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Yu. M. Sybil. On the boundary integral equation method of solving boundary value problems for
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We consider approach based on the integral representation of solutions in domain which
consists of bounded and unbounded parts that gives us opportunity to reduce different transmi-
ssion type problems to connected with them equivalent boundary equations of the first and the
second kind. We suppose also that solutions of some of these boundary problems are unbounded
at infinity. Interior and exterior Dirichlet and Neumann boundary value problems for Laplace
equation are restrictions of the solutions os more general this transmission problems. Interi-
or Neumann and exterior Dirichlet boundary value problems we also can solve using integral
equation of the second kind that have not unique solution. Corresponding modified equations
are constructed in this case and solutions of obtained equations are unique. We also show
correctness of all obtained boundary equations of the second type given on closed Lipschitz
curve in some Hilbert spaces without compactness of corresponding integral operators.

1. Introduction. The main problem that differs two-dimensional boundary value problems
for Laplace equation in unbounded domains from the three-dimensional case is the fact that
we have to take to attention solutions which don’t tend to zero but even are unbounded
at infinity. Different types of the boundary value problems for the two dimensional Laplace
equation in smooth domains were posed, investigated and solved by many authors and now
are well known classic [5-7,10,11,13,14]. Most of them used the theory of Fredholm operators
based on the compactness of corresponding integral operators.

We made attempt to consider boundary integral equation method for solving two di-
mensional interior, exterior and transmission type Dirichlet and Neumann boundary value
problems for Laplace equation in Lipschitz domains based on common approach of integral
representation of solutions with help of Green formulas. We also show correctness of obtained
boundary integral equations of the second type without using of compactness corresponding
integral operators.

As initial fact we use continuity and surjectivity of trace operators in certain Hilbert
spaces connected with Lipschitz boundary [1,3,4], continuity of potentials of the simple and
double layers and their boundary values in appropriate spaces [3,9] and positive definiteness
of boundary value of the potential on simple layer and boundary value of normal derivative
of the potential of double layer [8].
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We also essentially use equivalence of the considered boundary value problems and obtai-
ned boundary equations that based on the integral representation of solutions.

As it was mentioned above some considered boundary equations have not unique soluti-
on. For instance, boundary integral equations for interior Neumann and exterior Dirichlet
boundary value problems. We can reduce these equations to some modified ones that have
unique solution [7,10,12].

2. Integral representation of harmonic function in two dimensional domain with
closed Lipschitz boundary. Let 2, C R? be a bounded Lipschitz domain. This means
that its boundary 3 locally is the graph of Lipschitz function [1,3|. Let us note that curve
¥ can be piecewise smooth and have corners. If z,y € R? then = = (21, 23), y = (y1,¥2),
|z —y|> = 322 (x; — ;)% Suppose that 0 € Q.

Let X and Ky are circle and disk

Yp={r€R* |z|=R}, Krp={rcR*: |z| <R}, R>0.

We denote by Q, = Q. UYX the closure of Q, and Q_ = R?\ Q,, @ = Q, UQ_. Since
3} is Lipschitz almost everywhere we can define outward pointing into €2 unit vector of the
normal 77, z € 3.

As usually we consider in €. Sobolev spaces H!(€).) of real functions with inner product
and norm

(1, 0) 110y = / {(Vu(e), Vo(@)) +u@)o(@)} dz, [[ul}q, = / (V@) +12(x)} de,

where

([ Ou(z) Ou(x) 2
VU($) N ( 8x1 ’ 0052 ’ (v 2_: 8951
We introduce the following functional spaces

Hoo(Q-) = {u(z),z € Q-] pu € H(Q-), ¢ € CF°(R)},
HL (Q)={ue H(Q.)|pu = u for some ¢ € C;°(R?)},

comp

HY(QY) = {u(z),2 € Q] ro,u € H'(Qy),ra_u € Hy, ()},

where C5°(R?) is a linear spaces of infinitely differentiable functions with compact support
in R? and rq, u is a restriction of function u on .

Also we consider space H'(2, L) with norm and inner product

(w, ), 0y = (V) ma.) + (Lu, Lo) sy, el oy = lelin@,) + 12l 7,0,
where L = —A is Laplace operator.

In domain ©Q_ we consider space H'(Q_,L) = {u € H..(Q_)| Lu € Ly(Q_)} and in
domain Q' space H (', L) = {u(z),z € | rq.u € H'(Q, L)}.

We use the trace space H'/?(X) and dual space H~/?(X) = (H'?(X)). We have dense
inclusion HY/2(X) C Lo(X) € HY%(X) if we consider Ly(X) as a pivot space [5,8]. We
denote as (-, -) the relation of duality between H'/?(X) and H~/?(%).

The impotent role in future will play the next proposition [3,4].

Proposition 1. Trace map Yo HY(Q),) — HY?(X) is continuous, surjective and has a conti-
nuous right inverse (v§)™': HY?(X) — HY().

Trace map Yo o Hi (Q_) — HY2(Y) is continuous, surjective and has a continuous right
inverse (v; )t HY?(X) — HL ().
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Let us note that moreover (5 )™+ HY(S) — Hl o (Q-).
Using extension by continuity of the operator of normal derivative % from space C1(€2;)

to space H'(§2,, L) we get continuous trace map v, : H'(Q,,L) — H~Y2(%) [3]

(uw) = - [ o@Lu@de+ [ (Vu@), Vo)
Qs 04
where u € H'(Qy, L), w € HY?(X) and v = (77 ) 'w.
Analogously we have continuous trace map 7y : H'(Q_,L) — H~'/%(%)

(11 u, w) :/ v(x)Lu(x)dx—/ (Vu(zx), Vo(z))dz,

where u € HY(Q_, L), w € HY?(X) and v = (7, ) 'w.

