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We study the problem of a special factorisation of an orthogonal projector P acting in
the Hilbert space Lo(R) with dimker P < oco. In particular, we prove that the orthogonal
projector P admits a special factorisation in the form P = VV* where V is an isometric
upper-triangular operator in the Banach algebra of all linear continuous operators in Ly (R).
Moreover, we give an explicit formula for the operator V.

1. Introduction. Let H := Ly(R) be a Hilbert space with the standard norm || - || and
the inner product (- | -), and let B := B(H) be the Banach algebra of all linear continuous
operators in H. Let us fix in the algebra B the continuous chain of orthoprojectors & :=
{E(&)}eer, where E(§) is the multiplication operator on the characteristic function of the
interval (—o0, £).

An operator A € B is called an upper-triangular operator with respect to the chain € if
for every E € €& the subspace E'H is an invariant subspace of A, i,e.,

E*AE =0, Ee¢ (Et:=1-E).

Similarly, an operator A € B is called a lower-triangular operator with respect to the chain
¢ if for every E € & the subspace E-H is an invariant subspace of A, i.e.,

FAEt =0, Fee¢.
We set

Bt :={BeB:VEc¢& E'BE =0},
B~ :={BeB:VEc¢& EBE+=0}

BT and B~ are closed subalgebras in the algebra B. It is easy to see that if A € BT, then
the adjoint operator A* belongs to the algebra B~.

Definition 1. We say that an operator A € B admits U L-factorisation if there exist A, €
Bt A_ € B suchthat A=A, A .
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Definition 1 is wider than usually accepted in the mathematical literature since it does not
assume invertibility of A (see, e.g., [1]). We only know the paper [2], where the factorisation
problem was studied for nonnegative non-invertible operators.

In the case when A € B is a nonnegative self-adjoint operator, we consider a special
factorisation.

Definition 2. Let A € B and A > 0. We say that A admits a special factorisation if there
exists Ay € BT such that A = A, A%

In the present paper, we study the following problem.

Problem 1. Does every orthogonal projector P € B with dimker P < oo admit a special
factorisation in the form P = VV*, where V is an isometric operator in B*7

It follows from the results of Larson [3] that not every uniformly positive operator A € B
admits a factorisation A = BB*, where B € B*t. In the case when an operator is non-
invertible the problem of its special factorisation is much more difficult. In the mentioned
work [2]|, a special factorisation of an orthogonal projector P with dimker P < oo was
considered in the Hilbert space Ly(0,1) with chain of orthoprojectors {E(€) | € € [0,1]},
where E(€) is the multiplication operator on the characteristic function of the interval [0, £).
In [2], it was proved that an orthogonal projector P with dimker P < oo admits a special
factorisation if the additional condition

Ve € [0,1]  dim E(¢)ker P = dimker P

holds.
The main result of this paper gives an explicit formula for an isometric operator V' € B+

such that VV* = P for an orthogonal projector P € B with dimker P < oc.

2. Factorisation of an orthogonal projector. Denote by G the Hilbert space C" with
the standard inner product

(= |y)e = ijﬂj, v = ()i, y=(y)j=1-
j=1

Let P be an orthogonal projector in B with dimker P = n € N, and let (¢;)}_; be an
orthonormal basis in the space ker P.
Let us consider the function ®: R — G’ (G’ is the dual space to G) that is defined by

the formula .

O(t)e=> cipit), tER, c=(¢)j, €G.

j=1

It is easy to see that ® € Ly(R, G’) . Denote by ®*(¢) the operator that is adjoint to ®(t). It
acts from C into G by the formula

O*(t)e = c(pr(t), ..., on(t)), teR, ceC.

We also define the function
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which plays an important role in the study. Clearly, this function is absolutely continuous,
and A'(z) = ®*(z)®(x) for almost every x € R. Moreover, A*(x) = A(z) for all x € R, and

A(xy) < A(zg) for x; < . (2)
Let us consider the subspaces
F(z) := ker A(x), G(z) :=ran A(z), z€R.
Since G(z) @ F(x) = G for all x € R, it follows by (2) that
F(zy) D F(xq), G(x1) C G(z2) for z; < x,.
It is easy to check that the function
p(x) :=dim F(z), z€R,

is nonincreasing, left-continuous, and piecewise-constant. We denote by (&)}, a strictly
increasing sequence of all points of discontinuity of the function p, and let

(_00751)7 if 5 = 1?
Ay =1 (&-1,&), ifl<s<m;
(&m, +00), ifs=m+1.

Put Fy, == F(&), G :=G(&), k=1,...,m. It follows from the above that
F(z) = Fy, G(z) = Gy, relN, k=1,....m,
and, moreover, F(z) = {0} =: F,41, G(z) =G =: Gpy1, @ € Apyp. Thus the equalities
ran A(z) =Gy, x €Ay, k=1,...,m+1, (3)
hold.
Lemma 1. For an arbitrary x € Ay (k=1,...,m + 1) the operator
Ap(z) = A(7)|q,
is invertible in Gy. Moreover, the function x — A} '(z) is continuous on Ay,

Proof. Let © € Ay. Since the operator A(x) is self-adjoint, it follows from (3) that A maps
Gy, onto itself. Hence the operator Ag(z) is invertible. As already mentioned, the function
x — A(z) is continuous. Thus the function Ay > = — Ag(z) is continuous, too. Taking
into account that the operators Ay(x), x € Ay, are invertible, we obtain that the functions
x +— A '(x) are continuous on Ay, O

Definition 3. Denote by A”: R — B(G) the function acting by the formula
A@)=A ()0 z€ly, k=1,...,m+1, (4)

where Oy, is a null-operator in Fj.
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Remark 1. It follows from Lemma 1 that the function x — A°(z) is continuous on every
interval A;, and its points of discontinuity can only be points §;, j = 1,...,m. Moreover, in
view of Lemma 1 and (1), we have for almost every z € A, (k= 1,...,m+ 1) the equality

A(z) A’ (2)@*(z) = D*(x).
The main result of this paper is:

Theorem 1. The formula
(V) = flz) - /oo O(x) A’ ()" () f(t)dt, z€R, feH, (5)

defines an isometric upper-triangular operator such that VV* = P.

