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For a positive function f on the interval [0, 1], the power mean of order p € R is defined by

sy () dx)l/p w20 Ifl=ew (| I f() ).

Assume that 0 < A < B, 0 < ¢ < 1 and consider the step function ga<p g = B - X[,0) + A"
X[0,1]> Where x g is the characteristic function of the set E.
Let —0o < p < ¢ < +00. The main result of this work consists in finding the term

| ga<B.0llq
Cp<ga<p = maxX -F === "
p<q,A< 0<0<1 || ga<B,o |lp

For fixed p < ¢, we study the behaviour of Cpq.a<p and 8,<4 a<p With respect to 8 =
B/A € (1,400). The cases p = 0 or ¢ = 0 are considered separately.

The results of this work can be used in the study of the extremal properties of classes of
functions, which satisfy the inverse Holder inequality, e.g. the Muckenhoupt and Gehring ones.
For functions from the Gurov-Reshetnyak classes, a similar problem has been investigated in [4].

Introduction. The Muckenhoupt [1] and Gehring [2] conditions widely used in works on
weighted spaces and conformal mappings, represent important examples of the reverse Holder
inequality. Initially, the expression “reverse Holder inequality” has been applied to the Gehri-
ng condition. It is difficult to say who started using it in a more general sense. Nevertheless,
the term becomes widely accepted in scientific community nowadays.

Various classes of functions satisfying the reverse Hoélder inequality, often appear in
applications and have numerous interesting properties. However, in order to determine
exact parameters of these classes, mainly power functions are used. In this work, different
elementary functions — viz. two-point step functions are considered and the relations between
exact parameters of the corresponding classes are established.

The results of this work can be used in determining of exact relations between various
classes of functions. Thus, a simple calculation of a sharp constant in the Gurov-Reshetnyak
condition [3] for the same elementary function — cf. [4] allowed to find exact positive and
negative summability orders for arbitrary functions from the Gurov-Reshetnyak class. Besi-
des, the exact parameters of the classes containing the corresponding elementary functions,
can be helpful in the construction of counter examples used in the study of general functions
from these classes. In particular, for the Gurov-Reshetnyak class, it was done in [5, 6].
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1. Main results. Let f be a non-negative measurable function on the interval [0, 1] and p

a real number. If p #£ 0, we write
1

1= ([ #@de)”, and 17l =exp ([ fo) o)

0
if p = 0. Let us recall that by the Holder inequality, the term || f ||, grows along with p.
Let 0 < A< B < 400, 0 <6 < 1. A function g defined on the interval [0, 1] is called
elementary if it has the form
9= ga<Bo = B - X0,0) + AXjo,1]»
where y g is the characteristic function of the set E.
Let p < ¢. It is clear that if (1 —0) = 0, then || g|[, = || 9|4, and for 0 < # < 1 the
inequality || g ||, < || ¢]| holds. The aim of this work is to determine the maximum
— | 94<B0 llq
Ottt = (058 Tgacmoly
and the corresponding value of 0 = 0,4 4« p Where this maximum is attained. In other words,

we are looking for the smallest constant C' such that the function g4<p ¢ satisfies the reverse
Holder inequality

H gA<B,0 Hq < OH JA<B,0 Hp (1)
for any 0 < 6 <1.

Remark 1. Let A = 0. If p > 0 is fixed, the reverse Holder inequality (1) is valid for
0 < 6 < 1 with the right-hand side constant C' = C(#), which tends to +oco as 6 tends
to 0. On the other hand, if p < 0, it is natural to set 0P := 400, (+00)"/? := 0, so that
we have || g ||, = 0 for # < 1. Besides, setting In0 := —o0, exp(—o0) := 0, we also obtain
| g /o = 0. This justifies the condition A > 0. The other restriction B < 400 can be validated
analogously.

The main result of this work is the following theorem.

