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In the article we deepen the metric component of theory of infinite As-continued fractions

= [0;a1, a2, ..., ap, ...] With a two-element alphabet Ay = {%,1}, a, € As, and

ot i
establish the normal property of numbers of the segment I = [%, 1] in terms of their As-
representations: © = [0; a1, ag, ..., @y, ...]. It is proved that almost all (in the sense of the Lebesgue

measure) numbers of segment I in their As-representations use each of the tuples of elements
of the alphabet of arbitrary length as consecutive digits of the representation infinitely many
times.

io: (2an—1)v,
We consider a function f defined by equality f(z = [0;a1,az,..., ap,...]) = er=t ,

where v; + vy + ... + v, + ... is a given absolutely convergent series. For function f, structural

and functional relationships are indicated as well as necessary and sufficient conditions for
,Ul(i]_)nfl

g1 UL € R) and monotonicity are found. In the case of

continuity (which are: v,, =

the continuity of the function f, we give the expression of its derivative and prove the singularity
(the equality of the derivative to zero almost everywhere in the sense of the Lebesgue measure)
using the above-mentioned normal property of numbers in terms of their As-representation.
The relation between this new strictly monotonic singular function and the classical strictly
increasing Minkowski question-mark function is indicated.

Introduction. A continuous function is called a singular function if it is not constant and
has a derivative which is equal to zero almost everywhere (in the sense of the Lebesgue
measure). More than a hundred years ago, the first examples of singular functions and
singular probability distributions were published. They appeared against the background
of different scientific interests, in various branches of mathematics (they are set theory and
the Cantor function [9], number theory and the Minkowski function [6,9], function theory
and the Sierpiriski function [16], the theory of infinite Bernoulli convolutions, and a cascade
of different functions). The newly created theory of Lebesgue measure (1902) became a
theoretical basis and a powerful tool of developing the theory of such functions. At the
same time, there is still no general theory of singular functions; individual theories have
been developing fragmentary for a long time. The first significant outbreak of interest in
singular probability distributions, their characteristic functions, the Fourier transform took
place in the 30-40s of the previous century [5,9]. The Jessen-Wintner theorem on the
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Lebesgue purity of the distribution of the sum with probability 1 of a convergent series
whose elements are independent discretely distributed random variables [4] was fundamental
in this regard. Many continuum classes of singular functions related to different encoding
systems (representations) of real numbers have been studied today [9]. Monotonic [15],
non-monotonic [13] and nowhere monotonic [11,14] are among them.

In 1911, H. Minkowski [6] gave an original definition of continuous strictly increasing
function in terms of Farey fractions and the operation “mediant sum of fractions”. This
function establishes a one-to-one correspondence between all quadratic irrationalities of the
segment [0; 1] and rational numbers of the same segment (this is the so-called “question-mark
function” 7(x)). In 1938, Denjoy [2] was the first to prove the singularity of the Minkowski
function. In 1943, Salem found an analytical representation of this function in terms of
elementary continued fractions:

2z = [051, a9, ..., @y, ...]) = 2179 —217@m02 gy (_q)ntiglaimazmean 4

a, € N, and gave own proof of singularity.
Today it is known that the Minkowski function is the unique continuous solution of the
system of two functional equations:

1

H77) = 5@, fU—2)=1- f(@).

The Minkowski function allows various generalizations. Since ?(z) is the distribution
function of the random variable & = [0; &1, &, ..., &k, -], the elements of the continued repre-
sentation of which are independent and identically distributed random variables taking the
values 1,2, ..., k, ... with probabilities p; = 27!, py = 272,...pr, = 27F, ... respectively, we
have one of the simplest generalizations of the Minkowski function by replacing probabilities
with pr = (1 — ¢)¢"1, where ¢ € (0;1). In the papers [1,10], a more general construction of
the random variable &, when the digits & are independent and not identically distributed,
was studied. As a result, another generalization of the Minkowski function was obtained.

In the article [12], a one-parameter generalization ¢, of the Minkowski function is con-
structed as a unique continuous solution of the system of functional equations

QDN(H_LJ;) =1- /Wu(@? L c (O7 1)
eu(l —z) =1—¢1_u(2),

The function ¢, is singular strictly increasing for each value y, moreover (p%(:c) =7(x).
This article is devoted to a new singular function defined in terms of non-elementary
continued fractions, the elements of which are the numbers % and 1.

