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A. RATHOD

VALUE DISTRIBUTION OF MEROMORPHIC FUNCTIONS WITH
RELATIVE (k,n) VALIRON DEFECT ON ANNULI

A. Rathod. Value distribution of meromorphic functions with relative (k,n) Valiron defect on
annuli, Mat. Stud. 57 (2022), 172-185.

In the paper, we study and compare relative (k, n) Valiron defect with the relative Nevanli-
nna defect for meromorphic function where k& and n are both non negative integers on annuli.
The results we proved are as follows
1. Let f(z) be a transcendental or admissible meromorphic function of finite order in A(Ry),
where 1 < Ry < 400 and ) do(a, f) + (oo, f) = 2. Then

. Ty (R7 f(k))
Rh_r>n00 W = (14 k) — kbo(oo, f).
2. Let f(z) be a transcendental or admissible meromorphic function of finite order in A(Ry),
where 1 < Ry < 400 such that mo(r, f) = S(r, f). If a, b and ¢ are three distinct complex
numbers, then for any two positive integer k and n

3RO n (a, f) + 280500 (b, f) + BrOS 0 (e f) + 5RAS (00, F) < BRAY), (00, f) + 5rAN) (0, f).
3. Let f(z) be a transcendental or admissible meromorphic function of finite order in A(Ry),
where 1 < Ry < 400 such that mg(r, f) = S(r, f). If a, b and ¢ are three distinct complex
numbers, then for any two positive integer k and n

35my (0, F) 41 AN (00, ) +1 050 (e f) < AL (00, ) + 2rA5) (0, f).
4. Let f(z ) be a transcendental or admissible meromorphic function of finite order in A(Ry),
where 1 < Ry < 400 such that mg(r, f) = S(r, f). If @ and d are two distinct complex numbers,
then for any two positive integer k and pwith0<Ek<p

RO (s £) + 1 A (00, 1) 1 B0 (0. ) <n Ageyy (00, £) +r A5 (0.F) +1 A, (0. 1),
Where n is any pomtlve integer.
5.Let f(z) be a transcendental or admissible meromorphic function of finite order in A(Rp),
where 1 < Ry < 400 . Then for any two positive integers k and n,

RAG (50 1) 1 ALY (0.F) 21 8400 (0, f) +r 3500 (a, f) +r AL, (50, £),

where a is any non zero complex number.

a#oo

1. Introduction and basic notations in the Nevanlinna theory on annuli. The uni-
queness theory of meromorphic functions is an interesting problem in the value distribution
theory. In 2005, A. Ya. Khrystiyanyn and A. A. Kondratyuk have proposed Nevanlinna
Theory for meromorphic functions on annuli (see [5,6]). In 2009, Cao and Yi [1] investigated
the uniqueness of meromorphic functions sharing some values on annuli. On the characteristic
function of derivative of f(z) with maximum deficiency sum has been studied by S. K. Singh,
Kulkarni and A. Weitsman [18,19] and others have done lots of work in this area( [2-4], [7-17]
and [20-33|). After this work, it is natural to ask whether we study and compare relative
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(k,n) Valiron defect with the relative Nevanlinna defect for meromorphic function on annuli
where k and n are both non negative integers.

Let f(z) be a meromorphic function on the annulus A = {z: Rio <|z| < RO}. We recall
classical notations of Nevanlinna theory as follows

_ Rn(t>f)_n(0af)
Nrp = [

m(R )= oo [ log" IFRdD,  T(R. ) = N(B.)+ m(R.f),

dt +n(0, f)log R,

where log™ 2 = max{log z, 0}, and n(t, f) is the counting function of poles of the function f
in {z: |z| < t}. Here we show the notations of the Nevanlinna theory on annuli. Let

byt gt
)= [ g v - [T

h Lot
mO(R7 f) = m(R7 f) +m (%>f> - 2m<17f>7 NO(R7 f) = Nl(R> f) + NQ(R7 f)7

where ny(t, f) and ns(t, f) are the counting functions of the poles of the function f in
{z:t < |z] <1} and {z: 1 < |z| < t}, respectively. The Nevanlinna charecteristic of f on
the annulus A is defined [7]| by

TO(Rv f) = mo(’l”, f) + NO(Ra f)

Let f(z) be a non-constant meromorphic function on the annulus A(Ry) = {z: 1/Ry <
|z] < Ro}, where 1 < Ry < +o00. The function f is called [4] a transcedental or admissible
meromorphic function on the annulus A(Ry) provided that