Besides the operators 75 i i we consider operators [yo] = v¢ — 79 : H(QY) — H2(X)
and [y1] =~ — ;7 HY(Y, L) — H~Y2(X).

For uw € HY(Q,,L) and v € H'(Q,) we have the first Green formula [3]

/Q (Vu(z), Vo(z))dz = / v(z)Lu(z)dz + (v u, v v), (1)

Q4

and for u,v € H'(Qy, L) - the second Green formula
/Q (v(z)Lu(z) — u(x)Lo(z)) dz = (3 v, 79 u) = (¥ u, 7 v)- (2)
N

In this paper we consider boundary value problems for functions u(z) € H'(2,) and

u(z) € H} () which satisfy in distributional sense Laplace equation

Lu(x) = —Au(z) = 0. (3)

These functions belong to C*°(§)1) after changing their values on set of zero measure [13].
Since the domain Q_ is unbound we also consider the functions v € HL_(©_) which
satisfy Laplace equation (3) and the next condition at infinity

o 1
I =) =e, 4

where ¢, € R depends on v and o € R is a some constant which does not depend on w.
This condition means that u(r) = w(z) + 5= In ﬁ, where function w(z) satisfies Laplace

equation (3) and the following condition at infinity

lim w(z) =c.,  |[Vo() :o(i), 2] = oo. (5)

|z|—o00 |IB‘2
Let us denote fundamental solution of Laplace operator L as Q(z,y)

1 d

Q(x7y) :%l d>07 x#y, LZQ(Q?,Z/):éﬂJ;—yD

n—7
|z — y|

In the following for the sake of brevity we use notation ([y1]u, Q(z,-)) for ([y1]u(-), Q(z,-))
and so on.
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Theorem 1. For function v € H' (Y, L) which satisfies Laplace equation (3) in Q' and
condition at infinity (4) it holds the next integral representation

u(z) = ([(nlu, Qz, ")) — (1 Q) [olu) + ¢, 7€, (6)
where [y;Ju =y u—7u, 1 =01, coo = ¢, — £ Ind.

Proof. Using second Green formula (2) for v(y) = Q(z,y), v € Q,, we can get the following
integral representation of function u in Q2 [3]

u(z) = (M, Qx, ) — (1 Qx, ), 10 u). (7)
If z € Q_ then from (2) we obtain

Let us denote B = Ky \ Q.. For the function u(x) in B it holds next integral represen-
tation

) =~ Q) + QG g+ [ {500 - CEE ) b as,

If function u satisfies condition at inﬁnity (4) then we may present u(z) in Q_ as u(z) =
wo(z) + w(x) + o0, where wy(z) = £ In fa]s Coo = Cx— 5 Ind, w(x) satisfies Laplace equation
(3) in ©2_ and conditions at inﬁmty (5) with ¢, = 0.
|y‘  for the fixed # € B. Then Q(z,y) = wi(y) + + 5 Int o

Let us denote wy(y) =
and we have

Owo(y) 0Q(z,y) _ Owo(y) Ow (y)
It is easy to verify that function w(y) satisfies Laplace equation (3) in domain Q_ \ K
and conditions at infinity (5) with ¢, = 0. Then we have

/ER (&giy)wl(y)_ 8?;11(yy)w0(y)) ds,| < /ER (%é| ()] + ¢ 1|yl‘2 204 " ’;l|) ds,

o 1 o  d
= ﬁf |w1(y)|d8y+clﬁgln}—32wR—>O, R-)OO,

where ¢; > 0 is some constant.
Since the function w(z) satisfies conditions at infinity (5) with ¢, = 0 we have [13]

lim g {ig)—éyy)Q(:z, y) — %ﬁy’y)w(y)} ds, = 0.

R—oo
If z € B then [13]
Sk any

Thus if function u satisfies condition at infinity (4) we obtain

I;ggo/h{%“—g@m,w ()| s, = .
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As a consequence for x € {)_ we can get

w(@) = —=(w, Q) + (1 Q)% u) + oo 9)

Let z € Q. In domain B using (2) we have

0= Q) + (@ g + [ {500 - 2Ly} s,

When R — oo we obtain

By using formulas (7), (8), (9) and (10) for function v € H'(2) which satisfies equati-
on (3) and condition at infinity (4) we obtain representation u(x) = ([y1]u, Q(x,-)) —
(7 Q(x,-), [you) + e, v € Y. O

We denote

0
/Q z,y)7(y)dsy, Wp(r) —/E%u(y)dsy,

where 7 € L1(2), p € H1/2

Let us note that V7 (z) satlsﬁes condition at infinity (4) with a = (7, 1) and ¢, = 0.

For potentials of simple V7 and double layer Wy it holds the jump relations which can
be written in the next form [3].

Proposition 2. Let 7 € HY/2(X) and yu € HY?(X). Then:
L [y)Vr=0, [n|Vr=r.
2. o)Wy =—p, [mWp=0.

If we introduce the operators N7 = (V7T + V1), Mu = (g Wy + v Wa), w
can rewrite jump relations as

1

1
VEVT = :|:§7' + N, %iWu = $2

If 7 € Ly(X) and p € HY?(X) then for z € ¥
N7(z) = / —aQ(x’wT( )dsy, Mp(x) = / 26(=,y) y)u(y)dsy-
5 >

ong, on,
Let us denote: Ky =V, H = —FW, Bt =4V, C* = 15 W.
From [3] we can get the following assertion.

Proposition 3. The operators
V:HY2(X) = HL(RY, W:HYA(X) = H(Qy), Kq: HV*(X) - HY(D),
H: H(X) - HV2(X), B*: HVA(%) - H VA%, C*: HVA(XR) - HY2(D),
are continuous.

