ0

α,β[F ]G = lim
σ↑0

α(1/|M−1
G (MF (σ))|)

β(1/|σ|)
,

and we say that F has the generalized regular (α, β)-growth with respect to G, if 0 <
λ0
α,β[F ]G = %0

α,β[F ]G < +∞.
We begin from the following proposition.

Proposition 1. If α ∈ L and β ∈ L then: 1) the inequalities
%0γ,β [F ]

%0γ,α[G]
≤ %0

α,β[F ]G ≤
%0γ,β [F ]

λ0
γ,α[G]

are true for each function γ ∈ L except for the cases %0
γ,β[F ] = %0

γ,α[G] = 0, %0
γ,β[F ] =

= λ0
γ,α[G] = 0, %0

γ,β[F ] = %0
γ,α[G] = +∞, %0

γ,β[F ] = λ0
γ,α[G] = +∞;

2) the inequalities
λ0
γ,β [F ]

%0γ,α[G]
≤ λ0

α,β[F ]G ≤
λ0
γ,β [F ]

λ0
γ,α[G]

are true for each function γ ∈ L except
for the cases λ0

γ,β[F ] = λ0
γ,α[G] = 0, λ0

γ,β[F ] = %0
γ,α[G] = 0, λ0

γ,β[F ] = λ0
γ,α[G] = +∞,

λ0
γ,β[F ] = %0

γ,α[G] = +∞.

Proof. Using the inequalities lim a · lim b ≤ lim ab ≤ lim a · lim b, by definition of %0
α,β[F ]G,

%0
γ,β[F ], %0

γ,α[G] and λ0
γ,α[G], we obtain

%0
α,β[F ]G = lim

x→+∞

α(1/|M−1
G (x)|)

β(1/|M−1
F (x)|)

= lim
x→+∞

γ(lnx)

β(1/|M−1
F (x)|)

α(1/|M−1
G (x)|)

γ(lnx)
≥

≥ lim
x→+∞

γ(lnx)

β(1/|M−1
F (x)|)

lim
x→+∞

α(1/|M−1
G (x)|)

γ(lnx)
= %γ,β[F ]/%γ,α[G]

and

%0
α,β[F ]G ≤ lim

x→+∞

γ(lnx)

β(1/|M−1
F (x)|)

lim
x→+∞

α(1/|M−1
G (x)|)

γ(lnx)
= %0

γ,β[F ]/λ0
γ,α[G],

i.e. the inequalities from the statement 1) are proved.
The proof of inequalities from the statement 2) is completely analogous to the previous

one and follows from the inequalities lim a · lim b ≤ lim ab ≤ lim a · lim b, by the definitions
of λ0

γ,β[F ], %0
γ,α[G], λ0

α,β[F ]G, λ
0
γ,α[G].

Remark 1. In the statements 1) and 2) of Proposition 1 the conditions for the function γ
hold if 0 < λ0

γ,α[G] ≤ %0
γ,α[G] < +∞. From Proposition 1 it follows that if G has the generali-

zed regular (γ, α)-growth then %0
α,β[F ]G = %0

γ,β[F ]/%0
γ,α[G] and λ0

α,β[F ]G = λ0
γ,β[F ]/λ0

γ,α[G].
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The most commonly used growth characteristics of Dirichlet series with zero abscissa of

absolute convergence are the order %0[F ] = lim
σ↑0

ln lnMF (σ))

ln(1/|σ|)
, the lower order

λ0[F ] = lim
σ↑0

ln lnMF (σ))

ln(1/|σ|)
, the type T 0[F ] = lim

σ↑0
|σ|%0[F ] lnMF (σ) and the lower type

t0[F ] = lim
σ↑0
|σ|%0[F ] lnMF (σ), provided 0 < %0[F ] < +∞.

Put α(x) = β(x) = γ(x) = ln+ x. Then from Proposition 1 we obtain the following
statement by simple calculations.