— T
lim M:oo, 1< R<Ry=+400
R—+co log R

or

m TO(Ra f)
R—Ry —log(Ry — R)

=00, 1< R<Ry<+o0,

respectively.
Let f(z) be a non-constant meromorphic function on the annulus A(Ry) = {z: 1/Ry <
|z| < Ro}, where 1 < Ry < +00. Then, the order of f(z) is defined by
— log T
O'(f) — Iim 0og 0(7’, f)
r—Ro  logr
Let f(z) be a non-constant meromorphic function on the annulus A(Ry) = {z: 1/Ry <
|z| < Ro}, where 1 < Ry < +00. Then, the value

T mO(T’ﬁ)
%la. )= Im =05

is called the deficiency of the function f(z) for the value a. For a = oo, we set

m()(?",f) F—. NO(rv f)

50(Ooaf) = TEHR}O W =1- rlirgo m
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If dp(a, f) > 0, a € C, we call a is a deficient value of f(z).

Let f(z) be a non-constant meromorphic function on the annulus A(Ry) = {z: 1/Ry <
|z| < Ro}, where 1 < Ry < +o00. Then, the value

—_— NO(Ta L) NO(h L) - NO(T7 L )
Oo(a, =1- lim ——% and 4 a, f) = lim fa fa
oS = T A S

is called the reduced deficiency of the function f(z) for the value a.

The order ps of meromorphic function on the annulus A(Ry) = {z: 1/Ry < |2| < Ry},
where 1 < Ry < 400 is defined as follows
=— logT'(r, f)

=1
Ps rgfr%lo log r

If py < oo, then f is of finite order.
The Nevanlinna defect §(a, f) and Valiron defect A(a, f) of a for meromorphic function
are respectively defined on the annulus A(Ry) = {z: 1/Ry < |z| < Ry}, where 1 < Ry < 400

as follows ( 5 N 5
. mol(T, a, T o\”,a,
do(a, f) = lim ———~ = lim ————~
0( f) r—Ro TO (T, f) r—Ro TO (T7 f)

and

Ao(a f) = lim M — lim NO(T,a,f)

r—Ro To(T, f) r—Ro TO(T7 f) .
The relative Nevanlinna defect of o for meromorphic function on the annulus A(Ry) =
{2:1/Ry < |z| < Ry}, where 1 < Ry < 400, with respect to f*) is defined as follows
mO(Tv a, f(k)) N TN NO(Ta a, f(k))

5k a, f) = lim = lim ,
feo ( f) 'rﬁo TO(T7 f) 7= Ro TO(Tu f)

for k=1,2,3, ...
The relative (k,n) Nevanlinna defect of a for meromorphic function on the annulus
A(Ry) = {2: 1/Ry < |2] < Ro}, where 1 < Ry < +oo, with respect to f* for k =1,2,3, ...
and n =0,1,2,3, ... is defined as follows
©) _ 1 No(ra, /)
50 _ mo(r, a, f) T o(r, a,
w4 F) = B TG ey R T 7o)
and the relative (k,n) Valiron defect of o for meromorphic function on the annulus A(Ry) =
{2:1/Ry < |z| < Ry}, where 1 < Ry < +o0, with respect to f* for k = 1,2,3,... and
n=20,1,2,3,... is defined as follows
T mo(ra «, f(k))

' . No(r,a, f®)
(k) o mo\r, o, J77) SO S
RAO(”) (Oé, f) o rlilfgo To(’l", f(n)) rlinﬁ}g TO (T, f(n)) .

Next, we have

" 1 - 1 » 1 1771(157 fia)d Rn_2<t, fia)d
_— g g —_— —t
O(r’f—a) 1<7°’f—a)+ Z(T’f—a) / t ”/1 t

in which each zero of the function f — a is counted only once.
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Theorem A ([6], The First Fundamental Theorem). Let f(z) be a non-constant meromor-
phic function in A(Ry), where 1 < Ry < +00. Then

1
Ty (7’, m) =To(r, [) + O(1) (1)
for any fixed a € C.

Theorem B ([7], Lemma on the Logarithmic Derivative). Let f(z) be a non-constant
meromorphic function in A(Ry), where 1 < Ry < 400 and o > 0. Then
1. In the case, Ry = +00,

"\ o
mo (R, 7) — 0 (log(RTy(R, f))) @)

for R € (1,+00) except for the set A such that fAR R YdR < +00;

2. In the case, Ry < 400,
! To(R,

for R € (1, Ry) except for the set A, such that fAlR % < +00.