3. Dirichlet boundary value problems. We consider the interior D, and the exterior
D_ Dirichlet boundary value problems in €2, and €2_ respectively from the point of view if
we look for solutions of these problems as potential of the simple layer V7 (x), x € Q, or
xeQ_.
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Problem D.: find function u e H'(Q,) which satisfies Laplace equation (3) in Q, and
Dirichlet boundary condition vju = g, € H'/?(%).
Problem D_: find function u € H} (Q_) which satisfies Laplace equation (3) in Q_, Diri-
chlet boundary condition 7, u = g_ € H'?(X) and condition at infinity (4) where @ € R is
given.

It’s well known that problem D, has unique solution for arbitrary g, € HY2(%) ([7,8]).

Concerning of uniqueness of solution of the problem D_ we have the following assertion.

Lemma 1. If in the conditions at infinity (4) a = 0 then problem D_ with boundary
conditions v, u = 0 has only trivial solution.

Proof. From the first Green formula (1) in the domain B introduced in theorem 1 we obtain

0
/B|Vu(x)|2dx = /ER gqgg:)u(y)dsy < {Qﬂ'R- % : c*} —0 as R — oo,
where ¢; > 0 is some constant. Therefor [, [Vu(z)|*dz =0 and u(z) = ¢,, x € Q_. So far

as o u =0 then ¢, = 0. We get u(z) =01in Q_. O

Now we consider the homogenous equation

Kar(z) = /m 4 y)ds, 0. (12)

|z =y
and show that for some d = d; it has not trivial solution.

Lemma 2. For a given curve Y there exists unique constant d = dy and unique up to
multiplication by a constant solution 7y of equation (12) with condition [ o(y)ds, # 0.

Proof. From [8] it follows that for some d > 0 equation K, = 1 has unique solution. Let us
consider a; = fz 71(y)ds,. For function v = V7y in ©’ we have 71 = [y;]u and %’)Lu = u=1.
Since 74 u = 1 we obtain u(z) = 1, z € Q. Let function v;(z) = 1, x € R% For the function
v(z) = u(x) — v (), v € &, we get 71 = [y1]v and yFv = 0. If oy = 0 from Lemma 1 it
implies that v = 0 or u(z) = 1, * € R?. As a result we have 7; = 0 that is impossible. Thus
(03] 7& 0.
Then

1 do

— [ In

2m |z =yl

d
71 (y)ds, =1+ —IHEO =0

and we get dy = de~ o where o = [ m(y)ds,.

We show that d does not depend on the choice of d. Let we have d; > 0, dy > 0 and
Komi =1, Kgymz =1, ann = [ m1(y)dsy, cne = [ m12(y)ds,,.

Then Kg,711 =1+ G 1n d2 = [ and 192 = 111/, aq2 = a11/p.

We obtain dy; = die 511 d02 = dse a1z and In d01 =1Ing d1 + 277(

Thus dOl = dog.

Let us suppose that for d = dy there exist two linear independent solutions 7 and 7
of equation (12), i.e. 71 # 75 where ¢ is constant. Then 7 = 71 + ¢75 is a solution of
(12) for arbitrary constant c. If a; = fz 7,(y)ds, then for ¢ = —ay/as we obtain condition
Js 7*(y)dsy = 0. Let v(z) = V7*(x), z € Q_. Since function v(x) is a solution of the problem
D_ Wlth boundary condition v, v(z) = 0 and conditions at infinity (5) with ¢, = 0 we have
v(z) =0,z € Q_,or 7 =0. Thus 1, = cmo. O

1 ) —
12 11
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Corollary 1. There exists unique constant dy that operator Ky, : HY?(X) — HY?(X) is
not injective, that is, there exists T # 0 such that Ky4,7 = 0.

If 7 is a solution of equation Ky m = 1, where d # dy, then 7y = c¢7y is solution of the
equation (12) and ¢ is an arbitrary constant.

As a example for finding of dj let us consider the case when ¥ is a circle of radius r = a.
Then equation (12) in polar system can be rewritten as

2
do
/0 I S eos(p — gy i72 PVl =0, 05 @0 < 2m.

Since geometry of region and boundary function are symmetric it is obvious that solution
7(¢) does not depend on the angle ¢. Thus

2

2 d% 2m do
1 dp =10 d In(1 — dp =21 In —.
/0 n 2021 — cos ) © an /o n(l —cosp)dp = 2mIn 5,2

By using equality ["In(1 % cos¢)dy = —mIn2 we obtain In %0 =0 or dy = a.
The next question is how to find constant dj for arbitrary contour . Let d # dy, Kqmy = 1,
oy = [, 71(y)dsy. Then

do

1 do aq
— [ In—— dsy =1+ —In— =
277/2 n|x_y|7'1(y) Sy +27r n— 0

and we get dy = de_%.

Let us note that dy = de” = for a closed curve X is called logarithmic capacity and
denoted as capy. Here Kym = 1, d # dy and oy = [;; 71(y)ds,. Thus if X is a circle of radius
r = a then capy, = a that is well known result [8] .

Let us consider the function

1 d
ug(x) /Zln kc—fylﬁ(y)dsy, x e, (13)

T or

where 7 is a solution of integral equation K ;71 = 1, d # dy. As a consequence we have that
up(z) =0, x € Qy, and up(z) #0, x € Q_, 75 u = 0.

Now we look at the question of positive definiteness of operator K, which is important for
numerical solution of equation K47 = ¢, g € HY?(X). The operator K is positive definite
if there exists a constant ¢ > 0 that for all 7 € H~'/2(%)) we have

(m, Kat) > 7|32 (14)

=)
It’s easy to see that inequality (14) may have place not for all 7 € H~'/2(X). For instance
let 3 be a circle of radius a # d. Then equation Ky7; = 1 has solution 7 = (ln g)fl and in
this case inequality (7, K47) > 0 fulfils only when d > a = dy.

