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Let b € C™ \ {0} be a fixed direction. We consider slice holomorphic functions of several
complex variables in the unit ball, i.e. we study functions which are analytic in intersection of
every slice {2 +tb : t € C} with the unit ball B" = {z € C": |z] .= /|z|[f + ...+ |z.|> < 1}
for any z° € B"™. For this class of functions there is considered the concept of boundedness of
L-index in the direction b, where L : B® — R, is a positive continuous function such that
L(z) > ﬁlljz‘l and B > 1 is some constant. There are presented sufficient conditions that the
sum of slice holomorphic functions of bounded L-index in direction belong this class. This class
of slice holomorphic functions is closed under the operation of multiplication.

1. Introduction. Here we continue our investigations initialized in [1,2]. There was intro-
duced a concept of L-index boundedness in direction for slice analytic functions of several
complex variables and obtained many criteria of L-index boundedness in direction. Here we
present some applications of these criteria to deduce sufficient conditions providing that sum,
product of slice analytic functions is a function of bounded L-index in direction.

We consider a general problem. At this point, we should point to our article, in which
we write about this as Prof. S.Yu. Favorov’s problem [4].

Problem 1. Is it possible to deduce main facts of theory of analytic functions having
bounded L-index in the direction b € B" \ {0} for functions which are holomorphic on
the slices {z" + tb : t € C} and are joint continuous?

Let us introduce some notations from [1]. Let R, = (0,4+00), RY = [0,+00), 0 =
0,...,0),1=(1,...,1), b = (by,...,b,) € C"\ {0} be a given direction, B" = {z €
C" : |z| < 1} be a unit ball, D = {z € C: |z| < 1} be a unit disc, L : B" — Ry be a
continuous function. For a given z € B", we denote S, = {t € C : z + tb € B"}. Clearly,
D = B'. The slice functions on S, for fixed z° € B" we will denote as g.o(t) = F(2°+tb) and

l[.o(t) = L(z° + tb) for t € S.. Besides, we denote by (a,c) = Y a;¢; the Hermitian inner
j=1
product in C", where a, c € C".
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Let Hp,(B") be a class of functions which are holomorphic on every slices {z0+tb : t € S,0}
for each 20 € B" and let Hp(B") be a class of functions from Hp(B") which are joint
continuous. The notation 0, F(2) stands for the derivative of the function g.(¢) at the point
0, i.c. for every p e N, OPF(z) = g% (0), where g.(t) = F(z + tb) is an analytic function of
complex variable t € S, for given z € B".

Together the hypothesis on joint continuity and the hypothesis on holomorphy in one
direction do not imply holomorphy in whole n-dimensional unit ball. There were presented
some examples to demonstrate it [1].

A function F € Hyp(B") is said [1] to be of bounded L-index in the direction b, if there
exists mgy € Zy such that for all m € Z, and each z € C" inequality

05 F(2)] |0 F(2)]
miLm(z) = o2, RIF(C2) (1)

is true. The least such integer number my, obeying (1), is called the L-index in the direction
b of the function F' and is denoted by Ny (F,L,B™). Forn =1, b =1, L(z) =1(z), z € C
inequality (1) defines a function of bounded [l-index with the l-index N(F,l) = Ny(F,[,C)
[11], and if in addition {(z) = 1, then we obtain a definition of index boundedness with
index N(F) = Ny(F,1,C) [12,13]. It is also worth to mention paper [18], which introduces
the concept of generalized index. It is quite close to the bounded [-index. Similarly, analytic
function F': B" — C is called a function of bounded L-index in a direction b € C™ \ {0}, if
it satisfies (1) for all z € B".

It should be noted that the function L, in addition to the properties of positivity and
continuity, must also have the property of some regularity of behavior. Thus, we assume
the following additional restrictions on the function L (see also, for example, [3-6,17]). For
z € B" we denote

L(z + t;b) n }
A = — Lt =t < .
b(1) e {L(z ¥ 1,b) [t —tof < min{L(z + t;b), L(z + t=b)}

The notation Qp(B™) stands for a class of positive continuous functions L : B" — R,
satisfying for every n € [0, 3]
Ab(1) < 400 (2)
and for all z € B"
B|b|
1— 2]’

L(z) >

(3)
where 5 > 1 is some constant.

