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The basic principles of the theory of singularly perturbed self-adjoint operators are generali-
zed to the case of closed linear operators with non-symmetric perturbation of rank one. Namely,
firstly linear closed operators are considered that coincide with each other on a dense set in
a Hilbert space. The theory of singularly perturbed self-adjoint operators arose from the need
to consider differential expressions in such terms as the Dirac §-function. Since it is important
to consider expressions given not only by symmetric operators, the generalization (transfer) of
the basic principles of the theory of singularly perturbed self-adjoint operators in the case of
non-symmetric ones is important problem. The main facts of the theory include the definition
of a singularly perturbed linear operator and the resolvent formula in the cases of H_;-class
and H _o-class. The paper additionally describes the possibility of the appearance a point of the
point spectrum and the construction of a perturbation with a predetermined point. In compari-
son with self-adjoint perturbations, the description of perturbations by non-symmetric terms
is unexpected. Namely, in some cases, when the perturbed by a vectors from H_5 operator can
be conveniently described by methods of class H_1, that is impossible in the case of symmetric
perturbations of a self-adjoint operator. The perturbation of self-adjoint operators in a non-
symmetric manner fully fits into the proposed studies. Such operators, for example, generalize
models with nonlocal interactions, perturbations of the harmonic oscillator by the J-potentials,
and can be used to study perturbations generated by a delay or an anticipation.

1. Introduction. The theory of singularly perturbed self-adjoint operators has several
thousands of large and small works, collected in the monographs [1,3|. The omitted methods
in [1, 3] are presented in [10]. In general, this theory arose from the need to consider di-
fferential expressions in such terms as the Dirac d-function. Since it is important to consi-
der expressions given not only by symmetric operators, the generalization (transfer) of the
basic principles of the theory of singularly perturbed self-adjoint operators in the case of
non-symmetric ones is important problem. The main facts of the theory include the defi-
nition of a singularly perturbed linear operator and the resolvent formula in the cases of
H_1-class and H_s-class. The paper additionally describes the possibility of the appearance
a point of the point spectrum and the construction of a perturbation with a predetermi-
ned point. In comparison with self-adjoint perturbations, the description of perturbations
by non-symmetric terms is unexpected. Namely, in some cases, when the perturbed by a
vectors from H_o operator can be conveniently described by methods of class H_;, that is
impossible in the case of symmetric perturbations of a self-adjoint operator. Some aspects of
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non-symmetric rank one perturbations of self-adjoint operators are considered in [7,8]. There
are also some technical details of proofs, which we do not repeat here. The perturbation of
self-adjoint operators in a non-symmetric manner fully fits into the proposed studies. Such
operators, for example, generalize models with nonlocal interactions [2, 4], perturbations of
the harmonic oscillator by the d-potentials [11], and can be used to study perturbations
generated by a delay or an anticipation.

2. Perturbations H_i-class. Let us consider a linear unbounded closed operator A on
the dense domain ©(A) in the separable Hilbert H space with the scalar product (-,-) and
the norm || - || = /(-,-). (The unboundedness condition of the operator is obligatory and
without it our consideration is not meaningful.) Suppose, the set of regular points p(A) of
the operator A is not empty. It is an essential condition for all statements of the article.

Using the operator A, we construct A-scale of Hilbert spaces [6]. Next, consider only part
of it, namely the chain:

HoDH1DH=HeD 7‘[+1 D) 7‘[+2, (1)

where H , is the positive space with the norm @] = [|(VA* A+ 1)*2p||, p € D(VA*A),
H_y, is the completion of H with respect to the norm || f||_ = ||(VA*A+ I)7F2f||, f € H,
k =1,2, A* is adjoint to A operator in ‘H, I stands for the identity operator. Denote by (-, -)
the dual scalar product for the couple of spaces H,y and H_, k= 1,2.

The extension of the operator A by continuity on H_; we can consider as the bounded
operator acting from H into H_; and as an unbounded operator in H_; with the domain
Hix, k € {1,2}. Such an extension we define by A.

Let us consider the linear operator V' = a(-, w;)ws, wi,ws € H_y, a € C\ {0}, k = 1,2,
in the chain (1).

The perturbed operator A in H we understand as the restriction of the sum of bounded
operators from H_j; onto H:

A= (A +afw)wn) T (2)

Denote by A* the adjoint to A operator according to (1) [5].
The restriction procedure is not always convenient to use, so we propose the following
definition.