Corollary 1. If 0 < λ0[G] ≤ %0[G] < +∞ then

%0[F ]/%0[G] ≤ %0[F ]G := lim
σ↑0

ln(1/|M−1
G (MF (σ)|)

ln(1/|σ|)
≤ %0[F ]/λ0[G],

λ0[F ]/%0[G] ≤ λ0[F ]G := lim
σ↑0

ln(1/|M−1
G (MF (σ))|

ln(1/|σ|)
≤ λ0[F ]/λ0[G].

If 0 < %0[F ]G < +∞ then we define the type and the lower type of the function F with
respect to the function G as follows

T 0[F ]G = lim
σ↑0

|σ|%0[F ]G

|M−1
G (MF (σ)|

, t0[F ]G = lim
σ↑0

|σ|%0[F ]G

|M−1
G (MF (σ)|

.

Proposition 2. If the function G has the regular growth (i. e. 0 < λ0[G] = %0[G] < +∞)
and 0 < t0[G] ≤ T 0[G] < +∞ then
T 0[F ]/T 0[G] ≤ (T 0[F ]G)%

0[G] ≤ T 0[F ]/t0[G], t0[F ]/T 0[G] ≤ (t0[F ]G)%
0[G] ≤ t0[F ]/t0[G].

Proof. Since G has the regular growth, by Proposition 1 %0[F ]G = %0[F ]/%0[G]. Therefore,

(T 0[F ]G)%
0[G] =

(
lim

x→+∞

|M−1
F (x)|%0[F ]/%0[G]

|M−1
G (x)|

)%0[G]

= lim
x→+∞

|M−1
F (x)|%0[F ]

|M−1
G (x)|/%0[G]

=

= lim
σ↑0

(|σ|%0[F ] lnMF (σ)) lim
x→+∞

1

|σ|%0[G] lnMG(σ)
= T 0[F ]/t0[G],

(T 0[F ]G)%
0[G] ≥ lim

x→+∞
(|M−1

F (x)|%0[F ] lnx) lim
x→+∞

1

|M−1
G (x)|/%0[G] lnx

= T 0[F ]/T 0[G].

This completes the proof of the first two inequalities. The other two inequalities are
proved similarly simply.

2. The main result. In order to obtain analogues of Theorem 1, we need formulas for
finding generalized orders in terms of the coefficients of the Dirichlet series. The following
lemma holds [13].

Lemma 1. Let Dirichlet series (1) have the abscissa of absolute convergence σa = 0. Suppose
that γ ∈ Lsi, β ∈ Lsi and for each c ∈ (0,+∞)

x

β−1(cγ(x))
↑ +∞, γ

(
x

β−1(cγ(x))

)
= (1 + o(1))γ(x), x→ +∞. (5)

If γ(λn) = o(β( λn
lnn

)) as n → ∞ then %0
γ,β[F ] = lim

n→∞

γ(λn)

β (λn/ ln |fn|)
. If, moreover,

γ(λn+1) ∼ γ(λn) and κn[F ]↗ 0 as n0 ≤ n→∞ then λ0
γ,β[F ] = lim

n→∞

γ(λn)

β (λn/ ln |fn|)
.
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From conditions (5) it follows that the function γ grows more slowly than the function β.
In the case when the function β grows more slowly than the function γ, the following lemma
is true ([13]).

Lemma 2. Let Dirichlet series (1) have the abscissa of absolute convergence σa = 0. Suppose
that γ ∈ Lsi, β ∈ Lsi and for each c ∈ (0,+∞)

x

γ−1(cβ(x))
↑ +∞, γ

(
x

γ−1(cβ(x))

)
= (1 + o(1))β(x), x→ +∞. (6)

If γ(lnn) = o(β(λn)) as n→∞ then %0
γ,β[F ] = lim

n→∞

γ(ln |fn|)
β(λn)

. If, moreover, β(λn+1) ∼ β(λn)

and κn[F ]↗ 0 as n0 ≤ n→∞ then λ0
γ,β[F ] = lim

n→∞

γ(ln |fn|)
β(λn)

.

