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ON GRADED WAG2-ABSORBING SUBMODULE
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13-19.

Let G be a group with identity e. Let R be a G-graded commutative ring and M a graded
R-module. In this paper, we introduce the concept of graded W AG2-absorbing submodule.
A number of results concerning of these classes of graded submodules and their homogeneous
components are given.

Let N = @heG Ny, be a graded submodule of M and h € G. We say that Ny, is a h-W AG2-
absorbing submodule of the R.-module My, if Nj, # Mj; and whenever ¢, s, € R, and my, € My,
with 0 # r.semy, € Ny, then either rimy;, € Nj, or simy € N, or (res.)¥ € (Ny, :r, My) for
some i, j, k € N. We say that N is a graded W AG2-absorbing submodule of M if N # M,
and whenever 7,4, s € h(R) and my € h(M) with 0 # rys,my € N, then either Tf]m,\ € N or
sflm)\ € N or (rgsp)* € (N :gr M) for some i, j, k € N. In particular, the following assertions
have been proved:

Let R be a G-graded ring, M a graded cyclic R-module with Gr((0 :g M)) = 0 and
N a graded submodule of M. If N is a graded W AG2-absorbing submodule of M, then
Gr((N :p M)) is a graded W AG2-absorbing ideal of R (Theorem 4).

Let R; and Ry be a G-graded rings. Let R = Ry @ Ry be a G-graded ring and M =
M, @ M, a graded R-module. Let Ny, Na be a proper graded submodule of My, M5 respecti-
vely. If N = N; @ N, is a graded W AG2-absorbing submodule of M, then N; and N; are
graded weakly primary submodule of Rj-module M;, Ro-module Ms, respectively. Moreover,
If Ny # 0 (N7 # 0), then N; is a graded weak primary submodule of Ri-module M; (N3 is a
graded weak primary submodule of Re-module Ms) (Theorem 7).

1. Introduction and preliminaries. Throughout this paper all rings are commutative
with identity and all modules are unitary.

First, we recall some basic properties of graded rings and modules which will be used in
the sequel. We refer to [10-13| for these basic properties and more information on graded
rings and modules.

Let G be a multiplicative group and e denote the identity element of G. A ring R is called
a graded ring (or G-graded ring) if there exist additive subgroups R, of R indexed by the
elements o € G such that R = @, ., Ra and R Rz C Rap for all o, B € G.

The elements of R,, are called homogeneous of degree o and all the homogeneous elements
are denoted by h(R), i.e. h(R) = J,eq Ra- If 7 € R, then 7 can be written uniquely as
Y acc Tar Where 74 is called a homogeneous component of r in R,. Moreover, R, is a subring
of Rand 1 € R.. Let R = @, ., Ra be a G-graded ring. An ideal I of R is said to be a
graded ideal if I = @, (I N Ry) = P, cc Lo Let R = P, . Ra be a G-graded ring. A
left R-module M is said to be a graded R-module (or G-graded R-module) if there exists a
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family of additive subgroups { Mg }aeq of M such that M = @, ., M, and RaMg C Mg
for all a, 3 € G. Also if an element of M belongs to |J,cq Mo = h(M), then it is called
homogeneous. Note that M, is an R.-module for every o € G. So, if I = @ I is a graded
ideal of R, then I, is an R.-module for every a € G. Let R = @ ., Ra be a G-graded ring.
A submodule N of M is said to be a graded submodule of M if N = @ (N N M,) :=
@D.cc No- In this case, N, is called the a-component of N. Moreover, M/N becomes a
G-graded R-module with a-component (M/N), = (M, + N)/N for « € G. Let R be a
G-graded ring, M a graded R-module and N a graded submodule of M. Then (N :g M) is
defined as (N :g M) = {r € R:rM C N}. It is shown in [7] that if N is a graded submodule
of M, then (N :g M) is a graded ideal of R. The graded radical of a graded ideal I of R,
denoted by Gr(I), is the set of all x = > x4 € R such that for each g € G there exists
ng > 0 with 2" € I. Note that, if r is a homogeneous element, then » € Gr([) if and only if
r™ € I for some n € N (see [16]). A proper graded submodule N of a graded R-module M is
said to be a graded weak primary submodule of M if whenever r,, s;, € h(R) and my € h(M)
with rys5my € N, then r;m,\ €N or S‘;Lm,\ € N for some i, 7 € N.