Definition 1. Let A be a linear unbounded closed operator in the separable Hilbert space H.
For wy,wy € H_1 \ H, we put n;(2) = (A* — 2) lwy, m(2) = (A — 2)"'wy, 2 € p(A). The
operator A € PL(A) is called singularly rank one perturbed of H_1-class with respect to A,
if it has the domain (for a fixed z)

(3)

D(A) = {79 — 6—b.m(2) | 6 € D(A), b, = —A=20m() }

T 1o+ (A= 2) Tws, wy)
in the case (A — 2)"lwy,wy) # —1/a; and

D(A) =Dy, Hem(2)}, Dwy = {0 €D(A): (A—2)p,m(2)) =0}, ceC,  (4)
in the case ((A — 2z) lws,w;) = —1/q; the action is defined by the rule:

(A—2)0 = (A= 2)¢. (5)
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Remark 1. The action of the defined in (2) perturbed operator satisfies (5) on vectors

(3), (4).

Proof of Remark 1. This fact is verified by direct substitution (3), (4) in (2). Such an substi-
tution is possible only for H_;-class perturbations. Indeed, one has

wvwwzuA—a+ahmwﬂﬁ=“f¢ﬂ¢‘u;ﬁ&ﬁiﬁiim

A (A=2emE) 1 N (A-gem(E)
! <P LM+«A—Z)%mMJ’1>2 A= 20 =  A = o a2
(A= 2)6.m(2))

1/a+ (A —2) 1wy, wy) (m2(2), wi)we =

((A—=2)¢,m(2))
=(A=2)9- 1/a+ (A — z)—lwg,w1>w2+
L {9 (1/a+ (A = 2)wy 1) — (A = 2)6,m(2)) (112(2), w1)

o <(A((_ Z)_l)m,w? )
A—2)p,m(Z
= A =20 = A = 2w
L9 wn) + (9, ) (A — 2)Twn, wn) = ((A = 2)¢ 11(2)) (12(2), 1)
1/a+ (A —2)"lwy,w)

(15 R 0

/a4 (A —2) 1wy, wq) 1/a+ (A —2)"lws,wq)

since ((A—z)¢,m1(2)) = (¢, (A*=2)m1(2)) = (¢, w1), and ((A—2)"'wa,w1) = (1a(2), w1). O

Remark 2. Let us explain that two cases are caused for the domain ©(A) in (3) and (4),
in Definition 1, since the fixed point z may belong to the point spectrum of the perturbed

operator, namely z ¢ 0,(A), as provided in the case (3), and may belong to o,(A), namely
z € 0,(A), as provided in the case (4).

n2(2)+

+a(p, w)wy — «

Wy =

W+

Wy =

=(A-2)¢ wy = (A = 2),

Remark 3. If we put A as a self-adjoint operator, w; = ws, @ € R\ {0}, in Definition 1
then, obviously, we obtain known definition of the singularly perturbed self-adjoint operator
of H_;-class [3,10].

Denote a resolvent R, = (A —2)~", z € p(A) of unperturbed operator A and write the

general form of the resolvent R, = (A — 2)~!, z € p(A) of perturbed operator A in .

Theorem 1. Let A be linear unbounded closed operator in the separable Hilbert space H
and A € PL,(A) is a singularly non-symmetrically perturbed rank one with respect to A
operator, defined by (3)—(5). Then, the resolvent R, and resolvent R, are related to each
other by M. Krein’s type formula:

R. =R, +b.(-,m(2))m(2), (6)

with vector-valued functions

m(z) = (A" = (A" = 2)"'mi(§), m(2) = (A=A —2)"'m(&), (7)
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where n1(2),m2(2) € Hya, 2, € p(A) N p(A), and the scalar-valued function
b l=a '+ (A - 2)two,w1), 0<|a] < oo, (8)

satisfies the condition
bt = bt = (€= 2)(ma(6),m(2)), 9)

where the vectors 1,(Z),n2(2) are related to the vectors wy,ws by the expression
m(z) = (A" = 2) " w, m2(2) = (A —2) lws. (10)

We can also consider the case a@ = 0, if we put b, = 0 and R, = R,. There we can
also consider |a| = oo. In such a case the term ™' will omit in (8). In the theory of
singularly perturbed self-adjoint operators the condition |a| = 0o corresponds to the case of
the Friedrichs extension of a symmetric operator which is the joint for A = A* and A = A*.