The proof of Theorem 1 will be divided into parts presented below as lemmas. Denote
by Cy the set of all continuous functions f: R — C with compact support not intersecting
the set {{;}72,. Note that the set Cp is everywhere dense in H.

Lemma 2. Assume that the operator V is introduced by the formula (5) and U =1 — V.
For an arbitrary f € Cy the equality

AP =(UFI )+ (fUSf)
holds.

Proof. Let f € C, . Taking into account Remark 1, we conclude that the vector-valued
function

h(t) == A (t)®* () f(t), teR,

is square integrable and has a compact support; as a result, it is integrable on R. Hence the

function -
T — / h(t)dt

is continuous and bounded on the whole line. Thus, since the function = — ||®(x)|| belongs
to H, we obtain that U f € H and

(Uf)(z) = / T o@)h(t)dt, TER

It follows from the last formula that

= [ @ et | h©)ade
Let us calculate the integral

vi= [1wp@ra= [~ 7 [T @ @@ | s

We see that J = J; + Jo, where

1= [ [[ @ @) | ne)adudta

r<t<€

Jo _/// h(t) | h(€))gdudtde.

<<t
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Integrating over the variable z the integrals J; and J;, and taking into account the definition
of the operator A(x), we get that

J = / / (A@)A(E) | h(€))adbd.

t<¢

Jy = / / (A©)h(t) | h(€))adtde = / / (h(t) | A€)h(E))ctde.

§<t <t

Note that, for almost every t € R,

A(Dh(t) = ADA (P (1) f (1) = D* () f(2).

5= [[@®re | e = [[ 710 | 20h(©)cded = (7 U1

t<¢ t<¢

Thus

Similarly, we obtain that
Ja= [ o) | © €t = [ [ (@©ht) | 1)t = U | 1),
£<t £<t
Therefore, J = (Uf | f)+ (f | Uf) as claimed. O

Corollary 1. The operator V that is defined by the formula (5) is an isometric upper-
triangular operator.

Proof. According to Lemma 2, we get that for an arbitrary f € C

VA= =UFIf=UH =P+ NUA = WUF L= (F1US) =11

Since the set Cy is everywhere dense in H, we have that the operator V' is continuously
extended to an isometric operator on the whole space H. Obviously, the extended operator
acts by the formula (5) and it is upper-triangular. O

Lemma 3. For every g € Cy the equality
|U*glI* = (U*g | g) + (g | U*g) = [IP=gl*  (PT:=1-P)
holds.

Proof. Using elementary calculations, we get that the adjoint to U operator acts on functions
g € Cy by the formula

(U*g)(x) = / B(x) A () ()g(t)dt, T € R.
Thus for an arbitrary g € Cy

o) = ] | v@@ww oo

2

= (A (2)2*(2)@(2) A" (2)r(2) | r(2))e,
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where .
r(z) = / O*(H)g(t)dt, = € R.
Taking into account (4), it is easy to ChC:ck that for almost every x € R
(A(2)) = —A(2) A (2) A () = — A ()" (2) () A (2).
Thus

(U g) (@) = —(A()) / / (A 1) | °(€)g(€))edtde.

Using this fact, we get

[U*g|]* = J := — / // ((A(2))D*()g(t) | D*(&)g(€))edtdEda.

Similarly to the proof of Lemma 2, we rewrite the integral J as a sum of the integrals

B /// (A ()@ (t)g(t) | ©*(£)g(€))dtded,

E<i<z

- // (A () @*(1)g(t) | B*(€)g(€))cdtdeda.

t<e<z

Integrating over the variable x in both integrals and using that
+oo
| @@yds = aoc) - 10) = I - £00),
t
(I¢ is the identity operator in (), we obtain that

5= [[ e 09| ¥ ©oe)odrde - // (@ (£)g(t) | & (€)g(€))cdrde =

£<t <t

— (Ug| g) - // (@ (1)g(t) | D*(€)g(€))cdtde;

£<t

5= [ [ @@ 90| & ©(6))cdds - / / 9(€))odtd =

t<¢ t<¢

(U*g | 9) // 9(§))gdtd§.

t<¢

It thus follows that
J=ht T =109+ (|9~ | @ ®0t) |8 ©o(e)adrds.
Since

/ /@* 1) | 8*(€)g(€))dtds — Z\gm — 1Pyl

we have J = (g | U*g) + (U*g | g9) — || P*g|*
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Proof of Theorem 1. 1Tt follows from Lemma 3 that for an arbitrary g € Cj

IV*gl? = (I =U)g| (I-=U)q) = |lgl*+ |U*gl|> = (Ug | g)— (9| U'g) =
= |lg]I> = |1PglI* = IPg|*,

e, (VV*g|g) = (Pg| g). Therefore, we get the equality VV* = P. In view of Corollary 1,
the operator V' is isometric and upper-triangular. The theorem is proved. O]
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