The concept of graded weakly 2-absorbing ideal was introduced and studied in [2, 14].
Recall from [2] that a proper graded ideal I of R is said to be a graded weakly 2-absorbing
ideal of R if whenever r,, s, t\ € h(R) with 0 # ryspty € I, then either rys, € [ or ryty € 1
or spty € 1.

The concept of graded weakly 2-absorbing submodule was introduced by Al-Zoubi and
Abu-Dawwas in [1] and studied by Al-Zoubi and Al-Azaizeh in [4]. Recall from [1] that a
proper graded submodule N of a graded R-module M is said to be a graded weakly 2-
absorbing submodule of M if whenever 7y, s, € h(R) and my € h(M) with 0 # rys,my € N,
then either rys, € (N :g M) or rymy € N or spmy € N.

The concept of graded weakly primary ideal was introduced and studied by Atani [§].
Recall from [8| that a proper graded ideal P of a graded ring R is said to be a graded weakly
primary ideal if whenever rg, s, € h(R) with 0 # ry4s, € P, then either r, € P or s, € Gr(P).

The concept of graded weakly primary submodule was introduced and studied [3, 5].
Recall from [3] that a proper graded submodule N of a graded R-module M is said to be a
graded weakly primary submodule if whenever r, € h(R) and my, € h(M) with 0 # rymy, € N,
then either m;, € N or r, € Gr((N :, M)).

The concept of W AG2-absorbing submodule was introduced and studied in [6, 9]. Recall
from [9] that a proper submodule N of R-module M is called W AG2-absorbing, if for r, s € R
and m € M with 0 # abm € N, either rs € /(N : M) or r'm € N or sYm € N for some
positive integer ¢ and j.

The scope of this paper is devoted to the theory of graded modules over graded commu-
tative rings. One use of rings and modules with gradings is in describing certain topics in
algebraic geometry. Here, we introduce the concept of graded W AG2-absorbing submodule.
A number of results concerning of these classes of graded submodules and their homogeneous
components are given.

2. Results.
Definition 1. Let R = @gea R, be a G-graded ring and I a graded ideal of R. We say

that I is a graded W AG2-absorbing ideal of R, if I # R and whenever ry, s, 1\ € h(R) with
0 # ryspty € I, then either T;t)\ €lorsitye€lor(rysy)t €l for some i, j, k € N.

Definition 2. Let R be a G-graded ring, M a graded R-module, N a graded submodule of
M and h € G.
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(1) We say that N, is a WAG2-absorbing submodule of the R.-module My if Ny # Mpy;
and whenever r,,s. € R, and mj, € M, with 0 # r.semy, € Ny, then either 7im; € Nj, or
simy, € Ny or (res.)* € (N, :r, My) for some i, j, k € N.

(i) We say that N is a WAG2-absorbing submodule of M if N # M; and whenever r,,
s, € R and my € M with 0 # rgspmy € N, then either T;m,\ € N or simA € N or
(rysn)* € (N :gp M) for some i, j, k € N.

Theorem 1. Let R be a G-graded ring, M a graded R-module and N a proper graded
submodule of M. If N is a graded W AG2-absorbing submodule of M, then Nj is
an h-W AG2-absorbing submodule of the R.-module M, for every h € G with Ny # M,

Proof. Suppose that N is a graded W AG2-absorbing submodule of M. Let h € G with
Ny # My,. Assume that 0 # rosemy, € N, € N where 7¢, s, € R, C h(R) and my, € M, C
h(M). Since N is a graded W AG2-absorbing submodule of M, we have either 7¢m; € N or
simy, € N or (res.)* € (N M) for some i, j, k € N. Since M, C M and N, = N N M,
we conclude that either rimy;, € N, or simy, € N, or (r.s.)* € (N, :r My). Thus N, is
h-W AG2-absorbing submodule of the R.-module Mj,. m

Theorem 2. Let R be a G-graded ring and M a graded R-module. Let N and K be two
graded submodules of M and K C N. If N is a graded W AG2-absorbing submodule of M,
then N/K is a graded W AG2-absorbing submodule of M /K.