Proof. Let us consider the expression fl = A+ af,wwy in H_y, where 0 < |af < oo.
Remind that we use the notation A i A instead of A and A. Then for some z € p(A) such
that ((A — 2)'wy,wy) # —a™t, we write (A — 2) = (A — 2) + (-, w1 )ws, and hence

(A-2)t=(A-2)"' —af, (A" = 2) " wi)(A - 2) " w,. (11)

For the vector wy we have

(A— zN)’lwg = (A — 2) " twy — afws, (A* — 2)’1a~)1>(121 —2) LWy,
(A= 2)"'wy = [1+ afws, (A" — 2)wr)] (A — 2) s,

(A=)t = e A e

Substitute the last expression in (11), we get

(fl—z)_1 =(A—2)" L

_ 1/0(—{— <w2’ (A* _ 5)_1011)}('? (A* _ 2)_ Wl)(A _ Z)_ W

And now, there is need to redefine
m(z) = (A =27 wi, ma(2) = (A= 2)" w,,

(wa, (A" = 2)T'wn) = (A = 2) " wa,w1) = (A = 2)m(2),m(2)).
From (10) we have 71(2) = R,wi, m(§) = Rewy and wy = (A — (), i.e.

m(z) = R.(A—&Em(&).

The last expression is correct only for the space H_;. For the correctness in H we must write
in the form 7,(z) = (A — &) R.m (&), since (A — &) commutes with R, and n(z),n (&) €
Hi CH.
Analogously, expressions 75(z) = R,ws and 172(§) = Rews give 1m3(2) = (A — ) R.n2(§).
Hence, (7) is proved.
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Let us prove (9). Using (8), we have

b7 = bt = —{wa, (A" = 2)wn) + (wa, (A7 — 5) > =
= (w2, (A" =7 = (A =) Nw) = (A= ) ) wa,w1) =
=((€-2)(A-9 " (A—2)" 1w2,w1> =
= (= 2){(A =) "wa, (A—2) "w1) = (€ = 2)(a(€), m(2)).

And conversely, for some h € H, (A —2)"'h =9 € D(A). Hence, we take (A —2)"'h = ¢
and substitute it in (6):

0=(A-2)"h=(A-2)"h+ bz(h,m(i))nz( ) =

. (A9
ot (A= DmEmE) ) = ¢ = e ) m (@)

Comparing the start and the end of the last formula, we obtain (3). [

)

=¢— 772()

Theorem 1 gives directly an important consequence.

Corollary 1. The domain ©(A) of the operator A € PL,(A) does not depend on the choice
of the point z € p(A) in Definition 1.

Proof. Let us plug a vector (A — z)¢ into (6). We obtain ¥ = ¢ 4+ b,((A — 2)¢, m1(2))n2(2),
i.e. it is the vector of (3) for a fixed z. Substituting (A — £)¢ into (6) for &, we also obtain

0 =¢+b.((A— &b, m(E))m(€) € D(A).

The second way to show the independence D(A) of z is direct verification of the equality

b=((A = 2)¢, m(2))n2(2) = b:((A — )¢, m1())m2(6),

using (7), (9), and the Hilbert identity. Then we rewrite mean calculations of the proof of
Theorem 1. ]

By analogy to (A — z) we define ((4)* — %) for a fixed 2.

(A" = 2)¢,12(2)) }
1o+ (A" — 2)"twy, wo)

D((A)) = {ﬁ 6 — b (3): 6 € D(A), b, =

(12)

in the case ((A* — 2)'wi,wy) # —1/a; and

D((A)) = D3, Hem(2)}, D3, = {0 € D(AY): (A"~ 2),mo(2)) = 0} (13)

in the case ((A — z) " 'wi,ws) = —1/a; the action is defined analogously to (5):
(A) = 2)9 = (A" - 2)¢. (14)
Now another corollary of Theorem 1 is obvious.

Corollary 2. If the operator A (and its adjoint A*) are given, then we have the equality
(A—2)* = A* -z, 2 € p(A) for the operator A — z defined in (3)-(5) and A* — z defined in
in (12)-(14).
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Proof. Indeed, the expression adjoint to (6) has the form

(R2)" = (Re + bo(,m(2))m2(2))" = R+ b2 m2(2))im(2) = RE+ bz, ma(2))m (2),

1
here b; = 0] = . F h
where b; = b a1+ (A — Dar.o) rom (8) we have

—bs = 1/a+ ((A— 2)lwy,w) = 1/a + (A — 2)lwy, w1) =
=1/a+ ((wi, (A —2) wy) = 1/a+ (A" — 2)twr,ws) = —b7 .

