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Let F' and G be analytic functions given by Dirichlet series with exponents increasing to
400 and zero abscissa of absolute convergence. The growth of F' with respect to G is studied
in the generalized order

and the generalized lower order

o oy (/MG (M (o))
G (Vi .

where Mp(c) = sup{|F(c +it)| : t € R}, M;'(z) is the function inverse to Mg (o) and a and
[ are positive increasing to +oo functions. Formulas for computing these quantities are found.

Introduction. Let f and g be entire transcendental functions and My (r) = max{|f(2)] :
|z| = r}. For the study of relative growth of the functions f and g Ch. Roy [1]| used the order

JE— -1 1
o4 f] = hIJP w and the lower order \;[f] = lm W of the function f
r—Teo r——+00

with respect to the function g. Research of relative growth of entire functions was continued
by S.K. Data, T. Biswas and other mathematicians (see, for example, |2, 3, 4, 5|) in terms
of maximal terms, Nevanlinna characteristic function and k-logarithmic orders. In [6] it is
considered a relative growth of entire functions of two complex variables and in [7] the relative
growth of entire Dirichlet series is studied in terms of R-orders.

Suppose that A = (),) is an increasing to +oo sequence of non-negative numbers and a
Dirichlet series

F(s) = i foexp{sA,}, s=o0+it, (1)

has the abscissa of absolute convergence o, € (—o0,+0o0]. For ¢ < g, we put Mp(o) =
sup{|F (o +it)| : t € R}. Suppose that o, = +00. Then the function Mp (o) is continuous
and increasing to +0o on (—oo, 4+00) and, therefore, there exists the function M, ' () inverse
to Mp(c), which increases to +o00 on (xg, +00).

By L we denote the class of continuous non-negative on (—oo, +00) functions a such
that a(z) = a(zy) > 0 for x < xp and a(z) T +00 as 9 <  — +oo. We say that o € L,
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if « € L and a((1+0(1))x) = (1 + o(1))a(r) as © — +oo. Finally, a € Ly, if « € L and
a(cr) = (1 +o(1))a(x) as x — +oo for each ¢ € (0, +00), i. e. a is a slowly increasing
function. Clearly, L, C LY.
If a € L, 5 € L and F is an entire function then the quantities
oo sF] = Tim a(ln Mp(o ))’ Nes[F] = lim a(ln Mp(o))
o—too B(o) o—+oo  PB0)

are called ([8, 9]) the generalized (o, 3)-order and the generalized lower («, 3)-order of F,
accordingly. We say that F' has the generalized regular (o, 3)-growth, if 0 < A\, g[F| =
= 0a8|F] < 400. The generalized (, 3)-order o p[F)c and the generalized lower (a, [3)-
order A, g|F| of the entire function F' with respect to an entire function G given by Dirichlet

series G(s) = Zooil gnexp{sA,} are defined [10] as follows

(2)

renelle) . a(Mg' (Mp(0)))
0aF|c == lim ; AaplFle == lim .
slFle = lim B(0) slFlg = lm (o)
Connections between g, g[F|c and A\, g[F|c on one hand and g4 g[F], Aas[F]; 005Gl
and A, g[F] on the other hand investigational in the articles [10, 11]. In particular, in [10]
the following elementary statements are proved: Let o € L and [ € L.

(3)

19, Unless 0o s[F) = 0a5|G] = 0 or 04,5[F] = 0a5|G] = +o00, the inequality 0, 5[F)c
0051 F]/0a5|G] is true and subject to the condition of the the generalized regular («, [3)-
growth of G this inequality converts into an equality.
20, Unless Ao 5[F] = AaplG] = 0 or Ao g[F| = Ao p[G] = +0o0, the inequality A, s[Fc
Mgl F)/Nap|G] Is true and subject to the condition of the the generalized regular («, (3)-
growth of G this inequality converts into an equality.

The following theorem proved in paper [10] contains formulas for calculating the orders
of relative growth in terms of the coefficients of the corresponding Dirichlet series (in terms
of R-types the similar result is obtained in [11]).