Proof. Assume that N is a graded W AG2-absorbing submodule of M, then N/K is a proper
graded submodule of M /K. Let 1y, s, € h(R) and my € h(M) such that 0 # rysp(my+K) =

TgSpMA + K € N/K hence rgshmA gé K, it follows that 0 # rgspmy € N. Then either
rimy € N or symy € N or (rgsp)" € (N :g M) for some i, j, k € N as N is a graded
WAG2 absorbing submodule of M. Hence, either 7} (my + K) = rimy + K € N/K or
sl(my+ K) = simy + K € N/K or (rysp)* € (N/JK :g M/K) for some i, j, k € N,
Therefore, N/K is a graded W AG2-absorbing submodule of M /K. O

Let R be a G-graded ring and M a graded R-module. Recall that M is called gr-faithful if
r¢M = 0 implies r, = 0 for r, € h(R) (see [15].) Also, M is called graded cyclic if M = myR
for some my € h(M) (see [13]).

Theorem 3. Let R be a G-graded ring, M a graded cyclic R-module and N a graded
submodule of M.

(1) If (N :gr M) is a graded W AG2-absorbing ideal of R, then N is a graded W AG2-absorbing
submodule of M.

(1) If M is a gr-faithful and N is a graded W AG2-absorbing submodule of M, then
(N :g M) is a graded W AG2-absorbing ideal of R.

Proof. Let k, € h(M) be such that M = k,R.

(¢) Suppose that (N :p M) is a graded W AG2-absorbing ideal of R. Let 74, 55, € h(R) and
my € h(M) such that 0 # r,s,my € N. Then there exists tg € h(R) such that my = tgk,, it
follows that 0 # r¢sptgke € N. Hence 0 # rgsptg € (N :g ko). Then either ritg € (N :g kq)
or sitg € (N :g ko) or (rgsp)* € (N :g ko) for some i, j, k € N as (N :x M) is a
graded W AG2-absorbing ideal of R. This yields that either rém,\ € N or s{bm)\ € N or
(rgsn)® € (N :g ko) = (N :g M). Therefore, N is a graded W AG2-absorbing submodule
of M.
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(ii) Suppose that M is a gr-faithful and N is a graded W AG2-absorbing submodule
of M. Let ry,sp,tx € h(R) be such that 0 # rgspty € (N g M) = (N : ky). Then
0 # rysptrake € N for otherwise rysptrk, = 0 implies that ryspty € (0 :g ko) = (0 :x M) =
0 a contradiction. Since N is a graded WAG2-absorbing submodule of M, we get either
r;t,\k‘a € N or sityka € N or (rgsp)® € (N :g M) = (N :g kq) for some i, j, k € N. This
implies that either rity € (N g ko) = (N :g M) or sty € (N g ko) = (N :g M) or
(rysn)* € (N :gp M). Therefore (N :x M) is a graded W AG2-absorbing ideal of R. O

Theorem 4. Let R be a G-graded ring, M a graded cyclic R-module with Gr((0 :g M)) =0
and N a graded submodule of M. If N is a graded W AG2-absorbing submodule of M, then
Gr((N :g M)) is a graded W AG2-absorbing ideal of R.

Proof. Let my € h(M) be such that M = m,R. Assume that N is a graded W AG2-absorbing
submodule of M. Let 7y, sp,,t\ € h(R) such that 0 # ryspty € Gr((N :g M)) and rys;, ¢
Gr((N :g M)). Tt follows that (ryspt))’M C N for some i € N. Since Gr((0: M)) = 0 and
0 # 7gsntr, we get 0 # (rgsptx)'M C N. This yields that 0 # (rgsuta)'ma = ris), (timy) € N.
Then either (r})"(thmy) = (ritx)'my € N or (s,)"(thma) = (sitr)'my € N for some n, k € N
as N is a graded W AG2-absorbing submodule of M. This implies that either (r;‘t,\)il\/[ C Nor
(spta)'M C N for some n, k € N. Thus either rit) € Gr((N :g M)) or sity € Gr((N :g M))
for some n, k € N. Therefore, Gr((N :g M)) is a graded W AG2-absorbing ideal of R. [

Definition 3. Let R be a G-graded ring, M a graded R-module and h € G such that N,
is a h-W AG2-absorbing submodule of the R.-module M. We say that (r., s.,my) is an h-
AG-triple-zero of Ny, where r., s, € R, and my, € My, if resemy, = 0, rimy, & Ny, simy, ¢ Np,
and (7.s.)* & (N, :g, My,) for all i, j, k € N.