]

Remark 4. The usage of a singularly perturbed operator together with its adjoint one allows
to provide additional description of both operators as one whole object. Namely, linear un-
bounded closed operator A # A, densely defined in H, is singularly perturbed H_;-class
with respect to the operator A (without loss of generality 0 € p(A) N p(A)), if sets

D={feD(A)NDA): Af = Af}, D.={feDA)ND((A)): A"f=A"f} (15)

are dense in ‘H both, herewith ® C Hy1, D C Hyg.
It is clear that for each couple A, A and A*, A* there exist joint restrictions i.e. operators
A:=A D and A, := A | D,, so that each of them has nontrivial deficiency indices

nt(A) = dim ker(A F 2)* #0, n*(A,) =dim ker(A, F2)* #0, z¢€ p(A).

In this paper we consider only the case n*(A) = n*(4,) = 1.

The last description is close to the topic of solvable extensions described in the work
of M.I. Vishik [12]. If ® = D, and A = A*, then we have usual description of singularly
perturbed self-adjoint operator |3, 10].

The perturbed operator can possess a new point A of the point spectrum ap(fl), which
does not exist in o,(A).

Proposition 1. If A € PL(A) possesses new eigenvalue X € C in comparison with A,
namely there exists A\ € 0,(A), but A\ ¢ 0,(A), then for corresponding eigenvectors :

/Igp = Ay and : A*p = M\, we have equalities:

= )by (A" =) he) = 1,
(= 2)ba(, (A — 2) ) = 1,

where 1;(z) (i € {1,2}) is defined in Theorem 1, z € p(A) (" p(A).

Proof. Solving the eigenvalue problem in the form R.p = ﬁcp and using expressions for
the resolvents (6) and also (10), we obtain (16). Indeed,

1
R = Rep + (0, m(2))ma(2) = —
1

b, M(E)M() = 11— Rep = s (A= (A~ 2) ¢

¥
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Hence, (A — 2)b.(,m(2))(A — 2)(A — A~ m(2) =
(A= 2)b (0, m(2) = 1, if we put (A — 2)(A— )"l (z
(16).

Expressions (16) are obtained analogously. In the case of adjoint operator (17), we write
the expression adjoint to (6) and (7). Indeed,

. The multlphcatlon on 71(Z) gives
) = ¢ = (A — X)"wy. Then we obtain

Rip = R + b, (1, 12(2))m(2) = ——,

B, () () = s — Roty = T (A" = (A" = 2)7p.

z z
Hence, (A — 2)bs(¢, mo(2))(A* — 2)(A* — X\)7'ny(2) = . The multiplication on 7,(z) gives
(A — 2)bs(v,ma(2)) = 1, if we put (A* — 2)(A* — XN) 7' (2) = ¥ = (A* — \)"'w;. Then we
obtain (17) O

The inverse spectral problem is also solvable for A € P!, (A).

Theorem 2. For a given linear unbounded closed operator A in the separable Hilbert space
H, numbers A € C and vectors ¢, € H1 \ Hyo, such that for some z € p(A), z # \ and
(o, (A" — ) (A* — zZ)” L) # 0, there exists unique singularly non-symmetrically perturbed
rank one operator A € P! (A) such that \, X and ¢, v are its e1genva]ues and eigenvectors
respectively: namely, Ap = Ao and A*i) = Mp. Herewith, the operator A is defined due to
the resolvent (6) from Theorem 1:

R. = R. +b.(-,m(2))m(2), (18)
with the vector-valued functions
m(z) = (A" = N)(A" = 2)7', m(z) = (A= N)(A-2)""p, (19)
and with the scalar-valued function
b= (A= 2)(p.m (), (0" = (A =2)(W,m())). (20)

Remark 5. The inequality (¢, (A* — X\)(A* — 2)~1) # 0 is equivalent to the inequality
(¥, (A= N)(A=2)"1p) #0
Proof of Remark 5. Indeed,

W (A=NA=-2)T9) #£0 = . (A-N(A-2)"p) #0 =

(A=NA=2)"0,0) £0 <= (¢, (A" = N)(A" = 2)"")) #0.

]

Proof of Theorem 2. Let us start to prove Theorem 2. At once, it is possible to show that
both sets

D={feD(A): (A" =2)f,m(2)) =0}, D.={f€D(A): (A-2)fm(z) =0}

coincide with written one in (15) and are dense in H, respectively. If we suppose 3h € H
such that (D, h) = 0, then

0= (97 h) = ((A - Z)_lmzw h) = (gﬁm (A* - 2)_1h)7
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namely (A* — 2)7'h € D(A*) and (A* — 2)"th € M, LM, but N, N D(A*) = {0}.
Analogously, if 3h € H such that (D,,h) = 0, then

0=(D.,h) = ((A" = 2)7' Mz, h) = (M, (A — 2)""h),

namely (A — 2)7'h € D,(A) and (A — 2)7'h € N LM, but N: ND.(A) = {0}.
Further proof of Theorem 2 is essentially based on the next technical proposition.