For any non-constant meromorphic function f(z) in the punctured plane, Khrystiyanyn
and Kondrutyuk [6] proved that there are at most countably many deficient values of f(z),
and

> dola, f) + bo(oo, f) < 2.

aeC

If equality holds in the above inequality , then we say that f(z) has maximal deficiency sum.
Following Lemmas are required to prove our main results

Lemma 1. Let f(z) be a transcendental meromorphic function in A(Ry), where 1 < Ry <
+o0 and k is a positive integer. Then

(k - 1)N0(T7 f) < (1 + g)NO (Ta %) + (1 +€)(N0<7’, f) —No(”f’, f)) + S(Tv f)

where € is any fixed positive number.
Proof. Proof of Lemma 1.1 follows on similar lines as in Lemma (p.30, [16]). O

Lemma 2. Let f(z) be a transcendental meromorphic function in A(Ry), where 1 < Ry <
+00. Then for each positive number € and each positive integer k, we have

ENo(r, f) < Ny (r, %) + No(r, f) + 2eTy(r, f(k)) + S(r, f)

Proof. By Lemma 1.1, we have

(k= 1)No(r, f) < (1 + )Ny (7“, ﬁ) + (L +e)(No(r, f) = No(r, f)) + S (r. f) . (4)
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Noting that

Ny (r, %) < To(r, f9) + O(1) (5)
and
No(r, f) < To(r, f*)). (6)

Now equation (4) can be written as follows

(I{Z — 1)N0(7’, f) < NO (7’ f(k ) + N()( f) No(ﬂ f) S
<e [No (r, ﬁ) + No(r, f) — No(r, f)} + S(r, f).
Therefore

Mol 1) < Mo (12 )+ 300 0) < € [N (ot ) = Mt D] <5000 @

From (5), (6) and (7), we get

kNo(r, f) < Ny <r %) + No(r, f) + 2Ty (r, f®) + S(r, f).

2. Main results. In this paper, we will prove following theorems

Theorem 1. Let f(z) be a transcendental or admissible meromorphic function of finite order
in A(Ry), where 1 < Ry < 400 and

2(50 —|—(5000f>_2

a#00

Then

. TO(Ta f(k)) _
Tl_lg{go T ) (14 k) — kdo(o0, f).

Proof. From [17], we have

(k) (k)
T()(T, f(k)) = TO (Ta ffT> < To(T‘, f) + TO (’I“, fT) + 0(1) =

:TO(T‘,f)—i-mo( f;,k > +No< f?) —2m <1 f;k ) +0(1) <
< To(r, f) + kNo(r, f) + S(r, f). (8)
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That implies

TO(va(k)) _ NO(rmf) S(hf) _ ( _N()(T,f)) S(T,f)
T h TR e SR T T T ) TRy
Therefore

1,— TO(T,f(k)> S(l—F/{)—k‘(l— F N()(T?f>>+ 1_ S(T7f) <

Ao To(r, f) R o To(r, f) RoRo To(r, f) —
<14k — Ekdo(oo, f). 9)

f(2) has at most countably infinitely many deficient values and we denote them by a;. For
any positive p, Wu and Chen [15] prove the following inequality

(3

gmo (r, f(z);—a) < Ty(r, f®) = Ny (r, %) + S(r, f). (10)

From (10) and Lemma 2, we get

S mg ( ﬁ) < Tolr, 190) + No(r, f) — Ko (1, f) +
i=1 '

+2Ty(r, f®) + S(r, f). (11)

By the first fundamental theorem on annuli and € — 0 in (11), we obtain

Ry 1
pTO(T7f) < T0<T7fk)+ile0 (T7 f(Z)—ai)+N0(r7f)

—kNg (r, f) + S(r, f). (12)

and hence
Ty(r, f*)) P
Tyir ) 2 2l )+ (k=11 =0, )

As p is arbitrary, we have

. T()(T? f(k))
TI_I)III%IOW > (14 k) — kdo(oo, f). (13)

Therefore, using equations (9) and (13), we have

TO (Tv f(k))
3Re To(r, f)

= (14 k) — kdo(o0, f). (14)

