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For analytic functions ¢, ¢ : C — C, the weighted composition operator Cy, 4 is the operator
on the Fock space F? defined as Cy, 4 f = (¢ - f)o¢ for all f € F? and the composition operator
C, is the operator on the Fock space F? defined as Cyf = f o ¢ for all f € F2. A bounded
operator T is on a separable Hilbert space H is said to be complex symmetric if there exists
a conjugation operator S such that 7% = ST'S and T is said to be binormal if T*T and TT"*
commute (i.e) T*TTT* = TT*T*T. Let A be a class of composition operators Cys on F? such
that C3Cy and Cy + C'§ commute. The main results of this paper is presented in five Sections
(3.1 — 3.5). In the first section, we prove that when Cy is bounded and belong to A then Cy
binormal (Section 3.1). Then we describe necessary and sufficient conditions for a binormal
(or) complex symmetric composition operator to have the other property (Sections 3.2, 3.3).
Finally, we investigate binormality and complex symmetry of weighted composition operator
Cly.» with the weight function as a kernel function (ie) 1 (z) = cK,z = ce*P (Sections 3.4, 3.5).

1. Introduction. The Fock space F? is a space of all entire functions on C which are square
integrable with respect to Gaussian measure du(z) = %e"Z‘QdA(z) where dA denotes the
usual Lebesque measure on C. It is known that F? is a Hilbert space with inner product

() = [ F25Eu() = - [ e aA)
C C

for all f,g € F2. It is well-known that F? is a reproducing kernel Hilbert space with kernel
functions of the form

K,z = &) = @
for all z,w € C.

We denote normalized kernel function at w € C as k,z = %

For analytic functions 1, ¢ on C, the weighted composition operator Cy 4 is defined as
Cypof =@+ f)ogforall f € F? and the composition operators Cyf = fo ¢ for all f € F2.

The study of composition operators on F? has been carried by many authors and
characterized many of its properties. In [5], B, J. Carswell et al. characterized boundedness
and compactness of composition operators on the Fock space over C".

In [10], L. Zhao characterized unitary weighted composition operators and their spectrum
on the Fock space over C". In [11,12], L. Zhao respectively studied isometric weighted
composition operators and bounded invertible weighted composition operators on the Fock
space over C™. In [9], T. Le investigated boundedness and compactness of weighted composi-
tion operators on F? using much simpler characterization than the one in [5]. In [7], S. Jung
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et al. derived the necessary and sufficient conditions for Cy to be binormal on the Hardy
space with the fixed symbol ¢ is a linear fractional self map on the unit disk in the complex

plane where the reproducing kernel is of the form K,z = 171@2.

2. Preliminaries. _An operator 1" on a separable Hilbert space H is said to be anti-linear if
T(ax + by) = ax + by, Yo,y € H,Va,b € C.

An anti-linear mapping S on H is called conjugation if it is
(i) Involutive: S? = I, the identity operator.
(ii) Isometry: ||Sz|| = ||z||, Vo € H.

An operator T on H is said to be complex symmetric if there exists a conjugation S such
that STS = T™.

A linear operator T is:
e normalif T and T™* commute TT™* = T*T.
o binormal if T*T and TT* commute T*TTT* = TT*T*T.

e centered if the doubly infinite sequence {..., T%(T?)*, TT*, T*T, (T?)*T?, ...} consists of
mutually commuting operators.

Lemma 1. Let 11,19, ...40,, be analytic functions on C and ¢1, ¢s, ...¢p,, be an analytic self-
map on C. If Cy, 41, Cyy.éns ---Cop 4, are bounded operators on F?, then

C1,61 Oz Ot pn = Cn(92061) ... (Ym0 10...061) dnodm_10...061 -
Lemma 2. Let v, ¢ be holomorphic functions on C such that Cy 4 is a bounded operator

on F?, then C}, K., = ¢(w) Ky for every w € C,
Theorem 1 ([5], Theorem 1). Suppose ¢ : C — C is an analytic function and C, is bounded
on F? then ¢(z) = az + b, where a,b € C, |a| <1 and if |a| = 1 then b = 0.