Theorem 1. Let 0 < A< B < +00, —00 <p<q<+o0. If p-q+#0, then
| B _Aqyl/p
‘Bp_Ap|1/‘1

and the maximum is attained at the point O, a<p = ﬁ (
In addition, if p-q =0, then

|p|"/
Cp<q,A<B - ’q|1/p

( _ )1/p—1/q (Aqu_Aqu)l/qfl/p’

pAP _ _qAd )
Bp_ AP Bd— A4

g ImB—-InA Bt — Ad

and the maximum is attained at the point Oycqa<p =

_ 1 B1 — A1 BllnA— A%ln B
Cocgnen = (e-q) " exp (— In )

1.1 A
q InB-InA B1—A1?

and

APInB—-—BPInA 1 AP — BP
Cpeoacn = (—e- )/ exp ( a )

Av — Br » "mnB—InA

and the maximum is attained at the point 0,0 a<p = ! A

1
p InB—InA  BrP—AP"
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Set § = B/A > 1 and for p-q # 0 we write
1/q q_ 1/p D _ ~1/q
p - -1 pr—1
Cp<q,A<B — | | <q _p)l/p 1/(] (| |) (| |) — Cp<q<ﬁ)-

lq|'/? pT— pr B — pr
On the other hand, if p- ¢ = 0, then

Ing 1 ng \
511 - 51n 51— 1) = CO<11<6)7

In 1 In
Cp<o.a<B = (=€ 'P)l/p P (1 —5517 i p o 1 —,ﬁﬁp) =1 Cpeo(f).

Cocqncs = (e )V exp (

Theorem 2. The function Cy.,(f) is continuous on (1,+00) and strictly increases from 1
to +o0.

The proofs of Theorems 1 and 2 are given in Section 2.

Remark 2. The function C,,(8) is defined for § > 1. It is easily seen that the equation

B

is valid for any p < ¢. Extending it by continuity, we set Cp-,(1) = 1. Then Theorem 2
yields that the function C,.,(/) is continuous on (0, +00), strictly decreases on (0, 1] from
+o00 to 1 and strictly increases on [1, +00) from 1 to +00. The equation (2) also means that
the condition A < B in the definition of C,<4 a<p can be removed.

CoalB) = Cpey (1) )

This remarks leads to the following corollary.

Corollary 1. If p < ¢, then for any C > 1 the equation Cpeq(B) = C' has two solutions
= = — — =1
Byet(©) > 1and 8 _ (C) = (B,,(€)) " € (0,1).

Let us now consider the expression 6,.,(3), cf. Theorem 1, for 5 = B/A. We represent
it as

1 P q oo
0p<q(ﬁ)‘_q—p(ﬁp—1 6q_1>a if prq#0

and as

Oo<q(5) = Wmp o1 Op<o(B) R R if p-g=0.

Theorem 3. The function 6,,(/) is continuous on (1, +00) and has the following properties:
a) For 0 < p < q it strictly decreases from 1/2 to 0.
b) For p < q < 0 it strictly increases from 1/2 to 1.

¢) If p< 0 < g, then: 1. For ¢ > —p it strictly decreases from 1/2 top/(p — q) < 1/2.
2. For q < —p it strictly increases from 1/2 to p/(p —q) > 1/2.
3. For ¢ = —p it takes constant value 1/2 everywhere.

d) For 0 = p < q it strictly decreases from 1/2 to 0.
e) For p < q =0 it strictly increases from 1/2 to 1.
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The proof of Theorem 3 is given in Section 2.

Remark 3. The value 6,.,(3) is well-defined for 5 > 1. It is easily seen that for any p < ¢,
the equation

bpea (5) =1 Bpeal) (50, 5 21),

holds. By continuity, it is natural to set (1) = 1/2.

2. Proofs.

Proof of Theorem 1. Assume first that p - ¢ # 0. Then || g||, = (BP§ + AP(1 — 6))"/*, and,

lgllg (Bq9+Aq(1_9))1/q
Tols = (Brorara—) e ¢t

gl B+ A1 o)
#l0) = (ngp> = Bro+ A0

consequently,

Solving the equation ¢'(€) = 0, we obtain
p (BT — AT) (A7 40 (B — A7) = q (B — A%) (AT + 0 (B — A7),

which yields that the unique inferior extremum point of the function ¢(0) is

0_0 1 pAP qA?
- p<q,A<B—q_p Bp—Ap_Bq—Aq .