Theorem 5. Let R be a G-graded ring, M a graded R-module, N = @, ., N, a graded
submodule of M and h € G such that N, is a h-W AG2-absorbing submodule of the R,-
module My. If (e, s.,my) is a h-AG-triple-zero of N, where r.,s. € R. and my € Mj,.
Then the following hold: (i) r.seNp = 0; (13) ro(Np :r, Mp)mp = se(Np :r, Mp)my = 0;
(ZZZ) Te(Nh ‘Re Mh)Nh = Se(Nh ‘Re Mh)Nh = O, (ZU) (Nh ‘Re Mh)th = 0,

(U) (Nh ‘Re Mh)QNh =0.

Proof. Assume that (1, se, my,) is an h-AG-triple-zero of N, where r., s, € R, and my, € Mj,.

(1) Suppose that r.s.N;, # 0. Then there exist n, € Nj such that r.s.n;, # 0. Then
TeSe(Mp +mMp) = TeSenp 4+ TeSemyp, # 0. Since Ny, is h-W AG2-absorbing submodule of the R,-
module My, 0 # 1es.(ny + my) € Ny, and (r.8.)F & (N, :p, M) for all k € N, we conclude
that either r%(ny +my) € Ny, or s2(ny +my) € Ny, for some 4, j € N. This yields that either
rmy, € Ny or smy, € N,. Which is a contradiction. Hence r.s.N;, = 0.

(73) Suppose that r.(Ny :g, Mp)my # 0. Then there exist [, € (N, :g, M},) such that
relemp # 0. Then 0 # rlemy, = 1e(le + Se)mp, = relemy, + TeSemy € Np. Since Ny, is an h-
W AG2-absorbing submodule of the R.-module M}, and rim;, ¢ N, for all i € N, then either
(le+58e)imy, € Ny, or (1e(l.+5.))F € (N}, :g, My,) for some j , k € N. By the Binomial theorem,
we get either simy, € Ny, or (1.5.)* € (N, :r, My,) for some j, k € N, which is a contradiction.
Hence r.(Ny, :gr, My)my, = 0. With a same argument, we can show s.(N, :g, My)my, = 0.

(7i7) Suppose that r.(Ny g, My)Ny, # 0. Then there exist n, € Ny, and [, € (N, :r, M},)
such that r..n, # 0. By (i) and (i7), we get rJemp = 7resen, = 0. Hence
0 # releny, = 1e(le+ se)(ny +my,) € Ny. Since Ny, is an h-W AG2-absorbing submodule of the
Re-module M, then either 7¢(ny, +my,) € Ny, or (I + sc)? (ny +myp) € Ny or (re(le + 80))F €
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(N, :r, My) for some i ,j, k € N. By the Binomial theorem, we have either r‘m;, € Nj, or
simy, € Ny, or (res.)f € (Ny :g, My,) for some i ,j, k € N. Which is a contradiction. Hence
re(Np :r, Mp)Ny, = 0. With a same argument, we can show s.(Ny, :r, Mp,) N, = 0.

(iv) Suppose that (Nj, :p. My)?*my, # 0. Then there exist t., I, € (N, :g. M) such
that t.l.m;, # 0. We obtain from (ii) 0 # telemy = (e + te)(Se + le)mp € Nj. Then either
(1e + to)imy, € Nj, or (se + ) my € Ny or ((re + to)(se + 1))* € (Ny, :g, M) for some i
,J, k € N as Ny, is a h-W AG2-absorbing submodule of the R.-module M. By the Binomial
theorem, we have either rimy, € N}, or simy, € Nj, or (rese)” € (Ny :g. My,) for some i , j,
k € N, which is a contradiction. Hence (N, :p. My)?*my, = 0.

(v) Suppose that (N, :z, M},)?N;, # 0. Then there exist t,, I, € (N}, :p. My) and nj, € N,
with t.l.ny, # 0. It follows from (7)-(iv) that 0 # tlenn, = (te + 7¢)(le + Se)(np + myp) € Ny,
Since N, is aa h-W AG2-absorbing submodule of the R.-module M}, we have either (¢, +
1) (np+mp) € Ny, or (I.+5.)7 (np,+my) € Ny or ((te+7e)(le+5:))* € (Ny :r, M) for some
i ,j, k € N. By the Binomial theorem, we have either r‘m;, € N}, or sJmy, € N}, or (rese)® €
(Np, :r. My,) for some i , j, k € N, which is a contradiction. Hence (N}, :p. My)?Ny =0. [

Lemma 1. Let R be a G-graded ring and M a graded R-module. Let N = @, .. N;, be a
graded submodule of M and h € G such that Ny, is a h-W AG2-absorbing submodule of the
R.-module M,,. Suppose that r.s.K C N, for some r., s. € R, and some cyclic submodule
K of My, If 0 # 2r.s.K, then 'K C N, or sJK C Ny, or (1es.)* € (Ny :r, M) for some
i,j keN.