1. Basic concepts and facts of the theory of continued A,-fractions. Let A = {0;1}
be an alphabet, L = A x A x ... be a space of sequences of elements of the alphabet (zeros
and ones); Ay = {3;1}, Lo = Ay x Ay X ...

It is known [3] that, for any = € [3;1], there exists a sequence (a;) € Ly such that

1
—————=[0ana. .. . ) (1)
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The infinite continued fraction (1) is called Ay-continued fraction (As-fraction), and its
symbo- lic notation [0; ay, ..., ag, ...] is called As-representation of number . There are num-
bers that have two As-representation, because [0; ay, ..., G, %, (%, D] =1[0;a1, ..., am, 1, (1, %)]
(here the parentheses mean the period). We say that these numbers are As-binary. The re-
maining numbers have a single A,-representation. We say that these numbers are As-unary.

The theory of As-continued fractions started in the work [3]. We will recall the key
concepts and facts of this theory, which we will use further.

Ag-representation is easily recoded by alphabet A, that is:
=l

T = [Ou Q1,A2,...,0K, ... a1ag...op...0

where oy, = 2a, — 1,k € N. It is called A-representation of number x.

Definition 1. A-cylinder of rank m with a base c;...c,, is a set
A A
Aclcz...cm - {I L= Aclcg.“cmﬂl...ﬁn.ﬂ (6'“) S L}

of all numbers = € [3;1] such that the first m digits of their representation are equal to

C1,Ca, ..., Cpyy TESpectively.
A _ AA A Srloq) — A
Clearl% Aq...cm - Ac1...cm0 U Acl~~~cml7 [5’ 1] — U U Aclmcm’
c1EA cm€EA

A

. is a segment with endpoints: Aé...cm(m) and Aqmcm(

1) A-cylinder AZ
is left or right if the number m is even or odd;

2) the length of the cylinder A2

10)> and endpoint

., is calculated by the formula

A B 1 1

2 )

A <
<Qm—1 + QW)(Qm—l + 2(]m) Am—1

cl...cm| -

where ¢, is a denominator of rank m of convergent of a continued As-fraction, i.e., the
denominator of a rational number, which is the value of the expression [0; ay, as, ..., an),

that is calculated by formulas ¢y = 1, ¢1 = a1, ¢ui1 = @ns19n + Gu_1, Where a,, = _C"; x
3) basic metric relation for A-representation of numbers is calculated by formulas:
A 1 dm—1
|Acl...cmc| _ +a qm L a= ¢+ 1’ (2)
AL o] 207+ 14 2a%2 2
in particular,
9m—1 dm—1
T P
|ACA1€m| 3 + 2q?]17;1 ’ |Aé41---cm 3 + 2%;7;1 7
where s P
|Acl...cm0| _ 2 + q_m =1 + 1_
A - m-1 gm—1 "
’Acl...cm1| 1 + qqml 1 + qQ'rnl

2. Normal properties of numbers in terms of their A-representation.

Definition 2. The property B of the A-representation of the number z € [3;1] is called
normal if the set Hp of numbers possessing the property is a set of complete Lebesgue
measure, i.e., A([5;1] \ Hp) = 0.
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Theorem 1. Let (cy, ..., ¢,) be an ordered set of zeros and ones. The set

Dy={z:x=A" Qp10ht2.-Qpip # C1.-Gp Vk € N}

a109...0p,...7

of all numbers of the segment [%, 1] whose A-representation does not contain the set c;...c,
as consecutive digits of the representation is of zero Lebesgue measure.

Proof. Remark that in cases where p = 1 or p = 2 and ¢; # ¢y the statement is obvious
because the set Dy is countable. We exclude these cases in the sequel.