Using Lemma 1 and Proposition 1 we prove the following theorem.

Theorem 2. Let the functions γ ∈ Lsi, β ∈ Lsi and α ∈ Lsi satisfy conditions (5) and
the same conditions with replacement of β by α. Suppose that γ(λn) = o(β(λn/ lnn)) and
γ(λn) = o(α(λn/ lnn)) as n → ∞. If the function G has the generalized regular (γ, α)-
growth, γ(λn+1) ∼ γ(λn) and κn[G]↗ 0 as n0 ≤ n→∞ then

%0
α,β[F ]G = Pα,β := lim

n→∞

α (λn/ ln |gn|)
β (λn/ ln |fn|)

.

If, moreover, κn[F ]↗ 0 as n0 ≤ n→∞ then

λ0
α,β[F ]G = pα,β := lim

n→∞

α (λn/ ln |gn|)
β (λn/ ln |fn|)

.

Proof. Since the function G has the generalized regular (γ, α)-growth, by Proposition 1 and
Lemma 1 we have

%0
α,β[F ]G =

%0
γ,β[F ]

%0
γ,α[G]

= lim
n→∞

γ(λn)

β (λn/ ln |fn|)
lim
n→∞

α (λn/ ln |gn|)
γ(λn)

≤ lim
n→∞

α (λn/ ln |gn|)
β (λn/ ln |fn|)

= Pα,β.

On the other hand, let Pα,β > 0. Then for every ε ∈ (0, Pα,β) there exists an increasing
to +∞ sequence (nk) of integers such that α(λnk/ ln |gnk |) ≥ (Pα,β − ε)β(λnk/ ln |fnk |), i. e.

γ(λnk)

β(λnk/ ln |fnk |)
≥ (Pα,β − ε)

γ(λnk)

α(λnk/ ln |gnk |)

and, thus, by Lemma 1 and Proposition 1

%0
γ,β[F ] = lim

n→∞

γ(λn)

β(λn/ ln |fn|)
≥ lim

k→∞

γ(λnk)

β(λnk/ ln |fnk |)
≥ (Pα,β − ε) lim

k→∞

γ(λnk)

α(λnk/ ln |gnk |)
≥

≥ (Pα,β − ε) lim
n→∞

γ(λn)

α(λn/ ln |gn|)
= (Pα,β − ε)λ0

γ,α[G] = (Pα,β − ε)%0
γ,α[G],

whence in view of the arbitrariness of ε we get %0
α,β[F ]G ≥ Pα,β. For Pα,β = 0 the last

inequality is obvious. The first statement of Theorem 2 is proved.
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For the proof of the second statement of Theorem 2, we remark that since G has generali-
zed regular (γ, α)-growth, by Theorem 1 and Lemma 1

λ0
α,β[F ]G =

λ0
γ,β[F ]

λ0
γ,α[G]

= lim
n→∞

γ(λn)

β (λn/ ln |fn|)
lim
n→∞

α (λn/ ln |gn|)
γ(λn)

≥ lim
n→∞

α (λn/ ln |gn|)
β (λn/ ln |fn|)

= pα,β.

On the other hand, let pα,β < +∞. Then for every ε > 0 there exists an increasing to
+∞ sequence (nk) of integers such that α(λnk/ ln |gnk |) ≤ (pα,β + ε)β(λnk/ ln |fnk |) and, as
above,

λ0
γ,β[F ] ≤ lim

k→∞

γ(λnk)

β(λnk/ ln |fnk |)
≤ (pα,β + ε) lim

k→∞

γ(λnk)

α(λnk/ ln |gnk |)
≤

≤ (pα,β + ε) lim
n→∞

γ(λn)

α(λn/ ln |gn|)
= (pα,β + ε)%0

γ,α[G] = (pα,β + ε)λ0
γ,α[G],

whence in view of the arbitrariness of ε we get λ0
α,β[F ]G ≤ pα,β. For pα,β = +∞ the last

inequality is obvious.