Proof. Suppose that 0 # 2r.s. K and (r.s.)" ¢ (N}, :r, My,) for all n € N. We want to show
that r'K C Nj, or K C N, for some i ,j € N. Let K =< k, >. If 0 # r.s.k, € Ny,
then either rik; € Nj, or sk, € Ny, for some i ,j € N since Ny, is an h-W AG2-absorbing
submodule of the R.-module M. Suppose that r.s.k, = 0. Since 0 # 2r.s.K, there exist
k;, € K such that 0 # 2r.s.k;, and so 0 # r.sck), € Nj. As N, is an h-W AG2-absorbing
submodule, then either 7'k}, € Ny or si2kj € N, for some t; ,t5 € N. Let I, = kj, + k},.
Then 0 # r.s.l, € N;, and so either r"'l, € N, or s"%l;, € N, for some n; ,ny € N. Now, we
consider three cases:

Case 1. Assume that r™ k) € N, and s™2k}, € N, for some my, my € N. Let i = max{n;, m;}
and j = max{ny, my}. Then either rik;, =ri( I, — k}) € N, or siky € Np.

Case 2. Assume that r™k, € N, and s7?kj ¢ Nj, for some m; € N and for all my € N.
Suppose on the contrary that, r'k;, ¢ N, for all ¢ € N. This yields that rl;, ¢ N, for all
t € N. Hence, (I, + k},) ¢ Ny, and si( I, + k},) ¢ N, for all i ,j € N. As N, is an h-W AG2-
absorbing submodule and (r.s.)" ¢ (Np, :g, M}) for all n € N, then, res.(l, + k) = 0, i.e,
0 = resc(kn + k), + k}) = 2resck) + resckn = 2r.s.k), which is a contradiction. Hence, 7¢kj,
€ Ny, for some 7 € N.

Case 3. Assume that r™'k} ¢ Nj, and s™?k}, € N, for all m; € N and for some my € N. Then
in similar manner to the proof of case 2, we can show that s’k;, ¢ N}, for some j € N. [

Theorem 6. Let R be a G-graded ring and M a graded R-module. Let N = @, ., N, be a
graded submodule of M and h € G such that N}, is a h-W AG2-absorbing submodule of the
R.-module My,. If r.IK C Ny and 0 # 4r.IK for some r. € R., some cyclic submodule K
of My, and for some ideal I of R,, then either r. € Gr((Ny, :g, K)) or I C Gr((N, :g, K))
or T'e] - GT((Nh ‘Re Mh))

Proof. Assume that r./K C N, 0 # 4r.IK and r.I € Gr((Ny, :r, My)) for some r, € R,,
some cyclic submodule K of M, and for some ideal I of R.. We have to show that either
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re € Gr((Ny g, K)) or I C Gr((Ny :g, K)). By [3, Lemma 3|, there exist . € I such
that 0 # 4r.t.K and r.t. ¢ Gr((Nn, :r. My)), so 0 # 2r.t. K. Since 0 # 2r.t. K and
rete K C Ny, , then by Lemma 1, we have either r' K C N, or t K C N;, for some i ,j € N.
Thus, either r. € Gr((Ny, :g, K)) or t. € Gr((Ny, :g, K)). If r. € Gr((N), :g, K)), then
we are done. Assume that r. ¢ Gr((Ny, :g, K)). Then t. € Gr((Ny, g, K)). Let i, € 1.
Assume that 0 # 2r..K. Since r.i. K C N, by Lemma 1, we get either i/ C N, or
(reie)™ € (Ny, g, My) for some n, m € N. Thus I C Gr((Ny, :g, K)) or r.I C Gr((Ny g,
My)). Now, let 2r.i. K = 0. This yields that 0 # 2r.(t. + i.)K and r.(te + i.)K C Np.
By Lemma 1, we get either (t. + i.)"K C N, or (re(t. + i.))™ € (N, :g. My,) for some
n, m € N. If (te +i.)"K C Nj for some n € N, then t. +i. € Gr((N, :g, K)) and
SO ie € G?”((Nh ‘Re K)) since te € G?“((Nh ‘Re K)) If (Te(te +Ze>>m € (Nh ‘Re Mh) for
some m € N and (t. +i.) ¢ Gr((N, :g, K)). Then r(t. + i.) € Gr((Ny :g, My)) and
2re(te +ie + to) K = drt. K # 0 and ro(te + ic + to)K C Ny, As rete & Gr((Ny :r, My))
and r.(te +i.) € Gr((Ny, :r, My)), we get re(te +ic +te) ¢ Gr((Np :r, Mp)). By Lemma 1,
we have either r”K C Nj, or (t. + i, + t.)"K C Nj for some n, m € N. Then either
re € Gr((Np g, K)) or te +i. +t. € Gr((Ng, :g, K)). Since t. +i. ¢ Gr((Ny, :g, K)) and
te € GT’((N}L ‘Re K)), then te +’ie + te ¢ GT((Nh ‘Re K)) Thus, Te € GT’((Nh ‘Re K)), which
is a contradiction. Thus, (¢, + i.) € Gr((Ny :g, K)) and so i, € Gr((N, :g. K)). Hence
1 g GT((Nh ‘Re K)) ]