Since
Dy C F={zr:x=A%} . ., where G 10kpr2 -0y 7 C1--Cp ¥k € N},
to prove the statement it is enough to prove that A(F) = 0.
Let Fy = [%7 1, Fp={z:z= Aﬁlman._., lop1 Okpt2--- Ot 1)p 7 C1--Cpy k= 1, m}.
It is obvious that F' C F,,.1 C F,, and F'= (] F,, = lim F,,. Then
m=1 m—0oQ

AMF) < AF,) Vme N and A(F) = lim A(F,).

m—o0

Since Fy = [1;1]\ A2 we have A(Fy) =1 — |A2 | >0.

C1...Cp? C1...Cp
If we give the Lebesgue measure of the set F}, in the form

1
M) = X)) M)~ AR M)
we obtain
' , 1 vr MER)
MF) = lim MF,) =5 11 NELL

Ly MEn) = MFn) 114 ME )
\F) =5 =5 [ ]
277],;_[1 )‘(Fm—l) 277],;[1 )‘(Fm—l)
Since ) N ) B
|Aa1...anc1...cp| _ |Aa1...anc1...cp| . ‘Aal...ancl...cp_l | . . ‘Aay-.anq ’
JAVI. AV I FAVS PPN 1A%, o]

from the basic metric relation for As-continued fractions and its corollaries it follows that
there exist two positive constants dy, ds, d; < ds, such that

| gl Qp...« e Ci...C |
0<d < C T TR PO T < dy < 1.
A
|Aoc1...ap...akp+1...a(k+1)p|
Hence, /\’(\g’fi) > 1—dy > 0; and then )~ | A’(\g’fi) = oo. Taking into account the
connection of divergence of infinite products and their corresponding series, we have \(F') =
0. Therefore, A(Dg) = 0 and A([3;1]\ Do) = 1. O

Corollary 1. The equality \(Dy N AZ . ) = 0 is satisfied for any tuple c;...c,,.

Cl...Cm
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Theorem 2. Let (ay,...,ay,) be an arbitrary ordered tuple of zeros and ones. Let H be a
set of all numbers of the segment [%, 1] such that their A-representation contains this tuple
infinitely many times. Then H is a set of full measure, i.e.,

A(E;l] \H> — 0. (3)

Proof. By the previous theorem, it follows that the set [5;1] \ Dy is a set of full measure.

Let Dy be a set of numbers that use the tuple of digits a;...a,, exactly k times. Then it is
obvious that there exists ng € N such that numbers of all A-cylinders of rank n > ng never
use this tuple of digits. Then, by the corollary of the previous theorem and the o-additivity
of the Lebesgue measure, it follows that A(Djy) = 0. Then A\({J,—,) = 0 as a measure of the
countable union of sets of zero measure. Thus, since

1
[5;1} \H=DyUD,UDyU ...,

we have the equality (3). This completes the proof. O

Corollary 2. The property of the number x € [%, 1] to use each of the possible tuples of
digits as consecutive digits of the A-representation infinitely many times is normal.

3. Quasi-exponential functions related to the A-representation of numbers. We
consider the class of functions defined by equality

fla=A00 0 o) =], (4)
k=1

where (\) is a given sequence of positive numbers such that the infinite product P = [[,—; A\«
is absolutely convergent. For the binary representation of the argument, functions of this type
were considered by B. Sendov in his work [17], for (Q)o-representation, they were considered
in work [7], for Q%-representation, they were considered in work [8].

Remark 1. For the function f to be well defined by equality (4) we use only one of two
existing representation for A-binary numbers, which has a period (10).

The following equations are obvious:

Flz =028 . o) = APAL AL At Amsz - Az b € N;

c1...cm1

f(Aflag...ak...)
f(Aglle...bk...)

Since A\, > 0, we have \, = e% for some real number vy,. Therefore, we can write
equality (4) in the form

2) Ag1...amcam+2...) = )\zrf;%f(Aél...am[l—c]amjLz..‘)'

= [T X¢+% particularly f(
k=1

o]

> > vpag
fl@= A ya,.) = [[ s =e=m (5)
k=1
Moreover, from the absolute convergence of the infinite product A\; - Ay - ... - Ag - ... it follows

that the series v; + vo + ... + v + ... is absolutely convergent.
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Since the definition of the function f is based on a chain of dependencies
1 o0

[5; 1} Sz () € L— p(x) = Zviai(x) — f(z) =¥ (),
i=1

function f is composite: f(z) = e?®), where the inner function is

(r =A% o o) =via1(T) + V20a(T) + ... + Voo () + ... (6)
Lemma 1. Let rg = vy + v + --- + v, + ... be absolutely convergent series, where v,, € R.