Theorem 2 (|9], Theorem 2.2). Suppose 1, ¢ be analytic functions on C such that v is not
identically zero. Then Cy, 4 is bounded if and only if 1) belongs to F?, ¢(z) = az + ¢(0) with
lal <1 and M (¥, ¢) := sup{|v(2)Peap(|d(2)* — |2[*) : = € C} < o0.

Theorem 3 (|9, Theorem 3.3). Let 1, ¢ be entire functions such that 1 is not identically
zero. Then C 4 is a bounded normal operator on F? if and only if one of the following two
cases 0ccurs:

(i) ¢(z) = az + b with |a| =1 and ¢ = ¥(0)K_z. In this case, Cy , is a constant multiple
of a unitary operator.

(ii) ¢(z) = az + b with |a| < 1 and ¢ = ¥(0)K,, where ¢ = bi=%. In this case, Cy4 is
unitarily equvalent to 1(0)C,,.

3. Main Results.

3.1. Binormal composition operators. In [1-4], S. L. Campbell studied properties of
bounded linear operator 1" on a separable Hilbert space such that 7*7T and T+ T commute.
In [8], S, Jung et al. characterized the composition operators C such that CCy and Cy+C'
commute on Hardy space, a space of analytic functions on the unit disk in the complex plane.

Motivated by these papers, in this first section, we establish relation between binormality
of composition operator C, and Cj, belongs to a class of composition operators such that
C;Cy and Cy + C commute.

Let A be a class of composition operators C\, on F? such that C;Cy and Cy+C7 commute.
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Theorem 4. Let ¢ be an entire function on C such that Cy is bounded on F?. If Cy € A
then Cy 1is binormal.

Proof. Since C, is bounded on F?, by Theorem 1, one has ¢(z) = az + b with |a| < 1.
Therefore, we successively have

CiCoCewz = CGC K pw) 2 = C5C6 K (qwrb) 2 = CGK (quin#(2) = C;e(az+b)(“w+b) =
abw 2 vk abw 2
= ™l CoK(ja2wtab)z =€ i Ky (afzw+an) 2 =

abw+|b|? ___abw+|b|2+2(ala|?w+]al?b
it Ko(la2wran)+b2 = € PE+#(@letHal™), (1)

C3CCy Kz = Ci 0K uh(2) = ChCse 0" = P03 0y Kaypz = e O Kawd(2) =
— ebﬁcz;e(az+b)aﬁ — €bm(1+a)C$K(52w)Z — ebE(IJra)Kd)(aQw)Z —
_ ebw(l—’—a)Ka(EQw)—i—bz _ 6bﬁ(1+a)+z(a|a‘2w+5), (2>
* Yk * Yk * vk _(az+b)w bw vk vk
C3CsCo Kz = CiCKud(2) = CiCoel™ 07 = 03 Cs Kz =

= " Ky pauy)z = 0@ TH4D), (3)

=€

and also

CyCiC Kz = CoCiKyd(2) = CyCse @™ = e CuCr Kz = P CyK yiauyz =

w w (az a|?w+b w al? 2+z(ala|*w+ab
— T fapunsyd(2) = T@OPTD) _ FOH) H0 (el oD (@)
Suppose that Cy € A, then
C304(Cy + CF) Kz = (Cy + CF)CiCs Koy 2
for all z,w € C. Therefore, from equalities (1), (2), (3) and (4), we get

s 1124 s (7l al 275 ) 2T o 20 ]
6abw—&—|b| +z(@la|*w+]|a|?b) + ebw(1+a)+z(a\a| w+b)

_ ebw+z(a\a|2w+5(1+a)) + ebﬁ(u\a|2)+\b|2+z(a|a|2@+a5)_ (5>
Taking w = 0 in (5), one has
e

T T2 > 27112
ezb(a+1) _|_€zab+|b| _pRb ez|a| b+1b| (6)

for all z € C.
Similarly, substituting z = 0 in (5) and taking conjugation on both sides of (5), we get
ewE(EJrl) + 6wag+|b|2 . 6w5 _ ew(|a|25+5)+|b\2 (7>
for all w € C.