Proposition 2. Let A be a linear unbounded closed operator in a separable Hilbert space H.
Then, the operator-valued function

R. = (A= 2)" 4 0.(,m(2)m(2), =€ p(A), (21)

is a resolvent of some linear closed operator, if for n,(z),n2(2) and b(z) we have expressions
m(z) = (A" = A" = 2)7m(E), ma(z) = (A=A - 2) (), (22)
byl — bt = (€= 2)(ma(€),m(2)), 2.6 € p(A) N p(A); (23)

and additionally it is a resolvent of a singularly non-symmetrically rank one perturbed
operator of H_y-class, if n1(z),m2(2) € Hi1 \ Hiz.

Proof. The proof of Proposition 2 is based on Theorems 1 and 2 from [9, Ch. VIII, §1].
Namely, the operator-valued function (21) R, is a resolvent of some closed operator if:

a) R, satisfies the Hilbert identity with some z,€ € C: R, — Re = (2 — €) R, Re, namely it is
so called pseudoresolvent, and

b) R. has the trivial kernel, i.e. ker(R.) = {0}.

We will verify the condition a). Substitute the operator-valued function, defined in (6),
into the Hilbert identity:

((A=2)" +b(om(2))m(2) — (A=~ +bs( 1(©)m(€)) =
= (2= ((A =27+ b(m(2)))m2(2) (A=)~ +be(-,m(€)m(8)) -

Using more the Hilbert identity for (A — z)~!, we obtain

b: (-, m(2)))ma(2) = b m (€))m2(€) = (2 = Obe (-, m(§))(A - 2
+(z = E)ba(, (A" = 7 m(2)n2(2) + (2 = E)babe (-, () (n2(8), m(2)))ma(2). (24)

From the second equality (22) we get
m2(2) = 12(8) + (2 = (A = 2)(8), (2 = E)(A—2)"ma(8) = ma(2) — m2(8).
By analogy, from the second equality (22), we obtain
(2 = (A" = &) 'm(2) = m(2) — m(&)-
Substitute two last equalities in (24):

b (-, (2))n2(2) = e (-, m(€))12(E) = be(-,m
_l’_

() (O (=) — m())+
0., () = mE(z) + (2 — E)babelm(

(
)12, 1m(2)))ma(2).
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Simplifying last expression we obtain

0= be(-,m(E)ma(2) = bo (-, m(€))n2(2) + (2 = E)b2be (-, (€)) (2(€), m(2)))m2(2).

After reduction on (-, 71(£))n2(2) we obtain the expression, that gives (23).

Verify the condition b). For a vector f € H, such that f L n(Z), with a fixed z, the
vector-valued function R(z) = (A— z)_l is a resolvent of some closed operator, since for such
vector we have R(z)f = R(2)f = (A=2)"'f.

For the vector 7;(2) we have R, (2) = (A — 2) " 'n1(2) + b.(m1(2), m1(2))ma(2) # 0, since,
if (A—2)"'n(2) = —b.(m(2),71(2))m2(2), then from n(z) € Hyy \ Hie we would have
n2(2) € H.o, but by the conditions of Proposition we have 75(2) € H,o.

By analogy, for a vector f € H, such that f L n(2) with a fixed 2, the expression
(R )* = (A* — 2)" is a resolvent of some closed operator, since for such a vector we have
(R f=Rif=(A—2)7'f. )

For the vector 1;(2) we have (R.)n2(2) = (A—2)"1n2(2) +b.(n2(2), m2(2))n1(2) # 0, since,
if it would be (A — 2)"'na(2) = —b.(n2(2),m2(2))m (%), then from ny(2) € Hy, we would
have 17,(2) € H2, but by the assumptions of Proposition 2 we have 71(2) € Ho.

And now, we can say that there exists a closed linear operator A, and we can put
(A—2)"1:= R(2), z € p(A).