Let us note that ¢(0) = ¢(1) =1, and if 0 < 8 < 1, then ¢(f) > 1 (¢ > 0) and p(#) < 1
(¢ < 0). Therefore, in both cases ¢ > 0 and g < 0, the value § = 6,., 4a<p is the point of
maximum for the function p*9(0) = || g|,/|l gl,- Substituting this value § = 6,., 4<p we
obtain

l¢f APB?— AIBP
g—p |BT—Ad]
| B _Aq|1/p
|Bp_Ap|1/q

lp| APB?— AIBP
q—p |Br—Ar|

I ll; = lgllg =

Hqu . ’p|1/q( _ )1/17—1/11.
Tal, g1 7P

(APBY — Aqu)l/qfl/P '

Considering the case 0 = p < ¢, we have

19 1lq _ (B9 + A1(1 — )"/
lgllo  exp((InB)f+ (InA)(1—0))

I9llo = exp ((In B)# + (In A)(1 = 0)),

Set
1
©(0) :=1n ” z Hq arh In (B + AY1—-10)) — ((InB)f + (In A)(1 —9)).
0
Solving the equation ¢'(€) = 0, we obtain % A = A74 0 (B? — AY), which implies

1 1 _ A1
g mMB—-InA B1— A¢

0 = 00<q,A<B =



32 A. KORENOVSKYI

The substitution of this value 0 = 0y, a<p gives

lglly _ 1 1, Bi-A"  B'nA-A'nB
Hg”O_(e-q)l/lep g InB-InA B — Ad '

It remains to consider the case p < ¢ = 0. We have

lgllo _ exp((lnB)f + (In A)(1 - 6))
19l (BrO + Ar(1 — g))l/p ‘

Set

o(0) :=1In ” i H“ = (InB)f + (InA)(1 — 0) — %m (BP0 + AP(1 — 0)).

Solving again the equation ¢'(f) = 0, we obtain

BP — AP

1
L2 T BP _ AP
p mMB—-InA +( )
which implies

AP 1 1

0 =0 - _
POASE T Up —Br Jp| nB—InA

The substitution of this value 8 = 0,9 a<p gives

g =
Av — Br » "nB—InA

ol _ (o, (ppyivesy (HRE=DI0A Ly, AP

Proof of Theorem 2. The continuity of the function C,.,(5) is obvious.
If p-q # 0, we use the equation (|37 — 1|)' = |¢|p?~", where 8 > 1 (for 8 = 1 the right
derivative is used). Then for § — 1+ 0, we have

=G () (252
q p

Ba—p — 1 1— gra
1/q _ 1/p _ —1/q
e (G () <t
Furthermore, if § — +o0, then
parr _ _
CocrealB) ~ gy 57717 = F17/1 = o6,
pa/p 1

~ — ~ e — pla/p
Cpo<q(P) Bla—p)/p B = +00, Cpeqo(B) Bla—p)/p B — oo
In order to determine the limit of Cy,(5) as 8 — 1 + 0, one can use the equation

1 1
Ilﬂ 1 8

1
11m = 11m = —.
=140 B9 —1  p=1v0gBTl g
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It follows that lim Cy,(5) = 1. On the other hand, it is easily seen that lim Cy,(5) =
B—140 B——+o0
+00.
Analogously, in order to find the limit of Cp<o(5) as 8 — 14 0, we use the equation
In g . % 1

5—1;1&0 1—pr @—lflrio —ppr-t  p’
It follows that lim C,-¢(5) = 1. On the other hand, it is easily seen that lim C,.o(5) =

+00.

It remains to show that the function Cp<,(/3) is strictly increasing on the interval (1, +00).
We consider five cases.