Since (6) and (7) are true for all z,w € C, then for z = w = (, we have

(ClalPBHb2 . C(lal?BE)+bP (8)

for all ¢ € C. Equating powers of (8), we conclude b = 0. This implies ¢(z) = az for all
z € C. In this case, we know C, is normal. Hence C}, is binormal on F2. O
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3.2. When are binormal composition operators complex symmetric? In this second
section, we study when are binormal composition operators complex symmetric on F2.

Proposition 1. Let ¢ be an analytic function on C such that Cy is bounded on F?. Then
C, is binormal if and only if Cy is normal on F?.

Proof. Since Cy is bounded, using Theorem 1, we have ¢(z) = az + b with |a| < 1.

CoCLCC Koz = CyCiCKb(2) = CyCiCrela™ VT — 00, Cr 0 K =
= e C4Co K p(auyz = € CoCoK japuny? = €7 CoKy(laputyz = € CoK afafpurabit) 2 =

bw _(az+b)(ala|?2w—+ab+b)

w 2(a@ w(alal? z(|a|*@W+|a|?b+ab
= K qpauwsabiny $(2) = €76 = lP@rD+T@Eal +)+2(al THalTHaD) (g

Next consider,

C;;C¢C¢C;;sz = C:;C¢C¢K¢(w)2 = C(;C¢C¢K(aw+b)z = C’:;C’(bK(aw%)gb(z) =

= O;C¢€(az+b)(aw+b) = €|b|2+awa;C¢K(|a|2w+ab)Z = 6|b|2+awa;K(|a|2w+Eb)¢(2) =

= e‘bPWWC':;e(aerb)(|a‘2w+ab) = e|b|2(a+1)+m(|a‘2+a)C;ZK(alawarazb)z =

b2 (a+1)+bw(|a|?+a
— plbI* (at+1)+bw(]al +a)K¢(E|a|2w+E2b)Z =

_ e\b\z’(a+1)+b@(|a|2+a)eza(a\a|2w+52b))+b _ 6|b|2(a+1)+bﬁ(|a\2+ﬁ)ez(|a|4w+6|a\2g+5)‘ (10)

Suppose that Cy is binormal, then by equating (9) and (10), we get

elo? @+ 1) +bw(@lal>+1)+2(lal*@+|al?b+ab) _ [bf*(a+1)+0w(|a*+a) ,2(la|*w+alal*b+b) (11)
for z,w € C. Taking z = w =0 in (11), we get
|b]*(@—a) = 0. (12)

Suppose that b # 0, then we have @ = a. Substituting this along with w = 0 in (11), we get
b(a —1)(a® — 1) = 0.

This implies |a| = 1. Then by Theorem 1, b = 0 which is a contradiction. Therefore ¢(2) = az

for z € C. This implies C} is normal on F2. O

Theorem 5. Let ¢ be an analytic function on C such that C is bounded on F?. If Cy is
binormal then Cy is complex symmetric.

Proof. Suppose that Cy, is binormal on 2. Then by Proposition 1, Cy is normal. Since every
normal operator is complex symmetric, Cy; is complex symmetric on F?. m

Corollary 1. Let ¢ be an entire function on C such that C, is bounded on F?. If C, is
binormal then C is centered.

Proof. By Proposition 1, Cy is binormal implies Cy is normal. Since every normal operator
is centered, Cy is centered. O]

3.3. When are complex symmetric composition operators binormal? In this section,
we study when are complex symmetric composition operators binormal on F2.
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Proposition 2. Let ¢(z) be an analytic function on C such that Cy, is bounded on F?. Then
Cy is normal if and only if ¢(z) = az with |a| < 1.