2. Auxiliary propositions. In our investigations we need the following propositions obtai-
ned in [2]|. The next theorems describe local behavior of the slice holomorphic function in
the unit ball. They present necessary or sufficient conditions of boundedness of L-index in
direction for this class of functions.

Theorem 1 ([2]). Let L € Qp(B"). A function F € Hy(B") has bounded L-index in a
direction b € C*\ {0} if and only if for any ry and any ro with 0 < ry < ro < /3, there exists
number P, = Py(ry,m3) > 1 such that for each z° € B"

max {|F(z° 4+ tb)| : |t|=r2/L(z°)} < Pimax {|F(2°+tb)| : |t|=7r1/L(z0)}. (4)
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Also we will use an analog of logarithmic criterion for function from the class ’;qb(]B%”).
As necessary conditions the criterion was obtained by G. H. Fricke [9,10] for entire functions
of one complex variable having bounded index.

Denote

G.(F):=Gy(F):= ] {z+tb:Jt| <r/L(z)}.
z€B™: F(z)=0
By n.o(r) = ny(r,2°,1/F) == Z|ag|gr 1 we denote counting function of zeros a? for the
slice function F'(2°+tb) in the disc {t € C: |t| < r} for given 2° € B". If for given 2° € B" and
forallt € S,: F(z°+tb) =0, then we put n,o(r) = —1. Denote n(r) = sup,cg. n,(r/L(z2)).

Theorem 2 ([2]). Let F € Hyp(B"), L € Qu(B"). If the function F has bounded L-index in
the direction b, then

1) for every r € (0, 3] there exists P = P(r) > 0 that for each z € B"\GP(F)
‘&DF (2)
(2)

7 < PL(2); (5)

2) for everyr € (0, 3] there exists ni(r) € Z, such that for each z° € B" with F(2:°+tb) #Z 0

ny, (r/L(2°),2°,1/F) < n(r).

Theorem 3 (2]). Let L € Qp(B"), F € Hp(B"), B"\GB(F) # @. If the following conditions
are satisfied
1) there exists r1 € (0, 3/2) (either there exists r1 € [3/2, 8) and (Vz € B") : L(z) > 22
such that n(ry) € [—1;00);
2) there exist ry € (0,3), P > 0 such that 2ry-n(ry) < r1/\p(r1) and for all z € B"\G,,(F)
inequality (5) is true;
then the function F' has bounded L-index in the direction b.

3. Product of functions of bounded L-index in direction. Now we consider an appli-
cation of Theorems 2 and 3. The following proposition can be obtained using similar consi-
derations as in the case of analytic in the unit ball functions of bounded L-index in directi-
on [§].

Proposition 1. Let L € Qp(B"), F' € Hy,(B") be a function of bounded L-index in the
direction b, ® € Hy,(B") and V(z) = F(z)®(z). The function V(z) is of bounded L-index in
the direction b if and only if the function ®(z) is of bounded L-index in the direction b.

Proof. Our proof is similar to proof for analytic in the unit ball functions in [8] but now
we use Theorem 2, deduced for functions holomorphic on the slices in the unit ball. Since
an analytic function F(z) has bounded L-index in the direction b, by Theorem 2 for every
r € (0,/) there exists n1(r) € Zy such that for all 2° € B", satisfying F(2° + tb) # 0, the

estimate n (ﬁ, 20, %) < n(r) holds. Hence,

(o) =0 (s g) <0 (g 5) +70)
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Thus, condition 2 of Theorem 2 either holds or does not hold for functions ¥(z) and ®(z)
simultaneously. If ®(z) has bounded L-index in the direction b, then for every r € (0, §) there

exist numbers Pp(r) > 0 and Py (r) > 0 such that abli()) < P(r)L(z), ‘%T()) < Py(r)L(2)
for each z € (B"\GP(F))n (B"\Gb( ). Since B\ GP(¥) C (B"\GP(F))N(B"\GP(®)) and
83,%’5) 8}155) + abq> , for all z € B™\ GP(¥) we have ‘83,\?2(;)‘ < (Pp(r)+ Ps(r))L(2).
Hence, by Theorem 3, the function W(z) is of bounded L-index in the direction b.