Case 1. Let 0 < p < q. Using the representation

1/q

D 1/p D —1/q
Co<p<q(B) = 51_/19((1 _p)l/pil/q (1 + Bﬁq _ ﬁlp> <§q — ﬁlp>

and the notation t = () = (89— 5P) /(B — 1), we show that ¢(/) strictly increases on
(1,4+00) from (¢ — p)/p to +o00. Indeed, it is clear that ﬁlim t(8) = 400, and L’Hospital’s

—+00

rule gives

| — q—p—1 —

lim ¢(5) = lim 5;)5— = lim (g p)ﬁl _17r
B—1+0 B—1+0 6P —1 B—140 ppP~ P
Further, we show that the function
P
t (1P =
(T ) T—1

is strictly increasing on the interval (1, +00). Indeed, we have

e () )

((g — 1) 74P _ gTq/p—l + 1)
p p
and for 7 > 1 we have

d
— ((g - 1) Tq/p_QTq/p—1+1) =1 (Q_ 1) TUP=2(7 — 1) > 0,
dr \\p D p\p

the function t =t (Tl/p) is strictly increasing on the interval (1, +00) from (¢ —p)/p to +oc.
It follows that the inverse function § = ((t) is also strictly increasing on ((q — p)/p, +0)
from 1 to 4o0.

In these notations we have

Since
=0

T=1

pl/q

1 1/p
Cocpea(B(1)) = E— (g — p)/o-1/a (1 + ;) 1

In order to establish the strict increase of the function Cycp<y(5) on (1,400), one has to
check whether

v

1 1/p
o(t) == (1 + Z) th/e = ¢t/a /e (1 4 )l/p
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strictly increases on ((¢ — p)/p, +o0). The computation of the corresponding derivative for
t>q(l/p—1/q) = (qa—p)/p gives

11 1
O (t) =tV (1 )t (— — =+ —t) >0,
¢ P q

and we are done.
Case 2. Let p < q < 0. Using the representation

(—p)l/q - 1 — o 1/p 1— g9 —1/q
Cp<q<0(6) = (_q)l/p (q_p)l/ 1/ <ﬂq — 619) <1 + Bq —ﬁp)

and notation t = t(f3) = (81— P) / (1 — p?), we show that ¢(/3) strictly decreases on (1, +00)
from (p — q)/q to 0. Indeed, it is clear that ma t(5) = 0, and the L’Hospital rule gives
—+00

. . BIr —1 _(q=p)BrP ' p—gq
p— p— p— pr— p—

Further, we show that the function ¢ (7Y/¢) = (7 —7#/9) /(1 — 1) strictly decreases on
(1, +00). Indeed, we have

(o (7)) = (1_;7)2 ((1-’ _ 1> ol _ P oot 1) |

T q q

((Z_) _ 1) FPla _ 1_)7-1)/61—1 + 1)
q q
and for 7 < 1 it holds

d
— ((1_9 — 1) la _ P opja1 + 1) _P (E — 1) 7.p/q—2(7. ~1) <0,
dr \\q q 7 \q

the function ¢ = t (7'9) strictly decreases on (0,1) from (p — q)/q to 0. It follows that the
inverse function § = [(t) strictly decreases on (0, (p — q)/q) from +oo to 1.
In these notations we have

Since
=0

T=1

—p)/a —-1/q
Cheqeo(B(1)) = E—S;l/i’ (¢ — p)l/p=1/ay=1/p (1 + %) _

In order to show the strict increase of Cpey<o(5) on (1, 400), it suffices to verify that

1 —1/q
p(t) ==t~/ (1 + ;) = 9P (1 4 )M

strictly decreases on (0, (p — ¢)/q). The computation of the corresponding derivative for
0<t<(p—q)/q gives

1 1 1
() = tl/q—l/p—l(l + z5)1/(1—1 (& _ ]_? _ 525) <0,
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and we are done.
Case 3. Let p < 0 < q. Using the representation

B (_p)l/q  p1/a ( B 1—p7 )1/1? < 1—pr )—1/q
Cp<0<q<5) - ql/p (q p) 1 6(1 _ 61) ﬁq — ﬁp

and the notation t = t(8) = (B?— pP) /(1 — p?), we show that ¢(53) strictly increases on

(1,400) from (p — q)/p to +o0. It is clear that ﬂlirf (B) = +oo, and the L'Hospital rule
—+00

gives
prre—1_ . —p)prrt p—gq

lim ¢(8) = 1l P =
5—1>r1r41r0 (5) ﬂ—gl}roﬁ 1-p =140  —ppr—1 D

Further, we show that the function ¢ (71/?) = (79? — 1) / (1 — 7) strictly decreases on (0, 1).
Indeed, we have