Taking into account Theorem 1, we obtain that the defined in (6) R(z) is the resolvent
of singularly non-symmetrically perturbed of rank one operators H_;-class. m

Now we can continue the proof of Theorem 2 by steps.
1. If ¢, 1) € Hi1 \ Hoo, then from (19) it follows that 11(2), n2(z) € H1 \ Hyo. Proposition 2
gives that the defined in (21) operator R, is a resolvent of some closed operator under the
condition 71(2),n2(2) satisfy (22) and b, satisfies (23).

Let for n;(z), n2(2z) we have (19), i.e

m(z) = (A= XA -2)"o=p+(z-N)(A-2)""p,

m(z) = (A-NA-2) Y =v+(E-NA-2" (25)

and for b, we have (20): b;' = (A — 2)(p,m(2)), b;' = (A — 2)(¥,m2(2)), which we write

in the form

bl =(A=2)(W,m(2), b =(A=2)(m(2),9). (26)
Write the left-hand side of (23) using (25) and (26):

=\ =2, W+ (E-NA =2)7Y) - (A= (p+ (- MNA -8 ¢ ¥) =
( e ) —(A=2)((A=2) "0, ¥) = (A= &(, ) + (A= (A= &) 9, 9) =
= (=2, 9) — (A - 2)2((A —2) 7o) + (A= (A= &) p, ).

Write the right-hand side of (23) using (25):
(€ = 2)(m(2),m(2)) = (€ = )+ (§ = MN(A =& ], [ + (2 = M)(A" = 2) ")) =
[

(€ [ +
= (= 2)[(@, ) + (z = N((A = 2) "o, )+ (27)
FE-N(A=)"p, )+ (z=NE=N((A—2)" (A= e, ¥).
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In the last line we used the Hilbert identity: (A—2)"'—(A—¢&)™! = (2—&)(A—2) 1 (A-&) .
Hence,

(€= 2)(12(8), m(2)) = (€ = 2) (@, ¥) + (€ = 2)(z = N (A = 2) "o, )+
+HE=2)(E=N(A=) e, ¥) + (€ = Nz = N(A— &) e, v)-

(2= NE=MN(A=2)""p,9) = (€= 2)(p, ) + (=" + 26 = A+ A2) (A = 2) o, ¥)+
H(E =28 = A HA)((A =)0, 0) + (26 — Az = A+ N (A= &) o, ¥)—
—(26 — Az — A& +A)((A—2)p,0) =
= (€= 2)(p, 1) = (N =2 2 + 2%)((A = 2) ', 90) + (7 = 206 + M) (A — &) "', )).

Therefore,

(€=2)(m2(),m(2)) = (€= 2)(0, V) + (=N (A=) 0, ¥) = (2= N)*((A—2) "0, ¥). (28)

Comparing (27) and (28) we obtain (23).
2. Since vectors 71 (z) and 1,(z) belong to Hy \ H4a, by Proposition 2 the operator A is a
singular perturbation of A.
3. Let us prove Ap = \p in the form (4 — z)"lp = .

Indeed, the substitution of the first expression (20) and first expression of (25) in (18)
gives

(A=2)lo=(A-2) "o+

1 1
—(o,m(2))(p+ (2 = N)(A—2)"tp) = ©.
(/\_Z)(SO,nl(Z))( 1( ))( ( )( ) ) \— »
Show A*p = A\ip in the form (A* — 2)7%) = ﬁiﬂ- Analogously, the substitution the
second expression of (20) and the second expression of (25) in a joint to (18) give us

1" —2) "W = NE Fo (AT — B =
(A" —2)" v =(A-2)" ¢+( _Z)wn())(ﬂw())(@wr( A(A"=2)" ) v

4. Show the uniqueness. Suppose the contrary i.e. there exists another operator A £ A
such that Ap = Ap and A*) = ). Since A € P(A) is also singularly non-symmetrically
perturbed of rank one operator A, due to Theorem 1 it has the representation

(A=2)" = (A= 2 + 0.0 (2))i(2), 2 € p(A) N p(A), (29)

where at least one of inequalities 7y (z) # 71 (2) either 7jy(2) # 12(2) or b, # b, is true. Then
for A and ¢ we have

= (A= 2) o+ bap, 0 (2)a(2) = (A= 2) 7" + b0, m(2))ma(2),
namely

b. (0,11 (2))i2(2) = b.(0,m(2))ma2(2). (30)

From the last equality we deduce nz(2) = 2 (2) for a fixed 2, i.e. b.(p,m(2)) = pib. (0, 71(2)).
Analogously, for A and @ we have