On the contrary, let ¥(z) be of bounded L-index in the direction b, r € (0, 8). At first,
we show that for every 2° € B"\GP(F) and for every d* = 20 + db, where d} are zeros

of function ®(z° + tb), we have |20 — d*| > % On the other hand, let there exist

20 € B"\GP(®) and d* = 2° + dVb such that |2° — d¥| < # Then by the definition of

Ab, we have the next estimate L(@*) < Ap(r)L(z°), and hence |2° — d*| = |b| - |d?| < %

ie |d) < si(a but it contradicts 20 € B"\GP (D).
We consider K = {Z +th: i < W} It does not contain zeros of ®(2° + tb),
but it may contain zeros ¢ = 2° + ¢{b of the function (2" + tb). Since W(2) is of

bounded L-index in the direction b, by Theorem 2 the set K, contains at most n; =
n (ﬁ(r)) zeros ) of the function W(z° + tb). For all ¢} € K, using the definition of

Qw(B™), we obtain the following inequality L(z° 4+ ?b) > ﬁ L(2%). Thus, every set

b{Xp ™

my = {20 R m} with r, = 4(ﬁ1+1)Ab(: Yo is contained in the set
b T

sV = {zo +th:|t—d)| < %}. The total sum of diameters of these sets does not

exceed

2n171 A (/\br(r)) _ r . n _ r
L(2Y) 2Mp(r)L(2°) (1 + 1) 2>\b(7’)L(zo)'

Therefore, there exists r* € (O ) such that if |¢t| = , then 2% + tb ¢ GP (¥), and

) ()
therefore 2° + tb ¢ G? (F). By Theorem 2, for all these pomts 2% 4+ tb we obtain

Op®(2° +tb) V(2" + tb) ‘ O F (2° + tb)

’ < (P + Pi)L(2° + tb), (6)

G20 +tb) | = | V(20 +tb) F(29 +tb)
where Pj and P} depend only on rq, i.e. only of r. Since the function a%?é)z ) ig analytic in
Op®(20+1b)

Ky, applying the maximum modulus principle to the function “o0tm) A a function of
variable ¢, we obtain that the modulus of this function at the point t = 0 does not exceed

the maximum modulus of this function on the circle {t eC: |t = )} It means that

obtained inequality (6) also holds for z° instead z° + tb.

Thus, for arbitrary r € (0,3) and 2° € B"\GP(F) we have proved the first condition
of Theorem 3. Above we have already shown that the second condition of Theorem 3 is
also true. Hence, by the mentioned theorem, the function ®(z) has bounded L-index in the
direction b. O

4. Sum of functions of bounded L-index in direction. Above we wrote that the product
of analytic in the unit ball functions of bounded L-index in a direction is a function from the
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same class ( [8]). But the class of analytic functions of bounded index is not closed under the
addition. The corresponding example was constructed by W. Pugh (see [15,17]) in the case
of entire function of single variable. A generalization of Pugh’s example for entire functions
of bounded L-index in direction is proposed in [7].

Let us consider an intersection of the hyperplane (z,b) = 0 with the unit ball. The
intersection we denote by A = {z € B" : (z,b) = 0}, where (2,b) := "7 | 2;b;. Obviously
that J,oc 4 {2° + b : [t] < 15221} = B,

Let 2° € A be a given point. If F(2°+tb) # 0 as a function of variable ¢ € C, then there
exists ty € S,o such that F(2° + tob) # 0. We denote

, &4 1—|2° + bt|
B2’ t) =<t Cltg —t F(2° +tb
(2°,1) {OGSZO |to |<mm{2L(zo—|—tb)’ ob L F(2"+tb) #07,

B(z")= | BE").

[t|<(1—[z0])/|b]

Theorem 4. Let L : B" — R, be a positive continuous function satisfying (3) with 3 > 3,
the functions F, G € Hy(B") satisfy the following conditions:

1) G(z) has bounded L-index in the direction b € C" \ {0} with Ny (G, L,B") = N < +o0;
2) there exists « € (0,1) such that for all z € B" and p > N+ 1 (p € N)

PGz oEG(2

3) for every z = 2° +tb € B™ with 2° € A and some ty € B(2°,t) with r = |t — to|L(2° + tb)
the inequality

k(50
max{]F(zO+t’b)|: \t’—tolzz—r}ﬁmax{mbc;(z +tb)|: ngSN}; (8)

L(z° + tb) E!L*(20 + tb)
is valid;