Hence (i) follows. L

Theorem 2. Let f(z) be a transcendental or admissible meromorphic function of finite
order in A(Ry), where 1 < Ry < +o00 and ) do(a, f) = 1 and dp(oc0, f) = 1, then for
a non-negative integer k,

TO (7’, f(k))

STy,
Tilgo TO(Ta f)
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Proof. We omit the proof of Theorem 2.2 because it can be carried out in the similar lines
of Theorem 1. m

Theorem 3. Let f(z) be a transcendental or admissible meromorphic function of finite
order in A(Ry), where 1 < Ry < 400 and ) do(a, f) =1 and éy(oo, f) = 1, then for a
non-negative integer k,
- To(r, f)
lim

2Ty
r—Ro TO(T7 f(n))

Proof. We omit the proof of Theorem 3 because it can be carried out in the similar lines of
Theorem 2. O

Theorem 4. Let f(z) be a transcendental or admissible meromorphic function of finite order
in A(Ry), where 1 < Ry < 400 and Y do(a, f) =1 and (oo, f) =1, then for any o,

(kr))
50 _ gy Mol f)
o = B To(r, 1)

Proof. We have

N, (k) ___ N (k) T (k)
R(S(()k) —1— Tim 0(T7 «, f ) —1— Tim 0(7”, a, f ) lim 0(7“, f ) _
(n) r—Ro To(?“, f(n)) r—Ro To (7", f(k)) r—+400 To(?“, f(n))
___ N (k) (k)
—1— Tim 0(r7057f ) — lim mo(T,Oé,f ) _

r—Ro To(T', f(k)) r—Ro T0<T7 f(k))

. mo(ra, f®) To(r, f™) . mo(r,a, f®)
= hm —_— ].lm —_— = hm —_—
=Ry Lo(r, f)  rotoe Ty(r, f®) TR, Tolr, fV)

[]

Theorem 5. Let f(z) be a transcendental or admissible meromorphic function of finite order
in A(Ry), where 1 < Ry < 400 and ) do(a, f) =2 and (oo, f) =1, then for any «,

_ (k)
RA((]k) T mo(r, o, f7))
o = 0B T f)

Theorem 6. Let f(z) be a transcendental or admissible meromorphic function of finite order
in A(Ry), where 1 < Ry < 400 such that mg(r, f) = S(r, f). If a, b and ¢ are three distinct
complex numbers, then for any two positive integer k and n

300 (@, f) + 2r050 (0, ) + 3RS (¢, )+ BRAY (00, f) < 5rAY) (00, )+ 5rAN (0, f).
Proof. For any positive integer k, let us consider the following identity

b—a [ f® (f—a [f-0b f—cf® & rf—a f-b\]f
f_a_[f_a<f<k> N f(k))_ )y f 'f—a(f(k) 0 )}E

mo (r, ﬁ) < my (7”7 ;:Z) +0(1)

Since
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and

- <7~, {) < mo(r, f) + O(1).

From above identity, we get

myo (T’;:CZ) < mg <r,%> + mg (r,%) + myg <r,];T_k)c> +

+my (r, %) + my (r, %) -+ myo (r, %) + S(r, f),
implies

mo (T, 7 i a) < 2my (7‘, %) + 2my (7“, %) + my (r, %) +mo(r, f) + S(r, f).

From above equation, we have

mo (r, 7 i a) < 27T, (7“, %) — 2Ny (7“7 %) + 2To (7"7 %) — 2No (r, %) +

+T0 (7’, ffT_k)C> - NO (7’, J;T;f) +m0(ra f) + S(Ta f) (15>

By first fundamental theorem of Nevanlinna for meromorphic function annuli and in view of
Theorem 2, it follows from (15) that

1 f(k) f— f(k) f—0
mo (T’, m) < 2Ty (n f — a) — 2Ny (7’7 T]j) + 275 <T, m) — 2Ny <7", W) +

7 fc
+T0 <7’, f — C> — NO (T, W) +m0(r, f) +S(T’, f)

1 <

”“(“f—a>—
(k) _ (k) —

<2(%o(n )~ () ) <2 (% (n75) - () )+
f® f-c
w0 (n =) = Mo (L) a4 505 (16
By Jensen formula for meromorphic function on annuli, we have
L N, 2N, !

+2N, (r, f*) + 2N, (7", ﬁ) — 2Ny (r, f — b) — 2N, (n %) +

Therefore,

mo (r, 7 L ) < 2N (7“, f(k)) + 2Ny (r,

—a

+No (r, f®) + Np (r ) — Ny (r, f—c¢) =Ny <7°, i) +mo(r, f) + S(r, f).