Let dy be constant considered in Lemma 2. Then we have the following assertion [8].

Proposition 4. 1. Operator K;: HY2(X) — HY2(X) is positive definite if and only if
d > d().

2. Operator Ky: H™'/?(X) — H'Y2(X) is isomorphism (continuous bijection) if and only
i d + dy,

Corollary 2. Equation K4r = g with condition d # dy has unique solution 7 € H~1/%(%)
for arbitrary g € HY?(X) and there exists bounded operator K;': HY/*(X) — H~Y2(%).
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As we noted above problem D, has unique solution for arbitrary g, € HY?(X). Let us
consider function u(x) = Vr(x), z € Q,, d # dy, where 7 is a unique solution of equation
K47 = g+. Then u(zx) satisfies equation (3) in Q, and boundary condition g u(z) = g4 ().
As a consequence we can get the following corollary.

Corollary 3. We can present solution of the problem D in the form u(z) = V1 (z), d # dy,
where T € H~'/2(X) is unique solution of equation K7 = g .

Lemma 3. Let 7,0 € HY2(X). Then (1, K40) = {0, Kq7).

Proof. Let u(xz) = V7(z) and v(z) = Vo(z). From the second Green formula (2) in 2, we
obtain (v u, 79 v) — (10,7 u) = 0.
If we apply the second Green formula in the domain B introduced in Theorem 1 we can

et
g v = biwge) = [ (%“—gum - %“—fu(x)) s,

Since vju =y u = Kqr, 7gv =" v = Kq0, vy u — v, u=7 and 7" v — 7 v = o we have
ov(z) Ju(x)
i Kar) = (oK) = [ (FGiuto) = Gihoto) ) s,
We can present functions u(x) and v(z) in the form u(x) = a(z) + ug(x), v(x) = f(z) +

vo(x), a(z) = 5=(r,1)In %, B(z) = 5=(0,1)In %, where functions ug(x) and wvg(x) satisfy

Laplace equation (3) in ©_ and conditions at infinity (5) with ¢, = 0.

It’s easy verify that
dalx), | (@) _
/ER (a—nyﬁ<l’> - a—nya(x)) dSy = 0.

If we consider functions ug(x) and vo(z) then

/E ) (Muo(x) - Mvo(x>> ds,

<

on, on,
Ovy(x Oug(x 1 1
< /ER < a(;l(y) luo(z)] + a‘;(y ) Ivo(x)|> ds, < 27TR<01§ + cQﬁ) — 0as R — oo,

where ¢; > 0 and ¢y > 0 — some constants.

Thus
, 0v(x) Ou(x) B
1%1_{1;0 ZR( on, u(z) on, v(z) | ds, =0
and (1, K40) — (0, K1) = 0. O

Now we consider boundary value problem D_ relatively of behavior it’s solution at infi-
nity. We have two different occasions: when this solution is bounded at infinity (o = 0) or
unbounded (a # 0).

Theorem 2. The problem D_ has unique solution for arbitrary g_ € HY?(X). We can
present this solution in the form u = VT + ¢, d # dy, where coo = ((11,9-) — ) /(T1, 1), T
is unique solution of equation K47 = g_ — ¢ and 71y is solution of equation Kym = 1.

Proof. Let 7 is unique solution of equation K47 = g_ — ¢, for arbitrary g_ € H'/?(X) where
Coo = ({11,9-) — ) /(71,1). Let us consider function u(z) = V7(x) + ¢, € Q_. Then we
have vy u(z) = K47 + ¢oo = g—. By using lemma 3 we obtain
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(1 1) = (r Kam) = {riy Kam) = (1,9 — coc) = (71,9) — {1, 1) = (0) — (1,9) +0 = a.

Thus function u(x) = V7(x)+co satisfies conditions at infinity (4) with ¢, = 5= Ind+cx.
As a result we get that function u(z) = V7 (x) 4 cx, © € Q_, is a solution of the problem
D_ with boundary condition v, u(z) = ¢g_(x) and (7,1) = «a.

Now we show that for given g_(z) this function u(z) is unique solution of the problem D_.
We suppose that there exists another function v(z) which is a solution of the problem D_.
Then function w(x) = u(z) — v(x) satisfies boundary condition 75 w(x) = 0 and conditions
at infinity (5). From Lemma 1 it follows that w(z) = 0 or v(z) = u(x), z € Q_.

Let us show that for g_(z) = 0 problem D_ has solution ug(z) = 75V 7i(z) — 755 We
have v, uo(z) = o >Kd71( x) — gy = 0. Then
a 1 ||
- — [ d —1 .
o) = gy [ gy O e
where ¢, = - VT (x) satisfies conditions at mﬁmty (4). O

Corollary 4. The problem D_ with condition at infinity (5) has unique solution for arbitrary
g- € HY2(X) and limyy) o0 u(z) = (11,9-)/(71,1).

It would be useful to note that we can consider conditions at infinity (4) as special type
of boundary conditions given on some infinitely remote closed curve.

4. Neumann boundary value problems. Now we consider interior N, and exterior N_
Neumann boundary value problems in {2, and {2_ respectively.

Problem N,: find function u € H'(£2,) which satisfies Laplace equation (3) in €2, and
Neumann boundary condition

Wu=fr e HVA(E). (1)

Problem N_: find function v € H}

L (Q_) which satisfies Laplace equation (3) in Q_,
Neumann boundary condition

Yu=f-eH D) (16)
and condition at infinity (4) where = —(f_, 1) and ¢, = 0.