(A =2 = (A =2 = <
= (A" =27y +Z<¢7 M2(2))in(2) = (A" = 2) ' + b (¥, ma(2))m (2),
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namely b. (1, 712(2)) () = b (¥, 12(2))m (2)-
The last expression gives 71(z) = vy (Z) for fixed z. Now (30) yields

b (0, m(2))12(2) = ba( 0, vm (2)) e (2) = baopa(sp, mu(2) )12 (2),
namely b, = l;zDM and hence b, = bzi. And (29) has a form
o 1 ~
(A=) = (A=) + o Covm(@)um(z) = (A= 2)7

The obtained contradiction finishes the proof of the uniqueness and the proof of the theorem
in general. [

Remark 6. Theorem 2, in fact, states more than the statement inverse to Proposition 1. In

Proposition 1 we have A € 0,(4), A € p(A), simultaneously, in Theorem 2 X\ € 0,,(A) can be
immersed in the continuous spectrum o.(A), and hence in o.(A).

3. Perturbations H _s-class. Transfer the results of the previous paragraph to the perturba-
tion of the H_o-class. This general case requires an additional parametrization. Then Defi-
nition 1 takes a slightly different form.

Definition 2. Let A be a linear unbounded closed operator in a separable Hilbert space H.
For wy,ws € H_o, where at least one of the vectors wy,ws does not belong to H_;, we
put 71(2) = (A* — 2)"lwy, m(2) = (A — 2)"wy, z € p(A). The operator A € PL,(A) is
called singularly non-symmetrically rank one perturbed of the H_5-class with respect to the
operator A, if its domain is defined (by fixed z)

D(A) = {ﬂ — 6~ bup(2): 6 € D(A)

B (A—=2)o,m(%))
B = e T T T (A= 2 1 2 AN A + (2 () } (31)

in the case ((A—2)(14+2A4)(A%2+1)"'na(2),m(2))+1/a+7 # 0, where T € C is a parameter;
and

D(A) = Dy, Hem(2)}, D, = {0 €D(A): (A-2)o,m(2)) =0}, ceC,  (32)

in the case (A — 2)(1+ zA)(A% + 1)t (2),n1(2)) + 1/a + 7 = 0; the action is defined by
the rule

(A—2)0 = (A - 2)o. (33)

Note at once that the remark similar to 1 is not possible at all in the case of Definition 2
due to the stronger singularity of the perturbation.

Remark 7. Similarly to Remark 2 in Definition 2 two cases for the domain ®(A) in (31)

and (32) are due to the fact that z ¢ 0,(A) in the case (31) and z € 0,(A) in the case (32).

Remark 8. If A is a self-adjoint operator, w; = ws, and a € R\ {0} in Definition 2,
then we obtain the usual known definition of singularly perturbed self-adjoint H _s-class
operator [3,10].

For the resolvent R., z € p(A) of an unperturbed operator A and the resolvent R,,

z € p(A) of perturbed H_s-class operator A we have also a theorem similar to Theorem 1.
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Theorem 3. Let A be a linear unbounded closed operator in the separable Hilbert space H
and A be its singularly non-symmetrically rank one perturbed with respect to A operator
A € P',(A) defined by (31)-(33). Then the resolvents R, and R, are related to each other
by the M. Krein type formula:

with vector-valued functions ny(z) = (A = §)(A = 2) 7' (§), m2(2) = (A = &)(A — 2)"'n2(),
where n1(2),m2(2) € H, z,& € p(A) N p(A), and with the scalar-valued function

bl =a T+ (A= 2) (14 2A) (A% + 1) e(2), m(2)), (35)
where a € C, 0 < |a| < oo and V7 € C, for which we have the equality:
bt =0t = (6= 2)(m(&),m(2)), (36)

and vectors n1(z),n2(z) are connected to wy,ws by relations n,(z) = (A* — 2) twy, m(2) =
(A — 2) " hw,.

Analogously to Theorem 1, in general, the case o = 0 can also be considered by assigning
b. =0 R, = R.. One can put also |a| = oo, then in the last expression (35) the term a~!
will be omitted.

Proof of Theorem 3. Steps of the proof are generally similar to those of Theorem 1, but
differ in the technical details that arise due to perturbations of H_,-class.

For Vh € H,z € p(A)Np(A), (A—2)""h =+ € D(A). Hence, we can put (A—z)"1h = ¢
and substitute in (34):

b= (A2 h= (A2t b (2)m(E) =

1 > —

Vot 7+ (A= a0 + @ + 1 @) HEmE =
((A_Z)(p7771<2>) n (Z)

ot 7+ (A )1+ 2AA + 1) () m(@) P

Comparing the start and the end of the last expression, we obtain (31).
Let us show (36). Using the equality (35), we have

bzl—bgl:—((A—Z)(1+ZA)(A2+1) 12(2), m(2))+
+H((A =L+ EA) (A" + 1) 'm(&). m(8)).