4) either (Ic > 0)(V2° € A)(Vt € S.0) (Fty € B(2°,t) obeying (8) and if |t—to|L(2°+tb) < 1),
then

2
max{|F(zO + )| | —to] =

m}/lF(zo‘i‘tob)’ < ¢ < 400,

or for L € Q,(B") (e > 0)(V2° € A) (3ty € B(2°)) such that (8) is true and

max {|F(20 + )] = [t~ to] = 22u(1) >}/|F(zo+t0b)]§c<+oo, (9)

L(ZO —f- tob

where 3 > 2A\p(1).
Then for every ¢ € C, |e| < 12, the function

H(z) = G(2) +cF(z) (10)

has bounded L-index in the direction b and Ny(H, L,B™) < N.
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Proof. We repeat our arguments from [8] where this theorem is proved for functions analytic
in the unit ball. We write Cauchy’s formula for the slice holomorphic function F(2° 4 tb) as
analytic function of one complex variable ¢
R F(2° + tb) 1 / F(2° +t'b)
1 —t]=

dt'. (11)

p! T 2mi (t' —t)ptt

__r
L(z0+tb)

For the chosen r = |t — to|L(2° + tb) we deduce e = 1P~ t| > |t —to| — |t — to| =

|t — to| — Iy Hence,
2r
t—ty < ——=. 12
| ol < L(z° + tb) (12)
Equality (11) yields
|OLF(2° + tb)| 1 LPHY +tb) 277 "
p!LP(20 +tb) — 2wLP(z0 + tb) rptl L(z° + tb)
r
F*+tb)|: [t/ —t|=———m= ¢ <
xmax{\ (2" +t'b)| -] | L(zo—i—tb)} <
<L max d P044b)| : [t —to] = —2 (13)
— max =t =———>.
= O L(20+1b)
If r = |t —to|L(2° + tb) > 1, then (13) yields
OB F (2" + th)| 0y / 2r
< F tb)|: |t —ty| = ——< ¢ . 14
PLr(0 1 ab) = [FE IR =tol = g (14)

Let r = |t — to|L(2° + tb) € (0;1]. Setting » = 1 in (11) and (12), we analogously deduce

|0 F (2° + tb)| 0 , 2
< F(O4+tb): [t —ty| = —— b =
PLr(0 1 ab) = e [FE ) = tol = g
max{yF(zo b)) | —t0|:2+} )
= LED) max{|F(z0+t'b)|:|t’—t0|:0—r}§
max{|F(z°+t’b)| : |t’—t0|:%} L(2° + tb)
max{|F(zO D) < [t — to| = %}
(20+tb) 0 , , 2r
< F tb): [t —ty] = —— 7 <
= |F(20 + tob))] max{' (7 +Eb)]: |7 =1l L(zo+tb)}—
2r
< F(2*+tb)|: |t —ty| = ————~ 15
< cmax {|FGS 4 ¢B)]: I =t = s (15)
where
max{|F(z°—|—t’b)]: [t — 1o ZM}
c= sup >1

20€A,Jt|<(1-]20])/Ib] |F(20 + tob)] -
and ty = to(z,t) € B(z",t) is chosen in (8) and |[to—t| < 1/L(2°+tb). From |t —to| = m
one has |t'| < |to| + m < |t| + m. Therefore, 3 > 3.
If L € Qp(B"), then Sup{L(zoJ“tOb) Dt —to] < L(;} < Mp(1). This means that

L(z0+tb) 29+tb)
L(z° +tb) > L(iﬁ;b). Using this inequality, we choose in (15)
max { [P+ )|« |t~ to] = 7205 |
c:= sup >1

20€A |F(2° + tOb)‘ n
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with ¢y chosen in (8). Taking into account (14) and (15), one has

|OLF(2° + tb)|
plLr(20 4 tb)

2r
0 . _
< cmax{]F(z +t'b)|: |t —to] = M} (16)

for allm € NU{0}, r >0, 2° € A, t € S,0.
We differentiate (10) p times, p > N + 1, and apply (7), (16) and (8)

4 0 4 0 4 0 k 0
|0y H (2" +tb)| < |OVG (2" +tb)|  |e||OvF(z°+tb)] < N OhG (2" +tb)] 0<h<nNli
plLP(20+tb) — p!LP(z0+tb) plLP(z0+tb) K\LF(204tb)
2r
0 . —
|0EG (2" +tb)|