IV

A

Theorem 1 ([10]). Let 0 < p < +o0 and one of the conditions is valid: a) Inn = o(\,)

(n — 0),a€ L B(lnx) € LY, w — % (¥ — +00) for each ¢ € (0,+00); b) a € Ly,

B €LY 045[F] < 400, df—gi(m)) = O(1) (z — +o0) and Inn = o(\,,07 (ca()\,))) (n — oo)
for each ¢ € (0, 400).
Suppose also that a(A,4+1/p) = (1 + o(1))a(N,/p) as n — oo. If the function G has

generalized regular («, 3)-growth and ,[G] := % 400, ng < n — oo, then

— 1
Qa’ﬂ[F]G:JLn;Oﬁ(p_'_—lnlg_n) /5( —lnm)

unless 0o 5[F] = 0a.8]G] = 0 or 04 [F] = 0a3[G] = +0o0.
If, moreover, the function G has generalized regular («, 3)-growth and ,[F| /" 400 as
ng < n — oo then

1
Acxﬂ[F]G_nh_)H;oﬁ( >\n |gn >/ﬁ( |fn|)

unless Ao g[F| = Ao g|G] = 0 or Ao glF] = Ao g|G] = +o0.
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Here we prove analogues of Theorem 1 for Dirichlet series with zero abscissa of absolute
convergence.

1. Preliminary results. For o € L and 3 € L the quantities

Qog[F] :MM’ )\Oﬁ[F] — lim a(lnMF(a))

a0 e 0 e T TS0 @

are called ([12]) the generalized (c, 3)-order and the generalized lower (c, 3)-order of Dirichlet
series (1) with zero abscissa of absolute convergence. As above, we say that F' has the
generalized regular (o, §)-growth, if 0 < A 5[F] = 00, 4[F] < +oc. The function Mg (o) may
be bounded on (—oo, 0), but if n@o | fn] = 400 then Mp(0) is continuous and increasing to

+00 on (—oo, 0) and, therefore, there exists the function M:'(z) inverse to Mp (o) which

increases to 0 on [zq, +00). In what follows, we will assume that the conditions lim |f,| =
n—oo

400 and lim |g,| = +oo are satisfied. By analogy to (3) we define the generalized (o, 3)-

order and the generalized lower («, 3)-order of F' with respect to G as follows
0 — a(l/|Mg" (Mr(a))]) o _a(l/|Mg' (Mp(0))])
0a[Fle = lim , Aaglfle =1m :
B a10 B(]./|O'|) P a10 ﬁ(1/|0-|)
and we say that F' has the generalized reqular («,[3)-growth with respect to G, if 0 <
AoglFle = 00 [Fla < +oo.
We begin from the following proposition.

0 0
Proposition 1. If a € L and § € L then: 1) the inequalities ‘“’g’ﬁ[? < 0 5lFla < igL[?
Qw,a[ } ’ ’y,a[ ]

are true for each function v € L except for the cases ¢ 5[F] = 05 ,[G] = 0, ¢} 4[F] =
= X061 =0, 6] = &[] = +o0, 6 ,[F] = 0,61 < +oc;

;\g”%{g < NslFla < % are true for each function v € L except
for the cases N2 4[F] = X0 =0, X ,[F] = ¢° =0, X2 4[F] = X\ = 400
o the cas MalF] = 2,161 =0, X,lF] = 016 = 008,07 = 15,0 = oo

2) the inequalities

Proof. Using the inequalities lima - limb < Timab < lima - limb, by definition of ¢f, 4[Fe,
& 5lF], 69 ,[G] and X [G], we obtain

oo T aMG ) _ —  lng) (/Mg @)
Csltlo = M0 ST @) ~ BV @) )
> m 7(11155) . 04(1/|M51<l‘)|) _ Q—yﬁ[F]/nya[G]

~ a—too B(1/| M7 (7)) x—l>_rfoo Y(Inx)

— 1 — a(l/|M;?
£ Fe < T 008 al/E @)
’ sttse B/ My ()]) =% ()
i.e. the inequalities from the statement 1) are proved.
The proof of inequalities from the statement 2) is completely analogous to the previous
one and follows from the inequalities lima - limb < limab < lima - lim b, by the definitions

of )\Q/,B[FL Qg,a[GL Ag,ﬁ[F]Ga )‘g,a[G] O

and

= Qg,B[F]/)‘g,a[GL

Remark 1. In the statements 1) and 2) of Proposition 1 the conditions for the function ~
hold if 0 < A9 ,[G] < 09 ,[G] < 400. From Proposition 1 it follows that if G has the generali-
zed regular (v, a)-growth then o), 5[Fla = 0 4[F]/&) ,[G] and A, 4[Fla = AJ 5[F]/ ) [G].
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The most commonly used growth characteristics of Dirichlet series with zero abscissa of

—Inln M
absolute convergence are the order ’[F] = lim mm Mo (9))

st0  In(1/le]) ’
Inln M S
MN[F) = %IET@(S))’ the type T°[F] = llerrOl|<7|QO[F] In Mp(o) and the lower type

t°[F] = lim |o|?" In My (o), provided 0 < °[F] < 4-oc.
a0
Put a(x) = B(z) = v(z) = InT 2. Then from Proposition 1 we obtain the following
statement by simple calculations.