And we use the following equalities

m(&) = (A= 2)(A =8 m(2), ma(z) = (A= (A - 2)"m(9).

Then we have

b7t = bt = —((A—2)(1+zA) (A% + 1) (A= &) (A - 2) 'na(€),m(2)+
F((A= A+ EA)(A* + 1) 'a(8), (A= 2) (A=) 'mi(2)) =

=—((A-9) 1+2A)(A2+1)*1772(6)7771(2))+((A—Z)(1+£A)(A2 + 1) 'n2(8),m(2) =

= ([(A=2)1+€4) — (A=) (1 + 2A) (A% + 1) (&), m(z

= ([A+ €A% — 2 — 26A— A— 24> + £+ CAI(A* + 1) 'p(8),m(2)) =

= ((E=2)A2+ (= 2)) (A2 + 1) "ma(8), m(2)) = (€ = 2)(m2(€), m(2)).

:()0—

:SO—
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By analogy with (A — z), we can define ((A)* — %) as perturbation of H_,-class.

Remark 9. Consideration of a singularly perturbed operator of H_s-class and its adjoint
together also allows us to provide an additional description of both operators as a whole.
Linear unbounded closed densely defined in H operator A # A is singularly perturbed of H_»-

class with respect to the operator A (without loss of generality we assume 0 € p(A) N p(A)),
if both sets (15) are dense in H but herewith © C H.o, ©, C Ho.

Singularly perturbed H_j-class operator can also possess a new point A of the point
spectrum o,(A), which was not in the spectrum o,(A) of A.

Proposition 3. If the operator A € PL,(A) possesses a new eigenvalue A € C, which was

not by A, namely \ € Up(fl) but A\ & 0,(A), then for correspondents eigenvectors ¢: Ap = \p
and ¢: A*p = M\, we have equalities:

(A =2)b:(pm(2) =1, @ =(A=2) (A=) "),
A =2)b.(¢Y,m(2)) =1, ¢ = (A" = 2)(A* = X)"'m(2),

where n;(2) (i € {1,2}) denoted in Theorem 3, z € p(A) () p(A).
Proof. The proof is not essentially different from the proof of Proposition 1. O

Theorem 4. For a given linear unbounded closed operator A in a separable Hilbert space
H, a number A € C and a vector ¢, € H \ Hy such that for some z € p(A), z # A
and (o, (A* — N\)(A* — 2)~%) # 0, there exists unique (up to the parameter) singularly
non-symmetrically rank one perturbed operator A € PL,(A) such that \, A and @, ¢ are its
eigenvalues and eigenvectors, namely Ap = Ap_and A*i) = \ip. Herewith, the operator A is

defined by the resolvent (34) from Theorem 3: R, = R.+0b.(-,m(2))m(2), 2 € p(A)Np(A),

with vector-valued functions n(2) = (A* = X\)(A* = 2)7",  ma(2) = (A= A)(A—2)""p, and
with the scalar-valued function b;* = (X — 2)(p,m1(2)), (or b = (A = 2)(¥,m2(2))).

Proof. The proof has the same steps as the proof of Theorem 2, without taking into account
technical details that require consideration of the H_o-class perturbations. O

4. H_o-class perturbations, that allow description by the H_;-class methods.
Differences of coefficients b, in (3) and (31) are due to the fact that if, at least one of the
vectors wy, wy does not belong H_;, then the expression ((A — z) 'wy,w;) does not make
sense at all.
Remark that if wy,wy € H_q \ H, then the denominator b, in (31) can be written as
follows

(A= 2)(1+24)(A* + 1) 'ma(2),m(2) + La + 7 =
= (A —2) Twy,wi) — (A(A” + 1) Twy,wn) + 1o+ T,

and we can put 7 = (A(A? + 1)"'wy,w). Thus, Definition 1 becomes a partial case of

Definition 2.

But if at least one of the vectors wy, we does not belong H_; and herewith w; # ws,
then it is possible that the expression ((A — z) 'wsy,w;) has a sense. For example, it is
easy to find two functions f(z) and g(z), both of which do not belong to Ls(R,dx), but

the integral [*° f(x)g(x)dx exists. The observed phenomenon is possible only with non-
symmetric perturbations (as opposed to symmetric one).
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11.
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