Let R; be a graded commutative ring with identity and M; be a graded R;-module, for
1 =1,2. Let R = Ry X Ry. Then M = M; x M is a graded R-module and each graded
submodule C' of M is of the form C' = C} x C5 for some graded submodules C of M; and
Cy of My (see [13].)

Theorem 7. Let Ry and Ry be a G-graded rings. Let R = Ry @ Rs be a G-graded ring and
M = M, @ M, a graded R-module. Let Ny, Ny be a proper graded submodule of My, Ms
respectively. If N = Ny @ N is a graded W AG2-absorbing submodule of M, then Ny and
Ny are graded weakly primary submodule of Ri-module M, Ro-module Ms, respectively.
Moreover, If Ny # 0 (N; # 0), then N; is a graded weak primary submodule of R;-module
M, (N is a graded weak primary submodule of Ry-module M,).

Proof. Let N = N1 @ N, be a graded W AG2-absorbing submodule of M. Want to show Ny
and N, are weakly graded primary submodule of My, M, respectively. Let 0 # rmy € Ny
where r € h(R;) and m; € h(M;). Let mg € h(Ms)/Ny. Then, (0,0) # (1,0)(r, 1)(my,ms) €
N1 @ N, = N. As N is a graded W AG2-absorbing submodule of M, then either (1,0)(r,1) =
(r,0) € Gr((N :g M)) or (1,0)"(my, mg) = (my,0) € N or (r,1)7(my,mz) = (r'my,my) € N
for some ¢, j € N. So, either (r,0) € Gr((N :g M)) or (m1,0) € N or (rfmy,my) € N for
some j € N.If (r,0) € Gr((N :g M)), then (r,0)*M C N for some k € N. Which implies that
r*M; C Ny and hencer € Gr((Ny :g, My)). If (my,0) € N, then m; € Ny. If (rP'my,my) € N
for some j € N, then my € N,, which is a contradiction since mq € h(Ms)/N,. Hence, either
r € Gr((Ny :r, My)) or my € Ni. Thus N; is a graded weakly primary submodule of M;.
Similarly, we can show that Nj is a graded weakly primary submodule of M,. Now, let
Ny # 0. We want to show that N is a graded weak primary submodule of R;-module M.
Let r, s € h(Ry) and my € h(M;) with rsm; € Nj. Let 0 # my € Ny. Then, (0,0) #
(r,1)(s,1)(my,me) € Ny Ny = N. As N is graded WAG2-absorbing submodule of M,
then either (r,1)(s,1) = (rs,1) € Gr((N :g M)) or (r,1)7(my,ms) = (r?my,my) € N or
(5,0)%(my,my) = (s*mi,my) € N for some j, k € N. If (rs,1) € Gr((N :g M)), then
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(rs,1))M C N for some i € N. This implies that ((rs)’, 1)(M; @ M) C N; @ N, and so
M,y C N, which is a contradiction. If (rimy, my) € N for some j € N, then r7m; € N;. If
(s*my,my) € N for some k € N, then s*m; € N;. Thus either r'm; € N; or s*m; € N for
some j, k € N. Hence N; is a graded weak primary submodule of R;-module M;. Similarly, If
Ny # 0, then we can show that Vs is a graded weak primary submodule of Ry-module My. [

*
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