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We study the sharp bound for the third Hankel determinant for the inverse function f,
when it belongs to of the class of starlike functions with respect to symmetric points.

Let S¥ be the class of starlike functions with respect to symmetric points. We prove the
following statements (Theorem): If f € SF then

|Hs 1 (f7h)] <1,

and the result is sharp for f(z) = z/(1 — 2?).

1. Introduction. Let A be the family of all analytic normalized mappings f of the form
+oo

f(z) = Zatz”, a; =1,
n=1
in the open unit disc D = {z € C: |z|] < 1} and S is the subfamily of A, possessing univalent
(schlicht) mappings. Pommerenke [9] characterized the r**-Hankel determinant of order n,

for f withr, n € N={1,2,3,...} , namely

G, Qpy1 - Qpyr—1
An+1 Apyo 0 Appr
Upir—1 OGpiyr " Opg2r—2

In recent years, research on the estimation of an upper bound of the second and third order
Hankel determinant is investigated by many authors. Particularly, the problem of estimating
H;1(f) is technically much more difficult |2, 4, 6, 7, 11, 14, 16|, and only few sharp bounds
have been obtained.

The class of starlike functions with respect to symmetric points is introduced by Sakaguchi
[12] and is denoted as S¥. These functions satisfy the analytic condition

2:f(2) )
=) R 2
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Recently, when f € 8, Virendra et al. [15] estimated bounds for the third Hankel determi-
nant, namely Hj,(f) obtained for r = 3,n =1 1in (1).
For f € S its inverse function f~! is given by

fw) =0t D s el <o) (m(h = 3)

Ali [1] determined sharp bounds on the first four coefficients and sharp estimate for
the Fekete-Szeg6 coeflicient functional of the inverse functions which belong to the class of
strongly starlike functions denoted by S§*(«) defined as |arg (2 f'(2)/f(2))| < ma/2, (0 <
« < 1). Recently, Sim et al. [14] obtained sharp bound of |Hyo(f 1) for the class of strongly
Ozaki functions denoted by F,(\) is defined as

Re{l+ (2f"(2)/f(z)} < (1=20) /2 (1/2< A< 1),

Motivated by the results obtained by the authors mentioned above, in this paper we
are making an attempt to estimate sharp bound for the third Hankel determinant namely
|Hs1(f~1)], when f belongs to the class of S¥.

Let P be a class of all functions p having a positive real part in D:

p(z) =1+ Z 2" (3)

Every such a function is called the Carathéodory function. In view of (2) and (3), the coeffi-
cients of functions in &} have suitable representation expressed by coefficients of functions
in P. Hence, to estimate the upper bound of |Hz;(f™")|, we build our computation on the
well known formulas on coefficients ¢y (see |9, p. 166] ), ¢3 (see [8]) and ¢4 can be found
in [11].

The foundation for proof of our main result are the following lemmas and we adopt some
ideas from Libera and Zlotkiewicz [§].

Lemma 1 ([5]). If p € P, then |¢; — pc;ci—j| < 2, satisfies for the values i,j € N, with i > j
and p € [0, 1], which is same as |c,, — pcpcy| < 2, for n,k € N, with p € [0, 1].

Lemma 2 (|9]). For p € P, then |¢;| < 2, for t € N, equality occurs for the function
1+2

= , € D.
1—2 &

Po

Lemma 3. If p € P, then

20 = A+, 4dcs = A+ 201tC — eyt + 2t (1 — |¢)2)m,
and

Rcy = c‘f + 30325( + (4 — 30%) tC? + c%tCS + 4t (1 — |C|2) (1 — |77|2) £+
4t (1= [¢) (e = e¢n = Cn)
where t := 4 — 2, for some (, n and £ such that |¢| <1, |n] <1 and [£| < 1.
2. Bound for inverse of S;. We now prove the main theorem of this paper.

Theorem. If f € S then
|Hs (f71)] <1,
and the result is sharp for f(z) = z/(1 — 2?).
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Proof. For f € &, there exists an analytic function p € P such that

2zf'(2)

" =p(z) = 2z2f'(2) = p(2) {f(2) = f(—2)}. 4
o = (=2 (2) (2) = p(2) {f(2) = f(=2)} (4)
Using the series representation for f and p in (4), a simple calculation gives
c c c1eo + 2c¢: 2+ 2c

agzé, agzg, a4:% and a5:28 1. (5)

Now from the definition (1), we have
w= () = 7)Y (T @) = w Dt > an(w Y tw”)
n=2 n=2 n=2 n=2

Upon simplification, we obtain

(tz + ag)wz -+ (tg —+ 2a2t2 + ag)w3 + (t4 + 2G2t3 + (lgt% + 3a3t2 + CL4)U}4
+(t5 + 2asty + 2astats + 3asts + 3azts + dasts + az)w’ + ... = 0. (6)

Equating the coefficients in powers of w from (6), after simplifying, we get

t2 = —Gg;tg = —as + 2a§,t4 = —ay4 + 5&2&3 — 5@%,
ts = —as + 6agay — 21a§a3 + 3a§ + 14@3.