If s < N, then (16) is valid for p = s, but (7) does not hold. Thus, the differentiation of
(10) leads to the following estimate

|05 H(2° + tb)] - 105G (2° +tb)|  [el|G5F(2° +tb)|
sILs(29+tb) = s!L*(20 +tb) slLs(29+th)  —

105G (2° + tb)| 0 , 2r
— F tb)|: |t —tg| = —————= 18
- S!LS<ZO + tb) C|€‘ max ’ (Z + )| | 0‘ L(ZO _|_ tb) ) ( )

where 0 < s < N. From (8) and (18) we deduce

|05 H(2° + tb)] 05G(2° 4 tb)]
> —
orii?}z{v{ EETS N A e A T e (19)
If cle] < 1, then (17) and (19) imply
|OF H(2° + tb))| ot clel |05 H(2° + tb)| (20)
plLP(20 4+ tb) — 1 —cle| 0<s<n | s!L5(20 + tb)

for p > N + 1. Assume that Tf—jj < 1. Hence, || < 1;—5‘

Let Ny (F, L, 2° + tb) be the L-index in the direction b of the function F at the point
20+ tb, i.e. Ny(F, L, 2" +tb) is the smallest number my, for which inequality (1) holds with
z=2"+1tb.

For |e| < 12 validity of (20) means that for all 2° € A and every ¢ € S,o such that
F(2° + tb) # 0 the L-index in the direction b at the point z° + tb does not exceed N, i.e.,
Ny(F, L,2° + tb) < N.

If for some 2° € A F(2° +tb) =0, one has H(2° +tb) = G(2° +tb) and Ny(F, L, 2° +
tb) = Np(G, L,z° + tb) < N. Thus, H(z) has bounded L-index in the direction b with
Nyo(H,L,B") < N. 0

Every slice holomorphic function F' € ﬁb(B”) with Ny (F, L,B") = 0 satisfies inequality
(9) (see proof of necessity in |2, Theorem 2|).

If L € Qp(B"), then condition 2) in Theorem 4 always holds. The following theorem is
valid.
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Theorem 5. Let L € Qu(B"), a € (1/8,1) and F, G € Hy(B"), which satisfy condition:
1) G(z) has bounded L-index in the direction b € C" \ {0};
2) for every z = 2 +1tb € B", where 2° € A, and some ty € B(z°,t), andr = |t —to|L(2°+tb)

2r |OEG(2° + tb)]
I 0 ! . I _ < b .
Hax {' (7 + b)) : | = tol L(z° +tb) } _ogngE(lgf,La,Bn) { K\LF(20 +tb) |~

22k (1
{0+ 0B)] ¢t to] = 7280 )

3 =
J o= sup T+ t5D)|

If|e| < 12, then the function H(z) = G(z)+¢F(z) has bounded L-index in the direction
b with Ny,(H, L,B") < Ny(Ga, Lo, B™), where G,(2) = G(z/a), Lo(2) = L(z/a).

< oo where t is chosen in 2).

Proof. Condition 2) in Theorem 4 always holds for N = Ny(G,, Ly) instead N = Ny, (G, L).
Indeed, by Theorem 1, inequality (4) is satisfied for the function G. Substituting %, é and
L instead 2°, t and o in (4) we obtain

max{'G“Zo Fb)fe)l:ft = tol = 7 ffom/a)} =
< P max {|G((z0 +tb)/a)]: It~ to] = 7 fzb)/a)} . (21)

By Theorem 1, inequality (21) means that G, = G(z/«a) has bounded L,-index in the
direction b and vice versa. Then for p > Ny(G,, Ly) +1 and o € (1/5,1)

BO)_ IRO (0]
plLa(z)  plarLlr(z/a) — sILg (%)

_ {S!&sLs(z/Q). 0< ng(Ga,La)}.

: 0<s< Nb(Ga,La)} =

Multiplying by o”, we deduce

G ¢ 2 NRG)

L 0<s< Nb(Ga,LQ)} <

plLP(z/a) — sIL3(z /)
105G (2/ )|
< ———: 0<s<L .
< amax{ Lo (Ja) 0<s< Np(Ga, L) (22)
Since z is arbitrary, inequality (22) yields (7). O
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