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Denote by So(A) the class of Dirichlet series F(s) = > 7 a, exp{s\,} (s = o + it) with
an increasing to +oo sequence A = (\,) of exponents (A\g = 0) and the abscissa of absolute
convergence o, = 0. We say that F € S§(A) if F € So(A) and In A, = o(ln|a,|) (n — o0).
Let p(o, F') = max{|a,|exp (cAn): n > 0} be the maximal term of Dirichlet series. It is proved
that in order that

In(1/]of) = o(In u(0)) (o 1 0)

for every function F' € S§(A) it is necessary and sufficient that

n—oo In )\n
For an analytic in the disk {z: |z| < 1} function f(z) = > . ° a,2z™ and r € (0,1) we put
M;(r) = max{|f(2)|: |2| =r < 1} and py(r) = max{|a,|r": n > 0}. As a corollary we get the
following statement: if there exists a sequence (n;) such that
Inn;y; = O(Ilnny) and Inn; = o(In|a,,|) as j — oo,

then the functions In ps(r) and In My (r) are or are not slowly increasing simultaneously.

1. Introduction. For an analytic in the disk {z: |z| < 1} function

flz) = Z an?", z=re", (1)

n=0

let M¢(r) = max{|f(2)|: |z| =7 < 1} and ps(r) = max{|a,|r™: n > 0} be the maximal term.
A positive continuous and increasing to +oo on [0, 1) function  is called slowly increasing if
I((x+1)/2)) ~Il(z) as x 1 1. It is known [1] that if

1

1—r

In = o(lnps(r)), r11, (2)
then In pif(r) and In My(r) are or are not slowly increasing simultaneously. If the condition
(2) does not hold then [1] the slow growth of In Mf(r) does not follow from the slow growth
of Inpu¢(r), and vice versa [2]. The following question arises: under which conditions on a,,
the relation (2) is true?
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If In|a,| < K1lnn (n > ng) then

1
Inpp(r) <max{KInt+tlnr:t>1}+0(1) = Kln +0(1) = K]n1

—Inr -7

+0(1)

as r T 1. Therefore, in order that (2) holds, it is necessary that Inn, = o(ln]|a,,|)
(k — 400) for some increasing sequence (ny) of integers, and our question is reduced to findi-
ng of conditions on this sequence (ny). A result proved below for Dirichlet series absolutely
convergent in half-plane implies that such condition is Inng; = O(Inny) (k — o0).

2. Main result. So, let A = (),) be an increasing to 400 sequence of positive numbers
(Ao = 0), and Dirichlet series

F(s) = Z apexp{s\,}, s=o+it, (3)
n=0

has the abscissa of absolute convergence o, = 0. For ¢ < 0 let
p(o, F) = max{|a,|exp (c\,): n > 0}
be the maximal term of series (3). We investigate conditions on (a,) and (A,), under which

1
In ol = o(lnu(o)), o 10. (4)
o
To that end we denote by Sg(A) the class of Dirichlet series (3) absolutely convergent in the
half-plane {s: Re ¢ < 0} such that In \,, = o(In |a,|) (n — o0).

Theorem 1. In order that (4) holds for every function F' € Si(A), it is necessary and

sufficient that
—_— In >\n+1
lim
n—oo n n

< +o00. (5)

Proof. Let us start with the sufficiency. Let ©(0) be the class of positive unbounded on

(—00,0) functions ® such that the derivative @ is positive, continuously differentiable

and increasing to +oo on (—o00,0). We denote by ¢ the inverse function to @', and let

U(z) = x — ®(x)/P'(x) be the function associated with ® in the sense of Newton. It is

clear that the function ¢ is continuously differentiable and increasing to 0 on (0, 400). The

function W is ([3,4], [5, p-30]) continuously differentiable and increasing to 0 on (—o0,0).
For ® € Q(0) and 0 < a < b < 00 we put

b b

Grlab @) — /ﬂb(@(t))dt, Gz(a,b,q>):<1>(bia/<p(t)dt>.

b—a 12

Then (|6], |5, p-34]) G1(a,b, @) < Ga(a, b, P). It is clear that Go(A,, Api1, P) = P(52,), where

)\n+1

/ o(t)dt.

An

Theorem 3.1 in [4], [5, p. 34-35] implies that if In |a,| > =\, ¥(©(\,)) (n > ng) then

GQ()‘na )\n—i-la (I))

1
>\n+1 - /\n

My —

Inu(o, F) > ®(0)
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for all o € [p(A\n), (Ant1)] and n > ng. We remark also that if a function f is positive,
continuous and increasing to +oo on [0, +00) such that f(z) > = and A\, < f(\,) then

(171, 5, p- 341)
CLw Aur1, @) Gildn, FA), D)

GQ()\m )‘n—I—la CI)) - G2(/\n7 f(/\n>’ CI)) ‘
Now, let 7' > 0 be an arbitrary number and ®(¢) = T'ln &;. Then p(z) = —Z,¥ (o) =

lo
—lo|In o7 and U(p(z)) = =L In €. Therefore,

AnrrIn A, — A In A, e
Tn—
)\n+1 - /\n * " T

Gl()\na )\n+1, q)) — T

and
)\n+1 - )\n

—TInT.
InA,.1 —InA, t

GQ()\n, )\n+1, @) - Tln

From the definition of S*(A) we have In|a,| > T'ln X, > Tln(eA,/T) = =\ ¥ (¢e(\n))
for arbitrary 7" > e and all n > ny(7'), and from condition (5) it follows that there exists a
number 3 > 0 such that A\, ;1 < AL (n > ng). Therefore, (7) implies

AP 10 A —(148) A In A
G A ®) _ Gr(Ag A, @) BRI Iy ()
GQ()\nv >\n+17 q)) - G2()\n7 )\711+ﬁ7 (I)) 111 A%ﬁi;)\n — IHT 1 + 6

as n — oo and, thus, from (6) we get

(14+o(1)T . 1
IHM(U,F>ZleH, O'TO

i. e. in view of the arbitrariness of T we obtain (4).