From (5) in (7), upon simplification, we obtain

c 1 1
ty = —51, ts=5 (d—c), ta= 3= (—5¢1 +9crca — 2¢3) ®

ts = (70411 — 180%02 + 503 + 6c1c3 — 204) .

ool

Now, in view of (1) with » =3 and n = 1, we have

t=1 t, i
Hs:(fh) =] to t3 ta], 9)
t3 ty 5

Using the values of ¢;, (j € {2,3,4,5}) from (8) in (9), we obtain

1

=Gl (¢ — 6ciea + 13cics — 1265 + dercacs — A — 4Acjeq + 8cacy) (10)

Hsq(f7)
Substituting the values of ¢, ¢3 and ¢4 from Lemma 1.3 and taking into account that
t = (4 —c%) in (10), after simplifying, we get

4—c? /1 1 1
Hs (f7') = (6%1) (ZC%CQ + ZC%CA‘ +t1 (1= 1¢P) (4¢er — 4C%ar) n+
2

PP (1=l - (1= F) w2 0-1P) 0=l ce).
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Taking modulus on either side of the above expression, since [£| < 1, using || := z € [0, 1],
In| :=y €1[0,1] and ¢; :=c € [0,2] in (11), we obtain
F(c z,
1,77 < TE29), (12)
64
where F': R? — R is defined as
o (o’ ? At 1
F(c,z,y) = (4—02) <T+ (4— 5) x3+T+Z (1—95 ) (4(::1;—1—40952) y+
Fa) (1= 20 (1-0) (1) ) (13
Now we will maximize the function F' (¢, x,y) in the region €2 := [0,2] x [0, 1] x [0, 1].

A. On the vertices of €2, from (13), we have
F(0,0,0)=0, F(0,1,0)=F(0,1,1
F(2,0,0) = F(2,0,1) = F(
B. On the edges of Q from (13), we have
(a) F(0,0,y) = 16y* < 16 for y € (0,1).
(b) F(0,1,y) =64 for y € (0,1),
(c) F(0,2,0) = 32z + 322 < 64 for z € (0, 1),
(d) F(0,2,1) = 16+ 6423 — 162" for = € (0, 1), is an increasing function of z. Therefore,
F(0,2,1) < F(0,1,1) = 64.
(€) F(c,0,1) = (4 — ?)* < 16, for ¢ € (0,2),
(f)x—landy—l\/ x=1and y =0, then F(c,1,y) =4(4 —
(8) F(2,2,0) = F(2,2,1) = F(2,0,y) = F(2,1,y) = F (c,0,0)
z € (0,1)and y € (O, 1).
C. Considering the edges of €2, from (13), we get
(a) F(2,z,y) =0 for z € (0,1), y € (0,1).
(b) If 2 € (0,1), y € (0,1) then

F(0,z,y) = 16(42* + (1 — 2°)(1 + 2%)y* + 22(1 — 2%)(1 — ¢?)) = 322 + 322°+
+(16 — 32z + 322° — 163")y* = 322 + 322° + 16(1 — 2)*(1 + 2)y* := G (v, y)
for x € (0,1) and y € (0,1); G1(z,y) is an increasing function of y and hence
Gi(z,y) < Gi(z,1) = 16 + 642> — 162*,

then from B(d), we have F(0,x,y) < 64.

(c) F(c,0,y) =(4—c*)*? < (4—c*)? <16 for c € (0,2), y € (0,1).

(d) For the edge z = 1, we observe that F' (¢, 1,y) is independent of y, so it is same as
B(f), i.e

,1,1) =64, F(0,0,1) =16,
2,1,0) = F(2,1,1) = 0.

2)2 < 64,
0 for ¢ € (0,2),

C

F(e,1l,y) <64, ce€(0,2) and y € (0,1).
(e) For c € (0,2), z € (0,1)

QCQIQ C2 24
Fle,2,0) = (4— %) (——1—(4——) +—+2x(1—x2)):
4 2 4
2 3 4 2
—(4— 2{2 by (LT T 2}<4 {4 }
(4 — )% 22 + 22° + 1 2—|—4 A< (4—c2)? +64

(1040—(: +248(4 — ¢?)) < 64.
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(f) For c € (0,2), x € (0,1)

4
+ (1+2?) (1—:172)) =

2 3 4
:(4—02)2 (1+4$3—ZB4+C(QZ+332—333—.’E4)+C2 (%—x +x_)) —
2

2,.2 2 2,4
F(e,x,1) = (4—02)2 (ﬂ—l— (4—%) m3+£—|—3(1—x2) (dex + 4ex?) +

2 4
212 3 4 2 3 4 z a®
=(4-) (1+4a: — 42+ —x —x)+4<z—?+z))§
§(4—c2)2(1+2x+3x2—2x4)§16><4:64.

D. Now we consider the interior of region 2.
Differentiate F'(c,z,y) given in (13) partially with respect to y, we get

oF
0 16cx — 8¢’z + °x + 16ca® — 8c*2* + °x? — 16¢a® + 8cs® — P’ —
Y
—16cx* + 83z — Pa* + 32y — 16c%y + 2¢ty — 64ay + 32c%xy—
—4ctry + 6423y — 32723y + Actady — 322ty + 1672ty — 22ty
Since %—5 =0, only for y = —26(50_(11132 = yo and yo < 0 for z € (0,1), we conclude that

F(c,z,y) has no critical point in the interior of 2.
In review of cases A, B, C and D, we obtain

max {F(c,x,y) = 64: c€ 0,2,z €[0,1] and y € [0, 1]}. (14)

From expression (12) and (14), we get ‘Hgyl(f_1> < 1.
The result is sharp and equality is attained by the function

f(z) = fo(2) ==

z
-z 2P

which belongs to & having the coefficients a; = a4 = 0 and a3 = a5 = 1 from which, we
obtain t2 = t4 = 0, t3 = —1 and t4 = 2. ]
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