In order that equality
Up + Z Unt2k—1 = Z Un+2k (7)
k=1 k=1

holds for any n € N, it is necessary and sufficient that the equality

Ul(—l)n_l

T,’Ul c R, (8)

Unp =

holds for any n € N.

Proof. Necessity. Assume that equality (7) is satisfied. We prove that equality (8) is satisfied
for all n € N.

If n = 1 then equality (7) is equivalent to the vy + vo — v3 + v4 — v5 + --- = 0. Adding
2(vg + vs + ...) to both parts, we get o = 2(v3 4+ v5 + ... ). Hence,

r
v1+vg—|—v4+~--:50:113+v5—|—v7+....
If n = 2 then we have vy +v3 +vs +v7 4+ ... = v4 + vg + v3 + . ... Therefore,
U2+U3—’U4—|—U5—U6+U7—U8—|—...:0.

Adding 2(vy + vg + vg + .. .) to both previous parts, we get

r
Hence,
T ™ To o — U1
—U1+1)2+27 2—U1+02+ 5
v v
U1+U2__1:O7 () -

For a general case, we add right part of equality (7) to both parts of this equality. Then

oo oo
E Umt2k = 5 = Um + E Um+2k—1-
k=1 k=1

Then, for n = m + 1, we obtain

- 00

m

9 = Um+1 + E Um+2k,
k=1
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T'm—1
mT :Um—i_vm—l-l—'_?m;
T'm—1 Tm—1 — U
mT :Um+vm+1+%v
Um
Um+1 = —7
Hence, we receive equality (8) in n steps.
vy (=11
Sufficiency. If we substitute the expression v, = 1<2T directly in (7), we receive

vy, + E Uptok—1 = + E Uptok—1 = g Up4-2k- O

Theorem 3. The function f(x) is continuous at each A-unary point, and it is continuous
at A-binary point v* = Afl em0(01) Afl em1(10) if and only if the following equality holds:

Um + E Um2k—1 = E Umn+2k-

k=1

Proof. Let zg = AZ ., ., . be an arbitrary A-unary number. Consider z = A2 _  such
that © # x¢. Then there exists m such that ap # Q, but a; = o if i < m. Moreover,

T — x is equivalent to m — oo. Hence, we have

m—1 [e's)
_ a;—ay Am— a;—ay
ST e IT e
i=1

i=m-+1

but H AT = hm A =1= lim J] Af .
Therefore hm f ( ) f(xg), ie., function f is continuous at the point x.

It is easy to prove that function f is continuous at the point x* if and only if images of
two formally different representations calculated by the formula (5) are equal:

A __ V1t Cm—1Vm— 1+t Um T Vm 1+ 0m 3+ U, +...
f(Acl o 11(10)> —e 101 1 1TUm +1 +3 +2k+1 ,

V1t +Cm—1Vm—-11tVm+2+Vvmta++Umor+-...

f(Afl Crm— 10(01)) =€
Obviously, these values are equal when
Um + Umg1 + U3 + -+ U2kt + 00 = Umg2 + Uppa + -+ Ui + .-
in other words, when equality (7) is true. O
Corollary 3. The fur:ctjon f defined by equality (4) is continuous on the segment [%, 1] if
k1

and only if \p = e T for some ¢ € R and for all k € N.

Theorem 4. Fach continuous function ¢ and f respectively defined by equality (6) and (4)
respectively is strictly decreasing for vy > 0, strictly increasing for v1 < 0, and a constant
for vy = 0.
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Proof. Tt is clear that ¢ and f have the same type of monotonicity i.e. they are simultane-
ously decreasing or increasing. We prove the theorem for v; > 0 only (the proof is similar
for v; < 0).