Theorem 3. Problem N, with homogeneous boundary conditions v;u = 0 has solution
uo(z) = ¢, x € Qy, where c is an arbitrary constant. For ug(x) we have the following integral
representation

uo(x) = Who(z), €€y, (17)

where pg(z) =1,z € X.
Problem N_ with homogeneous boundary conditions v; u = 0 and o = 0 in condition at
infinity (4) with ¢, = 0 has only trivial solution.

Proof. The first Green formula (1) in Q4 gives us: [, |Vug(z)[*dz = 0. Hence uo(z) = c,
x € ()., where ¢ is an arbitrary constant.

Let us consider domain 2_. For the domain B (see theorem 1) we have

/ |Vu(x)|*dr = 6)u—(y)u(y)ck‘y —0 as R — o0.
) 8ny

Thus [, |Vu(z)|*dz =0 and u(z) = ¢, or u(z) =0, z € Q_.

Let us consider function ug(z), x € Q' such that up(z) = 1, z € Q, and ug(z) = 0,
x € Q_. From the integral representation (6) we have py = [yo]up = 1 and we get (17). O
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Lemma 4. Problem N_ with homogeneous boundary conditions v; u = 0 doesn’t have
solution if in condition at infinity (4) a # 0 and ¢, = 0.

Proof. 1f u(z) is such a solution of this problem then from integral representation (6) we
have u(z) = —Wu(z) + Vyfu(z), € ', where p = vfu — 75 u. Since (v u,1) = 0 we
obtain lim|g| e u(x) = 0 and a = 0. O

From Theorem 3 it follows that equation —~;fW o = Hpu = 0 has solution jo(z) = 1,
x € 3. Thus if ug(x) = —Wpe(z) then ug(x) =1, z € Q4 and ug(x) =0, z € Q_.

Let us introduce spaces Y = {u € HY3(X): (u, 1)1,y = 0} and Z = {f € HY2(X):
(f,1) =0}

We use the following proposition [§].

Proposition 5. Operator H: Y — H~'/%(X) is positive defined, i.e. there exists constant
¢ > 0 that for all p € HY?(Z) which satisfy condition (p, 1)1,y = 0 there holds

(o, ) =l (18)
As a consequence of Proposition 5 we can get the following assertion.
Theorem 4. Operator H: Y — Z is an isomorphism.

Proof. Let p € Y and u(z) = —Wu(z), v € Q.. Then (Hpu,1) = {(y{u,1) =0or Hu € Z.
The space )’ = Z. Thus continuous operator H: )Y — )’ is positive defined and therefor
bijective ([2], theorem 2.1.16). O

Corollary 5. Equation Hy = f has unique solution p € HY?(X), (1, 1)1,y = 0, for every
functional f € H™'/?(3) which satisfies (f,1) = 0 and ||p|l g2y < cllfllg-1/2(s), where
c > 0 is some constant.

As a result for the boundary value problems N, and N_ we have the following proposi-
tions.

Theorem 5. Problem N, has a solution for functional f, € H~Y/?(%) which satisfies condi-
tion (f,,1) = 0. We can represent this solution in the form u(x) = —Wp(z) + ¢, x € Q4,
where p is unique solution of equation Hy = fy with (p,1)1,x) = 0 and c is an arbitrary
constant.

The proof is obvious if we take to attention Corollary 5.

Theorem 6. Problem N_ has unique solution for arbitrary functional f_ € H='/?(X). We
can represent this solution in the form u(z) = —Wu(x) — Vf_(z), x € Q_, where u(x) is a
unique solution of equation

1
Hp=Sf-+Nf- (19)
with (,LL, 1)L2(Z) =0.

Proof. At first we show that equation (19) has unique solution p(x) with (1, 1)z,x) = 0
for arbitrary f_ € H~'/?(X). If we apply the first Green formula (1) for the functions
z(z) = Vf(z) and v(z) = 1, z € Q, we get (772,1) = 0or (3f- + Nf_,1) = 0. Thus
from Corollary 5 we obtain that equation (19) has unique solution u(x) with condition
(1, 1) 15(s) = 0 for arbitrary f_ € H~'/2(%).
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Let us consider function u(x) = —Wp(z) — Vf_(x), z € Q_, where p(z) is a unique
solution of equation (19) with condition (p,1),x) = 0. Then yyu = Hu+3f- —Nf- = f-
and u(x) is solution of the problem N_.

Now we show that for given f_ this function u(z) is unique solution of the problem
N_. We suppose that there exists another function v(x) which is a solution of the problem
N_. From Theorem 1 we have that v(z) = —Wa(z) — V7(z) for some o € HY?(X) and
7 € H™Y2(X). Since v(z) is a solution of the problem N_ then (r,1) = (f_,1). For the
function w(z) = u(z) —v(x) = —Woaoo(z) — V(f- — 7)(x), where oo(z) = p(z) — o(z), we
obtain (f- —7,1) = (f_,1) — (1,1) = (f-,1) — (f-,1) = 0. Thus function w(z) satisfies
Laplace equation in €_, is bounded at infinity and 7; w(z) = 0. From Theorem 3 it follows
that w(z) =0 or v(z) = u(x), z € Q_. O

If the solution u(z) of the problem N_ is bounded at infinity, i.e. &« = 0 or (f_,1) =0
then we may look for this solution as u(x) = —Wp(z) where u(x) is solution of equation
Hyp = f_ with condition (p,1)r,x) = 0.

5. Dirichlet boundary value problems of transmission type. In order to present
solutions of interior D, and exterior D_ Dirichlet problems via potential of double layer we
consider the following boundary value problems (problems DT, and DT").
Problem DT,: find function u € H'(€), L) which satisfies Laplace equation (3) in €
Dirichlet boundary condition
VU= g, € HY2(Y), (20)

boundary condition of transmission type on X

Nnu="yu (21)
and condition at infinity
lim wu(z) = 0. (22)
|z|—o0

As we denoted above Ct = —fW =11 — M.