Corollary 1. If 0 < \°[G] < ¢°[G] < +oo then
In(1/| Mg (Mp(o)])

the lower order

CIF)/1C) < °Fle = T —==—d == < JIFI/XY(G,
N [G] < N[Flg i tim 2/ Me M@)o iy,

210 In(1/lo])
a10
If 0 < o°[F]g < 400 then we define the type and the lower type of the function F' with
respect to the function G as follows
- |O'|QO [F}G
T°[F)¢ = lim ———,
o10 | Mg (MF(0)|

|o|¢"[Fle
F)g = lim —————.
010 | Mg (Mp ()|
Proposition 2. If the function G has the regular growth (i. e. 0 < \°[G] = ¢°[G] < +00)
and 0 < t°[G] < T°[G] < +00 then
TO[F)/T°(G) < (T°[Fle)? 9 < TO[F)/°1G],  ©[F)/T[G) < (©°[Fle)? D < °[F)/1°(G).

Proof. Since G has the regular growth, by Proposition 1 ¢°[F|g = ¢°[F]/¢"|G]. Therefore,

01 (6] | Mt ()| TFVSENSET g (a1
(T°[Fla) = lim — = lim T e
T—Foo Mg ()] ) s—+oo | Mg (z)|/
—T oO[F) — 70 0
gmuar lnMF(U))wkfpw T — T[F)/[C),
1
0 °[G) > °[F] _ 70 0

This completes the proof of the first two mequahtles The other two inequalities are
proved similarly simply. O

2. The main result. In order to obtain analogues of Theorem 1, we need formulas for
finding generalized orders in terms of the coefficients of the Dirichlet series. The following
lemma holds [13].

Lemma 1. Let Dirichlet series (1) have the abscissa of absolute convergence o, = 0. Suppose
that v € Lg;, € Lg; and for each ¢ € (0, +00)

T T

i@ | 0 (W) = (1+o(1)y(z), @ — +oo. (5)

B ) 3 _ fm o Y)
IF9(h) = o(B(@%) as n — oo then ¢y[F] = [im Zriior.

Y(Ant1) ~ v(\,) and »,[F] /0 as ng < n — oo then A?,jﬁ[F] = nhjilom

If, moreover,
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From conditions (5) it follows that the function v grows more slowly than the function f.
In the case when the function g grows more slowly than the function v, the following lemma
is true ([13]).

Lemma 2. Let Dirichlet series (1) have the abscissa of absolute convergence o, = 0. Suppose
that v € Ly, B € Ly and for each ¢ € (0,+00)

e (W) = (1+o(1))B(), = — +oo. (©)
Ify(Inn) = o(f(An)) asn — oo then Qg,ﬁ[F] nh—»_lgo 7(;(1 |f7)l|) If, moreover, B(Any1) ~ B(An)

IR
[Fl = lim 5055

and s,[F] /0 as ng < n — oo then )\275

Using Lemma 1 and Proposition 1 we prove the following theorem.

Theorem 2. Let the functions v € Ly, 5 € Ly and a € Ly satisfy conditions (5) and
the same conditions with replacement of by «. Suppose that v(\,) = o(B(\,/Inn)) and
Y(An) = o(a(N,/Inn)) as n — oo. If the function G has the generalized regular (v, «)-
growth, Y(Ap41) ~ v(An) and 3¢,[G] /' 0 as ng < n — oo then

o (/Inlga)
w5 B (/T ful)

L/ Ing, )
2 B O/ ful)

Proof. Since the function G has the generalized regular (v, a)-growth, by Proposition 1 and
Lemma 1 we have

o e Bl 50 e/l _ o/l )
doslFlo = 2% = B s i =y S G

Qg,ﬂ[F]G = Pop 1=
If, moreover, »,[F] /0 as ng < n — oo then

)\gyﬁ[F]G = Pa,p =

= Py 3.