1
T e
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Therefore

mo(nj¥ia> §5A%(nf@»<—5Ah03f)—5A@<}iﬁH)<+2Nb<n}iég>4_
1 1
+2N, ( f b) + Ny ( f—C) +m0(r, )—{—S(r,f)_ (17)
Applying the condition mq(r, f) = S(r, f), then from (17) we have
" (T7 fia> < 5N (T’f(k)) —5No (7, f) — 5Ny (7’, %) + 2Ny <T,—fia> +

+2No< flb)+No( fl_ >+S(rf)

Therefore

NO(r7f(k))_5hm N( f)

SRy L (Tv f(n ) a ’r‘ﬁo TO(T7 f(n) r—Ro T f(n )

0
o(7,

| NO (’l“, ﬁ l N() (’f’, #) l NO < b) 1 NO <’I“ ﬁ)

-9 1m—+2 11m +2 lim —————+ lm ———=*
r—Rg TO(T f n) )>

V-
r—Ro TO( f(n)) r—Ro To( f(” r—Ro TO( f(n))

implies
ROy (@ 1) < 51— Ag (00, )] = 5[ —r Ay, (50, /)] = 51— A, (0, F)
+2[1 =g S (a, )] + 21 =g 850, (b, /)] + [1 =g 50 (e, f)].
Hence
30y (. )+ 2800 (b, f) + 3rd{ (e, f) + BRI, (00, f) < BRI, (00, f) + a0, (0, f).
]

Theorem 7. Let f(z) be a transcendental or admissible meromorphic function of finite order
in A(Ry), where 1 < Ry < +oo such that mo(r, f) = S(r, ). If a, b and ¢ are three distinct
complex numbers, then for any two positive integer k and n

ROy (0, F) 1 MY (00, F) +r 0 (€, ) <r ASL (00, ) + 2rAY (0, f).

Proof. Let us consider the following identity

c f—cf® f® 1
Fo Kl_ f6F ) (f—af<k>)1(f_“)'
mo <r, %) < my (r, %) +O(1)

mO(Tv f - CL) < m()(’/’, f) + 0(1)7

Since

and
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then from the above identity we have

my (r, %) < myg (7“, %) + mg (7”, %) +mg(r, f) +S(r, f).

Mo (r, %) <7 (r, %) — Ny (r, %) + Tp <r, ﬁ) —
—Ny (7’, ﬁ) +mo(r, f) + S(r, f). (18)

By Nevanlinna first fundamental theorem for meromorphic function on annuli, we have

(k)
mo () <7 (=) = (n F ) < 1ol -
—Ny (7’, ﬁ) +mo(r, f)+ S(r, f).

mo (1) <0 (1) 0 (n ) -
—N(%) Ty (r, ) + mo(r, ) + S(r, f). (19)

By Jensen formula for meromorphic function on annuli and from (19) it follows that

M BN R A
—No < ® ) + Ty (r, fP) + mo(r, f) + S(r, f). (20)
Applying the condition mg(r, f) = S(r, f) and from (21) it follows that

(12 5 ) 5025 ()
—|—T0 (7', f(k)) + S(n f)

Therefore

Therefore

Implies
mo(rg) o No(ns®)  No(rsh)
lim ——~2% < lim ———2 + lim ————~—
r—Ro To(r f ) r—Ro To(?“, f(n)) r—Rg To(?" f(n)
No (7, w0 T (k)
im0 (r:5v) + g DS
=iy To(r, f® "SR, To(r, f r=Re To(r, f)
Therefore
gm0, ) <[1 =g AJ) (00, HI+[1 =g Sy (e, £ =1 —r AY (00, £)]—2[1 —r AL (0, £)].
Hence

ROy (0, F) 1 Agh) (00, £) +r 0 (¢, ) Sr AL (00, £) + 2rAG0 (0, f).
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Theorem 8. Let f(z) be a transcendental or admissible meromorphic function of finite order
in A(Ry), where 1 < Ry < 400 such that mo(r, f) = S(r, f). If a and d are two distinct
complex numbers, then for any two positive integer k and p with 0 < k <p

RO (d f) +1 AF) (00, [) 5 S5 (a, ) <r AGh (00, f) +1 AL (0, f) +r AN (0, f),
where n is any positive integer.