Using Lemma 2 and Proposition 1 now we prove the following theorem.

Theorem 3. Let the functions γ ∈ Lsi, β ∈ Lsi and α ∈ Lsi satisfy conditions (6) and
the same conditions with replacement of β by α. Suppose that γ(lnn) = o(β(λn)) and
γ(lnn) = o(α(λn)) as n → ∞. If the function G has the generalized regular (γ, α)-growth,
α(λn+1) ∼ α(λn) and κn[G]↗ 0 as n0 ≤ n→∞ then

%0
α,β[F ]G = Qα,β := lim

n→∞

α(λn)γ(ln |fn|)
β(λn)γ(ln |gn|)

.

If, moreover, β(λn+1) ∼ β(λn) and κn[F ]↗ 0 as n0 ≤ n→∞ then

λ0
α,β[F ]G = qα,β := lim

n→∞

α(λn)γ(ln |fn|)
β(λn)γ(ln |gn|)

.

Proof. Since the function G has the generalized regular (γ, α)-growth, by Proposition 1 and
Lemma 1 we have

%0
α,β[F ]G =

%0
γ,β[F ]

%0
γ,α[G]

= lim
n→∞

γ(ln |fn|)
β(λn)

lim
n→∞

α(λn)

γ(ln |gn|)
≤ lim

n→∞

α(λn)γ(ln |fn|)
β(λn)γ(ln |gn|)

= Qα,β.

On the other hand, if Qα,β > 0 then for every ε ∈ (0, Qα,β) there exists an increasing to
+∞ sequence (nk) of integers such that γ(ln |fnk |)

β(λnk )
≥ (Qα,β − ε)

γ(ln |gnk |)
α(λnk )

, whence by Lemma 2
and Proposition 1

%0
γ,β[F ] ≥ lim

k→∞

γ(ln |fnk |)
β(λnk)

≥ (Qα,β − ε) lim
k→∞

γ(ln |gnk |)
α(λnk)

≥

≥ (Qα,β − ε) lim
k→∞

γ(ln |gn|)
α(λn)

= (Qα,β − ε)λ0
γ,α[G] = (Qα,β − ε)%0

γ,α[G],

and, thus, in view of the arbitrariness of ε we get %0
α,β[F ]G ≥ Qα,β. For Qα,β = 0 the last

inequality is obvious. The first equality is proved.
The second equality is also easy to prove.

The functions α(x) = β(x) = γ(x) = ln+ x do not satisfy the conditions of any of
Theorems 2 and 3. But to study the relative growth in terms of order and lower order, we
can use the following lemma [14].
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Lemma 3. Let Dirichlet series (1) has the abscissa of absolute convergence σa = 0. If
ln lnn = o(lnλn)) as n→∞ then %0[F ] = α∗[f ]

1−α∗[f ]
, where α∗[f ] = lim

n→∞
ln+ ln |fn|

lnλn
. If, moreover,

lnλn+1 ∼ lnλn and κn[F ] ↗ 0 as n0 ≤ n → ∞ then λ0[F ] = α∗
1−α∗ , where α∗[f ] =

lim
n→∞

ln+ ln |fn|
lnλn

.

If the function G has the regular growth then by Corollary 1 %0[F ]G = %0[F ] and λ0[F ]G =
λ0[F ]. Therefore, Lemma 3 implies the following statement.

Proposition 3. If the function G has the regular growth and ln lnn = o(lnλn)) as n→∞
then %0[F ]G = α∗/(1 − α∗). If, moreover, lnλn+1 ∼ lnλn and κn[F ] ↗ 0 as n0 ≤ n → ∞
then λ0[F ]G = α∗/(1− α∗).
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