Proof. Since Cj is bounded on F?, by Theorem 1, we have ¢(z) = az + b with |a| < 1.
Therefore,

C¢sz = ngb(Z) — e(az-ﬁ-b)ﬁ’ C:;sz — Kzz)(w)z _ ez(aw—l—b)‘

Suppose that C, is normal, then ("% = 2@+ Taking w = 0, we get bz = 0 for all
z € C. This implies b = 0.
Conversely, suppose that ¢(z) = az with |a| < 1. Then

C;C(waZ = C;;ngb(z) = C;K(aw)z = Kd,(aw)z = K(|a|2w)2, (13)
C¢C;sz = C’¢K¢(w)z = Cd,K(aw)Z = K(aw)gzﬁ(z) = K(aw)(az) = K(|a|2w)z. (14)
Comparing (13) and (14), we conclude that C, is normal on F?. O

Proposition 3. Let ¢ be an analytic function on C such that Cy is bounded on F?. If C,

is complex symmetric with conjugation S of the form S(f(z)) = f(z) for all f € F?, then
¢(2) = az with |a| < 1.

Proof. We know by ( [6], Lemma 3.5), the operator S defined as S(f(z)) = f(Z) is a conjugati-
on on F2. Since Cy is bounded, by Theorem 1, we have ¢(z) = az + b with |a] < 1.
SC¢KwZ _ SKWQb(Z) _ S(e(az—l—b)ﬁ _ e(aE-i—b)E _ e(ﬁz—l—b)w
Next consider -
CySKyz = C’;S(em) = C’;K@Z = K(b(@)zf g (@w+b)
Suppose that Cy is complex symmetric, then e@+9% = 2@+ Taking w = 0, we get bz = 0
for all z € C. Hence b = 0. ]

Theorem 6. Let ¢ be an analytic function such that Cy is bounded on F?. If Cy is complex

symmetric with conjugation S of the form S(f(z)) = f(z) then Cy4 binormal on F?.

Proof. Suppose that Cy is complex symmetric with conjugation S of the form S(f(z)) =

f(Z). Then by Proposition 3, ¢(z) = az with |a| < 1. Hence C} is normal by Proposition 2.
Since every normal operator is binormal. Cy is binormal on F?2. O

3.4. Binormal weighted composition operators. In this section, we study binormal
weighted composition operators Cy 4 on F? with ¢(z) = az + b and 1(2) = cK,z for some
nonzero p € C and constant c.

Theorem 7. Let ¢, be analytic functions on C such that ¢(z) = az +b and ¢(z) = cKpz
for some nonzero p € C. Then Cy 4 is binormal then one of the following conditions hold:
(1) la| =1, (2) a is real and p = ¢(0).

Proof. By a simple calculation, we successively have

C6Cu0CueCy g Bz = CY 403 Cp st (W) Kz = 2P C 4Cy6Cy o K (aun) 2 =
=, WP vk w(a 2 vx
= 2" C;, ,Cy o (2) K(awn)$(2) = [c?€™ @ PHECE (Co o K (japwsab i)z =
w(a 2 1k
= |C|26 (@-+p)+ ) Cw,qﬁw(Z)K(|a|2w+ﬁb+p)¢(z) =
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_ 2 w(|al2b+ab+p)+|b|? (a+1)+bp
= c|c|%e Cy. oK @a?wrabraptp)?

w(|a|?b+a 2(a Doy (7 = =
_ C‘C|2e (|a|2b4+ab+p)+b|2( “)“’pw(a\a]?w T @b+ ap+p)K¢(6|a|2w+62b+Ep+p)Z _

_ |C|4ew(a\a|2p+|a|2b+ab+p)+\b\2(a+1)+bp+a25p+|p\2(a+1)+z(|a\4m+|a|2(aE+ﬁ)+ﬁ(a+1)) (15)

Next consider
Cw’¢C;Z,¢C;,¢Cw’¢KwZ = Cdﬂ,(ﬁczz,qﬁ z7¢w(2)Kw¢(2) = cemC’WC’;@C’;@K@wﬂ)z =
W * = w(a 2 *
= ce™Cy 4Oy y(@w + p) Ko@urpz = el PO CY L K opurtapity 2 =
= 2
_ |C|2ew(ap+b)+|p\ C¢,¢¢(|a|2w +ap + b)K¢(\a|2w+ap+b)Z —