Proof. Let us consider the following identity

1 1/ f® fk) —q  f@) fo 1
f—d:{5<f—a_ 2 f—n)(f—dﬂ“ﬂ(f_@'

Since m(r, f —a) < m(r, f) + O(1) and from the above identity, we have

1 f® —aq 1
o (g) o (L) o () et

By Nevanlinna first fundamental theorem for meromorphic function on annuli and from (21),

we have
1 f® —gq f® —q
o () < (o) - () +
1 1
+To (7", W) — Ny (7", m) +mo(r, f) + S(r, f).
Therefore

(p) (k) _
o (orts) < () - (55
1Ty (73 f(k)) — Ny (r, %) + mo(r, f) + S(r, f).

By Lemma of Logarithmic derivative for meromorphic function on annuli, we have

(p) (k) _
o) ) ()
—|—T() (7“, f(k)) — N() (7”, %) + m[)(T, f) + S(T, f)

By Jenson formula for meromorphic function on annuli, we have

my (T, —f i d) < N() (7“, f(p)) + N() (7’, ﬁ) - No (T’, f(k) — CL) — N() (7’, %) +
1Ty (T7 f(k)) — Ny <r, %) + mo(r, f) + S(r, f). (22)

Applying the condition mq(r, f) = S(r, f) and from (), we have

- <7ﬂ7 7 i d) < Ny (r, fP) + Ny (T’ f(k)l_ a) — No (r, /% —a) — Ny (r, %) +
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1
+T0 (7”’ f(k)) — NO <T’, W) + S(T, f)
Therefore
i (r.74) < N f?) e (r.79)
im ——2 im ————~ - 7
r—ry Lo(r, f™) = Sy To(r, fM)  r=Rre  Ty(r, fM) —
o me M) mlg) nes
—1m——1m— — lim ——— 2 R S A
N r—Ro (T f( ) r—Ro TU(Ta f(n)) N TTRO TQ(T, f( )) r—Ro TO(T .f (n) -
Implies

ROS(d, f) < [L—r AP (00, )] = [1 —r AL (00, )] = [1 =1 A (0, £)]—
—[1 =g AL (0, )] + [T =5 0 (a, F)] + 1.
Hence
rO30n (. ) Fr A0 (00, 1) +r 8500 (0. f) < A (00, £) 1 A (0, ) +r A (0, 1).
UJ

Theorem 9. Let f(z) be a transcendental or admissible meromorphic function of finite order
in A(Ry), where 1 < Ry < 400 . Then for any two positive integers k and n,

RAS (00, ) 1 AYL (0, £) =R 050 (0, f) +r S5 (a, ) +r Ay (00, f),
where a 1s any non zero complexr number.

Proof. Let us consider the following inequality

a f—a f®
?_1— T

g <r, %) < myg (r, %) +O(1).

From the above identity, we have

mo(r,%)ﬁmo( ff())w( /) (23)

By Nevanlinna first fundamental theorem for meromorphic function on annuli and from (24),

we have
()00 458) 8 0 4) s

(k) —
mo (7", %) <Tp <7"7 %) —No (7“, ff(k)a) +S(r, f)-

Since

implies
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By Jensen formula for meromorphic function on annuli and from (), we have

Therefore

1 1 1
mo (T,?> < Ny (r, fM) + Ny (T’f—a) = No(r, f—a)—Ng (T,W) +5(r, f).
Therefore

mo <T‘, %)

lim ———24 <

r—ry Lo(r, f()

N, (k) No (7, w5 No (7, ++
< lim M lim M — lim < + lim ( ! )

f a
r—ry Lo(r, f™)  Sg, To(r, f™) S, To(r, f) T%Ro To(r, f)

Therefore
ROy (0, F) < [1 RAM 00, )] = [1 =1 AL, (00, /)] = 1 =r AL (0, ) + 1 =R 03 (a, f)-

Hence rA() (00, f) +r Ao (0, F) =5 0500, F) +r 050 (a, ) +r Ay (00, f). O

Remark. The sign > in Theorem 9 cannot be replaced by >. This we can see by following
example.

Example. Let f(z) = expz. Then RA(O) (oo f) =r A (oo f) =r A (O, f) =1 and
ROyny (00, f) =R 03 (00, f) = 1. So rdy) ( f)=0. Then

RO (00, ) +r AYL (0, F) = 2 =5 050 (0, f) +r 050 (a, ) +r Ay (20, ).
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