Theorem 7. The problem DT\ is equivalent to the integral equation of the second kind

%/‘(93) - /Z %:;y)u(y)dsy =g+(z), 7€, (23)

C™ ()

w(y) = g+ (y) — 7o uly), i.e. the solution u of the problem DT has the form
u(x) = —Wu(z), =€, (24)

where p € H'/?(X) is solution of integral equation (23). And vice versa if u is a solution of
equation (23) then function u given by (24) is a solution of the problem DT,.

Proof. Integral representation (24) follows from (6). By using boundary conditions and jump
relations (11) we get integral equation (23).

Let now function u is given by expression (24) where y € H'?(X) is a solution of (23).
Then function u satisfies Lu = 0 in ' and belongs to H'({), L). So far as p is a solution
of equation (23) then using the jump relations (11) we are convinced of fulfilment of the
boundary conditions (20) and (21). If z — co we can get conditions at infinity (22). O
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Theorem 8. Problem DT, has unique solution for arbitrary g, € HY/*(%).

Proof. Let us show that problem DT, with boundary condition vju = 0 has only trivial
solution. From the first Green formula (1) in 4 we get fQ+ |Vu|*dz = 0. Thus u(x) = const,
x €y and u=0in Q.

Using conditions at infinity (22) in 2_ we have

/Q \Vu(z)*dz = _L%u@)%u(y)dsy‘

Since u = 0 B Q2 then v, u =~ u =0 and u(x) = const, x € Q_. Hence u =0 in Q_.

For arbitrary function g, € H'/?(X) there exists function u which is a solution of the
problem D_. Then v;fu = f € H~Y?(¥) and < f,1 >= 0. From Theorem 6 it follows that
in Q_ there exists unique function u(z) which satisfies in 2 Laplace equation, boundary
condition 7; w = f and condition at infinity (22). It means that there exists unique function
uw € HY (Y, L) which is a solution of problem DT, . O

Theorem 9. Operator C*: HY?(X) — H'Y?(X) is an isomorphism, i.e. equation (23) has
an unique solution y € HY?(X) for arbitrary g, € H/*(X) and

HMHH1/2(2) < CH9+HH1/2(2), c>0.

Proof. Let oy be a solution of equation C*toy = 0. Then ug(x) = —Wop(z) is a solution
of the problem DT, with condition 7fug = 0 and 0y = —75 up. Thus u(z) = 0, z € Q,
¥ Uy = Y; up = 0 and from theorem 6 we obtain ug = 0 in Q_ or oq = 0.

Let us show that operator C* is surjective. For arbitrary g, € H'/ 2(X2) there exists
function u which is unique solution of the problem DT . From Theorem 7 it follows that

u(z) has unique representation u(x) = —W pu(z) where p is a solution of equation C*p = g,
So far as operator C*: HY?(¥) — H'Y2(X) is continuous we can get the continuity of the
inverse operator (C*)~1. O

So far as restriction of the function u(z) which is a solution of the problem DT, on
domain €2, is a solution of the problem D, we have the following corollary.

Corollary 6. We can present solution of the problem D, in the form (24) where i € H'/?(%)
is unique solution of the equation (23).

Problem D_ when in condition at infinity (4) @ = 0 is connected with the following

problem.
Problem DT_: find function u € H'(€), L) which satisfies Laplace equation (3) in €,
Dirichlet boundary condition in §2_

u=g € M), (25)
boundary condition of transmission type (21) on ¥ and condition at infinity (5).

Theorem 10. The problem DT is equivalent to the integral equation of the second kind

- _ 1 9Q(z,y
Cple) = 5 Wilo) = guto) + [ FEED s, = g @) 4o vER (20)
2 ) any
w(y) = v u(y) — g_(y), i.e. solution u of the problem DT_ has representation
u(z) = —Wu(z) +c., z€, (27)

where p(y) is solution of integral equation (26). And vice versa function u(x) given by (27)
where u(y) is solution of equation (26) is solution of the problem DT .
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The proof is similar to the proof of Theorem 7.

Theorem 11. There exists function w(xz) which is a solution of the problem DT_ with
boundary condition vy, u = 0. We have u =0 in Q)_, u = const in 2, and c, = 0.

Proof. 1f 45 u = 0 and u(x) satisfies condition at infinity (5) then u(z) = 0in Q_ and ¢, =0

(Theorem 1). Consequently ~;u = v; u = 0. Thus u = const in €2, . O

From Theorems 10 and 11 it follows existence of the function ug(z) = —Wpe(z), x € ',

where 19 = g uop = const is a solution of homogenous integral equation of the second order
C™ po(x) / Qxy o(y)ds, =0, ze€X.

Function wug(z) is a Solutlon of problem DT_ with boundary condition 7,1y = 0 and
ce = 0.

Let us consider function ug(z) = —W po(z) where po(y) = 1, y € X. Then uo( )=01in
Q_ and up(z) = 1 in Q2. From the jump relations (11) we obtaln Mpo(y) = 3 (v Wao(y) +

70_W,u0(y>> - 27 (NS 2.
Let us note that Wy where pp = 1 is well known Gauss integral.

Theorem 12. Problem DT_ has not unique solution for arbitrary function g_ € H/?(%).
Constant ¢, = (11, g_)/(m, 1), where 11 is a solution of equation Kqm =1, d # dy.