On the other hand, let P, 3 > 0. Then for every ¢ € (0, P, ) there exists an increasing
to +o00 sequence (ny) of integers such that a(\,, /In|gn,|) > (Pasg —€)B(An,./In|fn. ), 1. €

7 (Any) 7(An,)
B(An/ | fr ) (A, /I [gn,|)

and, thus, by Lemma 1 and Proposition 1

> (Pap —€)

B () — () B 7 (An,)
sl = 1 s T = P o, 7 = o O S i) S
”Y()‘n)

> (Pyp—¢) lim

lim T = (P - SN WG] = (Pap — €)0) 4 [G,

whence in view of the arbitrariness of ¢ we get ¢ 5[Flg > Papg. For Pz = 0 the last
inequality is obvious. The first statement of Theorem 2 is proved.
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For the proof of the second statement of Theorem 2, we remark that since G has generali-
zed regular (7, «)-growth, by Theorem 1 and Lemma 1

)‘O /3[1 ] 7(>\n) — (An/ In |gn|) . a (An/ In ’gnl)
0 > R YL N oAb
/\a,g[l la = )\%7 Gl nhm Ou/ I [f]) nhm YO > nhm 300/ 0| fa]) Pa,s-

On the other hand, let p, s < 4+00. Then for every ¢ > 0 there exists an increasing to
+o00 sequence (ny) of integers such that a(\,,/In|gn,|) < (Pas +€)B(An./In|fn,]) and, as
above,

0 ‘m ’y(/\nk> im ’Y()\nk)
Ml = i o g = $er T B S Mg S
7(An)

< (pas +¢) lim = (Pass + )05 4[G] = (pas + )A] WG,

n=oo A/ I |gn)
whence in view of the arbitrariness of ¢ we get A) 5[Fla < pag. For pas = +oo the last
inequality is obvious. [

Using Lemma 2 and Proposition 1 now we prove the following theorem.

Theorem 3. Let the functions v € Ly, f € Ly and o € Ly satisfy conditions (6) and
the same conditions with replacement of 3 by «. Suppose that v(lnn) = o(8(\,)) and
v(Inn) = o(a(A,)) as n — oo. If the function G has the generalized regular (v, a)-growth,
a(Ant1) ~ a(N,) and 5,[G] /0 as ng < n — oo then

0 a(An)y(n [ fn])

taplFle = Qs = i 55 5 (o)
If, moreover, B(A,+1) ~ B(A\,) and ,[F] /0 as ng < n — oo then

; B a(An)y(In | fo])
AaplFle = o= im Zommn =y

Proof. Since the function G has the generalized regular (v, a)-growth, by Proposition 1 and
Lemma 1 we have0 F (in1£.]) ) Oy )
0 5.3 -— 7 In fn . a(A — In fn
04 G = = lim lim < lim = Qap-
olFle = 0 181 = 500 3l gal) ~ 2 B (g ~ 9

On the other hand, if Q4 > 0 then for every € € (0, (4,5) there exists an increasing to

+00 sequence (ny) of integers such that M > (Qap — )% whence by Lemma 2
and Proposition 1
0 (| fo ]) m— (0 {gn,[)
0 F>l1m—2 Qap —€) lim ————2= >
volf] 2 fim B(An,) (Qap —e) fim, a(An,)
+(1n[ga)

2 (Qaﬂ - 5) kli—rgo a(}\ﬂ) = (Q&ﬂ - ‘5))‘2,(1 [G] = (Qaﬂ - 5)Qg,a[G]a

and, thus, in view of the arbitrariness of € we get ¢}, 5[Flag > Qa,. For Qa3 = 0 the last
inequality is obvious. The first equality is proved.
The second equality is also easy to prove. O

The functions a(z) = B(x) = v(z) = In™ 2 do not satisfy the conditions of any of
Theorems 2 and 3. But to study the relative growth in terms of order and lower order, we
can use the following lemma [14].



50 O. M. MULYAVA

Lemma 3. Let Dirichlet series (1) has the abscissa of absolute convergence o, = 0. If

Inlnn = o(ln\,)) as n — oo then °[F] = 1?;[*’?]0], where o*[f] = lim %ﬂf"' If, moreover,
In X1 ~ In\, and »,[F] /0 as ng < n — oo then \°[F] = 2=, where o.[f] =
lim ln-: 1§|fn|

If the function G has the regular growth then by Corollary 1 ¢°[F|g = ¢°[F] and \°[F|g =
AY[F)]. Therefore, Lemma 3 implies the following statement.

Proposition 3. If the function G has the regular growth and Inlnn = o(In \,)) as n — oo
then o°[F|g = o*/(1 — a*). If, moreover, In X\, 41 ~ In )\, and »,[F] / 0 as ng < n — oo
then \°[Flg = .. /(1 — o).
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