@ (o (i) = . _17)2 ((1 - %) il 4 Lol 1) |

((1 — Q) a/p 9 _afp-1 _ 1)
p p
and for 7 > 1 one has

& ((1 — g) TP 4 4 _a/p-1 _ 1) _ 4 (1 — g) i/P=2(r — 1) <0,
dr p p p p

the function ¢ = ¢ (7'/7) strictly decreases on (0,1) from 400 to (p — ¢)/p. It follows that
the inverse function 3 = 3(t) strictly increases on ((p — q)/p, +0o0) from 1 to +oo.
In these notations we have

Since
=0

=1

_m\1/a 1\ V7
Cpeanal8(0) = 0 =i (1 1)

In order to prove the strict increasing of Cpco<4(5) on (1, 4+00), one has to verify that
1 1/p
o(t) == <1 _ ¥> /e — tl/qfl/p(t _ 1)1/p

strictly increases on ((p — q)/p, +00). Computing the corresponding derivative on t > (p —
q)/p gives
1 1 1
I(#) — ¢1/a—1/p—1 1/p—1
o) =t t—1 (——+—+—t)>0,
(t) (t—1) s Tot g
and we are done.

Case 4. Let 0 < q. Setting t = t(8) = (InB3)/ (87 — 1), we get

1
lim #(B) = - lim ¢(B8) =0.
G 8 =, lim #(5)
We show that t(f) strictly decreases on (1,+00) from 1/¢ to 0. For this we compute the
derivative

d _ B (s L
500D = (q1 5o, 1).
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It remains to show that the term ¢ln 8+ 577 — 1 is positive. Write ¢(5) := gInf+ 77— 1
and note that ¢(1) =0 and

1 e q 1
/ 1
¢B)=q 5—q 57" :—(1——> > 0.

W=7 s\
Hence, ¢(f) > 0 and ¢(5) strictly decreases on (1, 400) from 1/¢ to 0. Therefore, the reverse
function 5 = B(t) strictly decreases on (1/¢,0) from +oo to 1. Thus in order to establish the
strict increase of the function Cy,(3), one has to show that Cy,(3(t)) strictly decreases on
(0,1/q). However, since

1
Co<q(ﬁ(t)) = (eq)_l/q exp (t — 5111 t) ,
it suffices to show the strict decreasing of ¢(t) : =t — (Int)/q on (0,1/q). It follows from the

negativity of ¢/(t) =1 —1/(qt) for t € (0,1/q).
Case 5. Let p < 0. Set t =t(8) = (InB)/ (1 — P) and note

1
lim ¢(8) =—- lim ¢(8) = +oo0.
5 im (B) . im ¢(0) 00

We show that ¢(/3) strictly increases on (1,+00) from —1/p to +00. Compute the derivative

d prt 1
L) = —L—— (pmp+—=——1
3" =1y (p T )

and show that the term pln 8 + 7P — 1 is positive. Writing ¢(8) := pIng + 77 — 1, we
note that ¢(1) = 0 and

1 P 1
/ —p—1
(6) B B Br
Thus ¢(8) > 0, so that ¢(3) strictly increases on (1,+00) from —1/p to +oo. Therefore,
the inverse function 8 = f((t) strictly increases on (—1/p, +00) from 1 to +oo. In order to
prove the strict increase of Cy—,(3), it suffices to show that Cy,(5(t)) strictly increases on
(—1/p, +00). However, since

Cyeo(B(H)) = (—ep) 7 exp (t + t) ,

one can show that ¢(t) := ¢t + (Int)/p strictly decreases on (—1/p,+00). But this directly
follows from the positivity of ¢'(t) =1+ 1/(pt) for t € (—=1/p, +00). O

Proof of Theorem 3. For any p < ¢, the continuity of 6,.,(5) is clear. Let p- g # 0. In order
to find the limit of 6,-,(5) as f — 1+ 0 we again use the L'Hospital rule. Thus, we obtain

q—1 _ q—1
lim 6,,(8) = lim pab™ — pap -

B—140 p—1+0 (¢ — p) (pBP~1 (B4 — 1) + gB9=1 (Br — 1))
= tim {[pa(g = 15" — pa(p — 15| x [(a = p) (plp — DF (8" = 1) +