Proof. Let g € H'Y?(X). From Theorem 2 we get existence of the function u(z) which is
a unique solution of the problem D_ which satisfies condition at infinity (5), 7, u = g and
¢ = (m,9-)/(m,1). If we apply the first Green formula in the domain B introduced in
Theorem 1 for functions u(z) and v(x) =1, = € Q_, we have
(yyu,1) = / 8u(y)d8y — 0, R — o0,
Sk 8ny

since u(z) satisfies condition at infinity (5). Let us consider functional f = v, u € H~/2(X),
< f,1 >= 0. From Theorem 5 it follows that in €2, there exists unique up to a constant
function u(x) which satisfies in €2, Laplace equation and boundary condition v;"u = f. Hence
there exists (not unique) function u € H'(£2’) which is a solution of problem DT. O

From the above assertions it follows that solution of the problem DT has the next
integral representation u(x) = —Wp(z) + ¢, x € Q.

Here (1 is a solution of equation C~pp = —g_ + ¢, and ¢, = (11, 9-)/(m, 1), where 7y is a
solution of equation K ;1 =1 and po = 1.

Let us denote X = {g € H'/?(X): (r1,g) = 0} and as we have denoted above ) = {u €

HVA(S): (1) 1ycs) = O},
Theorem 13. Operator C~: Y — X is an isomorphism.

Proof. From Theorems 10 and 12 it follows that equation C~u = g_ — c¢., where ¢, =
(11,9-)/(m1,1), has solution for arbitrary g_ € HY?(X). If g_ € X, i.e. (r1,g_) = 0, then
equation C~y = g_ has solution. Thus operator C~: H'/2(X) — X is surjective.

Let (14,1),m) = 0 and C~p = 0. Then function u = =Wy + ¢, is a solution of the
problem DT with g_(x) = f, x € ¥ and ¢, = 3, § = const. From Theorem 2 it follows
that u(z) = 8, * € Q_. Since 7fu = vy u = 0 then u(xr) = a = const, x € Q. So far
as p=gu— L0 =a—F and (u,1) 1, = (@ — B,1)1,x) = 0 we have a = § and p = 0.
Thus operator C'~: Y — X is injective. Contmulty of the operator C'~ completes the proof
of theorem. O
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Now we consider boundary value problem D_ when we represent its solution as a double
layer potential. In this case solution u of the problem D_ satisfies the condition at infinity
(5). Using idea from [10] we have the following theorem.

Theorem 14. We can present solution of the problem D_ with condition at infinity (5) in

the form
ulw) =~ [ W.Y) yds, + [ s, (28)

any n

where function p is unique solution of the following integral equation for arbitrary g €
Hl/Q(E)

Cruta) = guto)+ [ (P52 1) uiohds, = —g-(0). wex (2

Proof. 1f u is solution of the problem DT then w = —Wpyu + ¢, where u = o + cypg is
solution of equation C~u = —g_ + ¢,, o is unique solution of equation C~0 = —g_ + c,,
(0, D)oy =0, ¢ = (11,9-)/(11,1), C" o = 0, po(x) = 1,2 € 3, 7 is a solution of equation
Ky = 1, d # dy and ¢, is an arbitrary constant. For arbitrary g_ € H'/?(X) we have
(11,—g- + ¢y =0.

Let u(x) is a solution of the problem DT_. Then the solution of the problem D_ is a
restriction of the function u(z) on Q_ and has representation w = —Wpy + ¢,. Then Cy pu =
Cu—(p, 1)y = —g—+co— (11, 1) 1y (x)- If we take ¢; = c,/|X| where |X| = (p10, 1) 1,(x) then
¢« = (i1, 1)1,(x) and solution u of the problem D_ has form u = —Wpu + (pt,1),(x) where

=0+ <<T:1 ’19>|’E>‘ tto is unique solution of the equation (29) for arbitrary g_ € HY?(%). O

If we take to attention the continuity of the operator C;: HY/%(X) — HY%(X) as
a consequence we have the following theorem.

Theorem 15. Operator C; : HY?(¥) — H'Y?(X) is an isomorphism. Equation (29) has
unique solution y € HY?(X) for arbitrary function g_ € H'?(X) and

lellrremy < Cllg-llmew), € >0.

Different types of equations in Hilbert spaces which have not unique solutions were consi-
dered in [12].

6. Neumann boundary value problems of transmission type. Let us consider the
interior NV, and exterior N_ Neumann problems when we present their solutions using
potential of the simple layer.

Problem NT.: find function u € H'({', L) which satisfies Laplace equation (3) in
Neumann boundary condition (15) v;/u = f, € H~'/2(X), boundary condition of transmi-
ssion type on X

Yo u =Y u (30)
and condition at infinity (22).

Theorem 16. Problem NT is equivalent to equation of the second kind

1
Bfr = §T+N7'Zf+, (31)
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where T = f. — v, u with condition (1,1) = 0, i.e. the solution u of the problem NT, has
the form
u(x) =Vr(z), xe, (32)

where T is a solution of equation (31) with condition (7,1) = 0. And vice versa if T is a solution
of equation (31) with condition (t,1) = 0 then function u given by (32) is a solution of the
problem NT .

Proof. 1f solution of the problem NT exists from integral representation u(x) = V7 (z) —
Wu(z), v € . where 7 = [y1]u, p = []u it follows that u(z) = Vr(x), z € . Here
T = fy — v uw and (7,1) = 0. From the boundary conditions and jump relations (11) we
obtain equation (31).

Let now function u be given by (32) where 7 € H~'/2(X) is a solution of equation (31).
Then function v € H'({)) and satisfies Laplace equation Lu = 0 in . So far as 7 is
a solution of equation (31) then from the jump relations (11) we have boundary conditions
yiu = fy and 4 u = 7, u. If we tend x — oo we obtain conditions at infinity (22). O

Theorem 17. Problem NT, with boundary condition v{u = 0 has only trivial solution.