Now we prove the necessity. Suppose that condition (5) does not hold, i. e. there exists
an increasing to +o0o sequence of integers such that In A, 1/In\,, — oo, & — oco. We
choose a slowly increasing to +o0o on [0, +00) continuously differentiable function « such

that a(ln ), ,) < B Angtt (k > ko) and the function ®(o) = «(ln ﬁ)lnﬁ belongs to

Nk+1 — In )‘”k

2(0). We choose the coeflicients of Dirichlet series such that In|a,| = =X,V (¢(A,)). Then
%, because (zVU(p(z))) = ¢(x). Since the function « is slowly increasing,
we have za/(z)/a(z) — 0 as x — +o0. Therefore,

(o) ! {o/(lni) lni—i-oz(lni)}:le—o(l)a(ln ! ), o 10,

ol o/ ol o] o] o]

My —

and in order to find the asymptotical behaviour of ¢ it is necessary to solve the equation

1 1
1n|—|+1na<lnm>:1nx+0(1), T — +00. (8)
o o

We find a solution ¢ = o(z) of (8) in the form

m%:m_@, 8= B(z) = o(lnz), = — +oo. (9)
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Substituting (9) in (8) we obtain f = Ina(lnx — ) + o(1),z — +oo. But for some £ €
(Inx — B,Inx) we have a(lnz) — a(lnz — ) = /(£) = o/ (€)) = o(a(§)) = o(a(Inz))
(x — 400), ie. f(z) = na(lnz) + o(1),x — +o0, and, therefore, from (9) we obtain
lnri| =Inz —Ina(lnz) + o(1), + — +oo. Thus,

o(r) = — (1+ 0(12)04(111 I), xr — +o00. (10)

Using L’Hospitale rule and relation (10) we see that Dirichlet series (3) with choosen coeffi-
cients belongs to S§(A). From (10) it follows also that

)\nk+1 )‘nk+1

1 1 1 |

IS S (Y P O / alnz) . >
/\nk+1 - Ank X

/\nk+1 - /\nk

(14+o(1)a(n Ay y1)(In Ay 41 —In A, ) (1+0(1))a(n Ay, 11)In A, 41

b > In Any 41 +o(l) =(1+o0(1)In A, +1 (11)

n
|%nk| N a(ln Ank"‘l) In )‘nk-i-l

Y

1

as k — +o00. On the other hand, since [4]
Inpu(se,, F) = =2V (p(\n)) + 2000 = G1(An, Ani1, @)
and in view of (10)
P(p(z)) =a(lnz —Ina(lnz) +o(1))(Inz —Ina(lnz) + o(1)) = (1 + o(1))a(lnz) Inx

as r — 400, we get

Ang+1
o
In (5, F) = (14 0(1)) A, / %dl’ _
Any,
T (n) "
a(lnz)lnx nx
Any, Ang
InA,, +1 InA\, 1
= (L o(1) Ay Ay ) (s - e T2
)\nk /\nk+1
= (1+o(1)a(nr,,,,)InX,,, k— ooc. (12)
From (11) and (12) it follows that
In p(s2,, F) alln N, ) In A,
D7) < (14 0(1 + <140(1), k- o0,
In(1/|2,| ( (1)) In A, 41 (1)
i. e. relation (4) does not hold. The necessity of condition (5) is proved. O

3. Corollaries. Since max{|a,|exp (c),): n > 0} > max{|a,,|exp (c)y,): j > 1} for any
sequence (n;), Theorem 1 implies the following statement.
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Corollary 1. If there exists a subsequence (A,;) of the sequence (A,) such that
InA,,,, =O0(n\,,) and In \,, = o(In |a,,|) as j — oo then (4) holds.

Tj4+1

If in power series (1) we make the substitution z = e® then we obtain Dirichlet series (3)
with A, = n, |[o| = |Inr| = (1+0(1))(1 —r), r T 1, and ps(r, F') = p(lnr, F). Therefore, if
there exists a sequence (n;) such that Inn;; = O(Inn;) and Inn; = o(ln|a,,|) as j — oo
then (2) holds. Hence and from above-mentioned result in [1]| the following corollary follows.

Corollary 2. If there exists a sequence (n;) such that
Inn;, ;= O(Inn;) and Inn; = o(In |a,,|) as j — +oo,
then the functions In p¢(r) and In M (r) are or are not slowly increasing simultaneously. In

particular, if Inn = o(In|a,|) as n — oo then the functions In p¢(r) and In M(r) are or are
not slowly increasing simultaneously.
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