B—140

Fp B alg = DT (1) g )]} = P
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On the other hand, if § — +o0o, then

pp* —r+q
Oo<p<q(B) ~ q= p)pre — 0, =

0 oor(B) ~ pp1 p ‘
qu(ﬁ) (p—q)ﬁq_)p—qem’l)

Consider now the case p-q = 0. The application of the L’Hospital rule as § — 140 gives

90<q(ﬁ>_ﬁq—1—qln5 f1—1—¢qlnp

Y

gl (Br—1) ¢?B-1)2

1 R I -1 1
lim Opey(8) = = lim ———2 = — lim P ==
B—1+0 @140 2(B—1) 2gp-1+0 f—1

2’
0 (B)_Bp—l—plnﬁ P —1—plnp
O T pmB (B —1) T p(B-1)2
_ R T L S R |
/81—1>I].I-li-0 <o) = 1?6—?120 208—1) 2_pﬁgrlr}ro B—1 2

However, if  — 400, then it is clear that Blim Oo<q(B) =0, ﬁlim Opco() = 1.
——+o00 —+00
It remains to study the monotonicity of function 6,.,(5) on the interval (1,+00). Let

p-q # 0. Then the character of the monotonicity of 6,.,(/5) is the same as of the auxiliary
function ¢(f5) := ﬂpp_l — ﬂqq—l‘ Computing the derivative

S(8) = A :1‘( A )
(Be—1)7 (Br—1)* B \(B-1)* (Br—1)7)"

we have to determine the sign of ¢'(5). Fix f > 1 and consider another auxiliary function
e1(t) == (;ﬁ)% t € (—00,+00). Set u = 3" > 0, i.e. t = (Inw)/(In B) and obtain

Inu 1 uln®u 1 () 50

P\mg) T wPs w12 w7
In order to study the monotonicity of po(u) :=
©2(0+) = 0, pa(+00) =0, and

uln?u

= {aips We compute wao(1 £ 0)

L,

(u—1y w1

Using the notation y3(u) :=Inu — 2 - Z—;i we show that

wwoz—@iﬂﬁﬂ(mu_z”—l),

e3(1)

/ o 4 o (u_1)2
0. wslw) =3 = CES RO

which yields sign ¢3(u) = sign(u — 1). This means that the function s (u) strictly increases
on (0,1) and (1,4o00) from 0 to 1 and from 1 to 0, respectively. Therefore, ¢'(5) < 0 if
0<p<qand ¢(B) >0if p<q<0,and assertions a) and b) of Theorem 3 are proven.

In order to consider the case c), i.e. the situation p < 0 < ¢, we set r = —p > 0 and note
that 287, = =8
(Br—1)* — (B -1’
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Now we can use the already proven strict decreasing of ¢y (t) = 128 (8t — 1) on (0, +00)
and obtain: 1. ¢'(8) < 0for ¢ >r=—p, 2. ¢'(f) >0forqg<r=—p, 3. ¢(B) =0 for ¢ =

r = —p, which implies assertion c).
In order to show assertion d), we determine the derivative
d 1
——00<4(B) = %
dﬁ 0<q( ) q(h’lﬁ(ﬁq—l))2

<[(am = ) ws - - -1 - (S =D +p g

The expression in the square brackets above can be written as

wq(ﬁ) = E [

Introducing the notation ¢ = 9 > 1, we observe that the inequalities ¢,(5) < 0 and
P(t) == Int—/t+ \/% <0 (t > 1) are equivalent. However, the last one immediately follows
from the obvious relations ¥(1) = 0, ¥/(t) = 1/t — 1/(2v/t) — 1/(2t\/t) < 0 which are valid
both for ¢ > 1 and ¢t € (0,1).

In the proof of assertion e), we obtain

i _ ep(B)
a3 (-1

In order to show the inequality ¢,(5) < 0, we again set t = 7 € (0,1) and note that for
0 < t < 1 the inequality ¢,(5) < 0 is equivalent to (¢) > 0, and the latter is obviously
true. O]

¢A7n? B — (87— 1)°].
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