Proof. From the first Green formula (1) in Q. we get [, [Vu|*dz = 0. Thus u(z) = const,
r € ., and the solution of the problem NT, with boundary condition v; v = 0 has the
following integral representation: u(x) = ¢V (x), x € Q. Here ¢ is an arbitrary constant,

71 = —v; w and 77 is a solution of equation K;m; = 1. If we take to attention condition at
infinity (22) then ¢(r;,1) = 0 or ¢ = 0 and we have u(z) = 0 in R O

Theorem 18. Problem NT, has unique solution for functional f, € H~/2(3) with condi-
tion {f,,1) = 0.

Proof. From Theorem 5 it follows that there exists solution u(z) = v(x) + ¢, z € Q, of the
problem N, , where v{'v = f,, (f,,1) = 0 and c is an arbitrary constant. We can choose this
constant in such a manner that yfu = g € HY/2(X) and (71, g) = 0, where 7, is a solution
of equation Kym; = 1. From Corollary 3 it follows that we can present u(z), x € Q, as
u(z) = Vr(z), where 7 is unique solution of equation K7 = ¢ and satisfies (7, 1) = 0. Then
function u(x) = Vr(x), x € €, is unique solution of the problem NT,. ]

We denoted above Z = {f € H~'/2(X): (f,1) = 0}. As a consequence of Theorems 16,
17 and 18 we have the following assertion.

Theorem 19. Operator BY: Z — Z is an isomorphism, i.e. equation B™T = f, has unique
solution which satisfies condition (7,1) = 0 for functional f, € H~'/?(X) with condition
(f+,1) = 0. Homogeneous equation BY1 = 0 has solution 71 where Kym = 1.

Let us consider equation
1
BTUE§J+NJ+<J,1>ZQ. (33)

Here (0, 1) is a function that equals (o, 1) on X.

Theorem 20. Operator B : H~'/%(X) — H~Y/2(%) is an isomorphism, i.e. equation (33)
has unique solution o € H~'/2(X) for arbitrary functional g € H=*/?(%) and
lollg-12¢) < Cllgllg-12¢sy, € > 0.
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Proof. Let g € H-Y2(X) and f = g — ¢,, where ¢, = (g,1)/|%], || is a length of . Then
(f,1) = 0. Let now 7 be unique solution of equation B*T = f, (1,1) =0 and 0 = 7 + ¢y
where 71 is a solution of homogeneous equation BT, = 0 and ¢ is an arbitrary constant. If
we take ¢ = ¢, /(71,1) it’s easy to verify that o = 7+ c¢7 is a solution of equation B; o = g.
Thus operator By is surjective.

Now we show injectivity of B;, i.e. homogeneous equation Bf'7 = 0 has only trivial
solution. Let 7y be a solution of Bf1g = 0. Then B*ry = (79,1). We consider function
ug = V'1p. It’s obviously that i ug = (79, 1) = const. Inasmuch (v; ug, 1) = 0 then (75,1) =0
and Bt1y = 0. It means that 75 = 0.

Continuity of operator By : H~'/2(X) — H~'/2(X) is obvious. O

The solution of the problem NT, we search in the form v = V7 where 7 = 0 — 11 and o
is a solution of equation B'o = fi + (71, 1). Since BTr; = 0 we have BY7 = B o — (0,1) =
f+—(7,1). So far as (B¥7,1) =0 for 7 € H~'/2(X) and (f,,1) = 0 we obtain B*7 = f, or
yiu=fy and (1,1) = 0.

As a consequence we have the following theorem.

Theorem 21. We can present solution of the problem N, in the form uw = V1 + ¢ where ¢
is an arbitrary constant and T = o — 7,. Here o is a solution of equation Bj o = f, + (11, 1),
Kqm =1, and (1,1) = 0.

If g € Ly(X) equation Bj o = g we have in the next integral form

%”(x) +/E (% + 1) a(y)ds, = g(x), x €.

Problem NT_: find function u € H'(Y, L) which satisfies Laplace equation (3) in 2,
Neumann boundary condition (16), boundary condition of transmission type (30) on %
Yo u = 7, v and condition at infinity (4) where a = —(f_,1) and c,, = 0.

Theorem 22. Problem NT_ is equivalent to equation of the second kind
_ 1
B TE—§T+NT:f_, (34)

where B~1 =~ V1, 7 =~ 'u — f_, i.e. the solution u of the problem NT_ has the form
u(x) =Vr(z), xe€, (35)

where T is a solution of equation (34). And vice versa if T is a solution of equation (34) then
function u given by (35) is a solution of the problem NT_.

Proof we can get in the same way as for Theorem 16.
Theorem 23. Problem NT_ has unique solution for arbitrary functional f_ € H~'/?(%).

Proof. For arbitrary functional f_ € H~'/2(X) there exists unique solution u of the problem
N_ and in condition at infinity (4) o = —(f_,1) (theorem 6). Analogously for function
g="7u=",u€ HY?(X) there exists unique solution of the problem D, . O

From Theorems 22 and 23 we can obtain the next conclusion.



76 Yu. M. SYBIL

Theorem 24. Operator B~: H~Y/?(X) — H~'/2(X) is an isomorphism, i.e. equation B~ =
f— has unique solution 7 € H~/%(X) for arbitrary functional f_ € H~'/?(%) and

HTHH*UZ(E) < CHf;”Hfl/Q(Z),
where ¢ > 0 Is some constant.

As a consequence we have the following corollary

Corollary 7. Problem N_ has unique solution for arbitrary functional f_ € H=Y/?(X). We
can represent this solution in the form u(z) = V7 (x), x € Q_, where 7 is a unique solution
of equation BT = f_.
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