_ =, w(la]?p+ap+b)+|p|?(@+1)+bp _
= el IHPEHD C¢,¢K(a|a\2w+a2p+ab+b)z -

— w(|a|*p+a 2(@ b
— ze@(lal’p+ap+b)+Ip*( H)H’pw(Z)K(a|a|2w+a2p+ab+b)¢(2) =

|c| e (@albtlalptap+0)+@Potbp+(pP+b*) @+1)+2 (o @+ af? @p+) +ab+P) (16)

Since Cy 4 is binormal, equating (15) and (16) we get

|c|4eﬁ(a\al2p+\a|2b+ab+p)+|bl2(a+1)+bﬁ+a25p+lpl2(a+1)+z(lal4ﬁ+\al2(a5+ﬁ)+ﬁ(a+1)) —

’C|46@(a|a|2b+\a|2p+ap+b)+62ﬁb+5p+(|p\2+|b|2)(a+1)+z(|a\4w+|a|2(@+E)+a5+fo) (17)

for all z,w € C. Substituting w = 0 in (17) and equating coefficient of z, we get
(Ja* = 1)(@p — ab) = 0 (18)
Next, taking z = 0 in (17) and equating coefficient of w, we get

(la]* = 1)(p(a — 1) —b(@—1)) = 0. (19)

From (18), we have either |a| =1 or ap = @b.
Suppose |a| # 1, then substituting ap = @b in (19), we get p = b. Since p is nonzero, from
(18), we have a = @. Hence, a is real. ]

3.5. Complex symmetric weighted composition operators. In this section, we investi-
gate when the complex symmetric weighted composition operators on F? is binormal.

Theorem 8. Let ¢, be entire functions on C such that ¢(z) = az+b with |a| = 1. If Cy 4

is bounded complex symmetric with conjugation S of the form S(f(z)) = f(Z) then Cy 4 is
binormal on F?.

Proof. We know by (6], Lemma 3.5), the operator S defined as S(f(z)) = f(Z) is a conjugati-
on on F2. Since Cy 4 is bounded and complex symmetric on F 2 by (6], Theorem 3.15), we
have 1(2) = ce® for some nonzero ¢ € C with b+ ab = 0. Using |a| = 1 and ab+ b = 0, we
simplify
C.6C,0C0,0C5 s Kuwz = Cf 4 Cp g Cy et (w) Koy 2 = Cy, 4Cyp s Cyp o™ Kaui) 2 =
= 2" C;, 4CsC6 K aurnyz = " Cy, 4 Cop 510 (2) K sy 6(2) =
= 26”05 4 Cpoce” Kauiny (a7 +b) = [P CF Oy o Koz = [P CF 0 (2) Ku(2) =
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= |c[2el" 5 yee Koy (az + b) = cle]?e™ Oy K i)z =

= ¢|ce™ Iy (aw + DK yauin)? = c]c|2ebﬁ+‘bl266b(5’“’+g)K(a(aw+g)+b)z = |c[*?" K,z (20)

Similarly,

C¢7¢CJ7¢CJ¢C¢7¢K1UZ = C¢’¢CZ’¢CZ’¢¢(Z)K10¢<Z) = C¢,¢C$’¢C$’¢C€szw(CLZ + b) =
= e CyyCy ,Co oK giyz = " Cy 5O yo(aw + b) K y 53y =
= e CyyC yee @K, oz = |e2el Oy O Koz = |e2el’l Cy b (w) Kpuy 2 =

2 —_— _ T (bI2 _ B 1bl2
= |c[el" Oy gee? K quin)z = lc/?e™ ™ Cy g K auwity 2 = el (2) K1 9(2) =

= E|c|2egﬁ+|b|206sz(aw+b)(az +b) = |c|*e®" K,z (21)
From (20) and (21), we conclude Cy 4 is binormal on F2. O
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