Let f be continuous function defined by (4), and let (v,) be the corresponding series,
Ul(_l)nfl
gn—1
it is sufficient to show that the function ¢(x = Aﬁlazmanm) = a1 + ... + vy, + ... 1S strictly

decreasing. We consider two arbitrary different points of segment [%, 1]:

namely A\, = e"». Taking into account lemma, we get v,, = . To prove the theorem,

$1:AA

_ A
c1...cmlogag... and xp = ACL--cmOBlﬁz---‘

For them we have

ol =) = 2y 3 (oo B

If m is an even number, then z; < x5 and

U1 1 1

@(xl) - 90<x2) > 2_m - U1(2m+1 + W + ) = 0.

Hence, ¢(x1) > ¢(x2). If m is an odd number, then x; > x5 and

1 1

U1
p(r1) — p(z2) < “om +Ul(2m+1 t o2 > ...) = 0.

Hence, ¢(x1) < ¢(x9).

Strict inequalities are a consequence of the fact that z; # x5. Indeed, equality is possible
only if a; = 1 and (agg_1, aox) = (Bak, Sakt1) = (1,0) for all £ € N or equivalently numbers
x1 and xo are A-binary numbers. Thus, ¢ is a strictly decreasing function. O

4. Singularity of continuous quasi-exponential functions. In the sequel, we consider

the continuous functions ¢ and f defined by equalities (6) and (4) that is under condition (8).
n—1

At the same time, we take v; = %, ie., v, = (_12)n

First, we prove a general additional statement.

Lemma 2. Let zy be an internal point of the domain Dy of the continuous function g. If
there exists a derivative ¢'(xq) of the function g at the point xy, then it can be calculated
by the formula
wy) — g(u
§(z0) = lim 9(wn) = g(tn) (9)
n—oo wn — u?’l
where u,, € Dy, w, € Dy, u, < x9 < wy, 0 < w, —u, = 0 (n — 00).
If Iimit (9) does not exist for some sequences (u,,) and (wy,), then the classical derivative
g'(zo) does not exist either.

Proof. Let w, = xo + 7, Up = xg — €y, T > 0, &, > 0. Then

Wy — Up 5n+7—n Tn+€n Tn+€n
glwo+ ) —g(wo) T g(r0) —9(T0—n) _ En
Tn T+ En En Tn+En

5= 9wa) = g(un) _ g(xo +70) — g(xo —€n) _ (w0 +7a) — g(0) N g(wo) — g(xo —€n)
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Since the derivative ¢'(x() exists, we have
9(wo + 70) — g(x0)

= ¢'(z0) + a(x0, ), where lim a(xg,7,) =0,

Tn n—oo
9(x0) = Z(fﬁo —en) = ¢'(zo) + B(xo,en), where lim B(zg,e,) = 0.
n n—oo
€
Then 6 = [¢/ S Tu)| — '(20) + Bz, €n)] —2— =
en [9'(0) + (o, T )] o + - + [¢'(2o) /3(952 )]Tn e
— 4 . n
—g(x0)+06(x077—n> n+ n+/8( 0,€ TL) n+€n'
Taking into account the inequalities 0 < - % =3 +En <1,0< —=2— - +5n = Tn ] < 1, we have
lim g(wn) _g(un) _ g/(l’o).
n—oo U}n — 'U,n
The second part of the lemma is a consequence of the first part. O

Corollary 4. If there exists a finite derivative of the function (6) at the point xo = AZ
then it can be calculated by each of the formulas

w(Aél...an(Ol)) - SO(Aﬁl...an(w))

, .
¢ (zg) = lim T = =
n—00 A011‘..01 (01 Aal .an (10)
1 2k ’ A 0 ’
— | — —92 1 & -9 0‘1 Gn-tl 1
e Ty | e ) B e ST

If limit (10) does not exist, then the classical derivative ¢'(xy) does not exist.
The limit (10) is called cylindrical derivative of function ¢ at the point x.

Theorem 5. If ¢ and f are continuous functions defined by equalities (6) and (4), then, for
almost all numbers x € [1;1] (in the sense of Lebesque measure), the equalities ¢'(x) = 0 =

f'(x) are satisfied.

Proof. Since function f is continuous and monotonic, by the famous Lebesgue theorem, it
follows that f has finite derivative at almost all internal points of the domain of definition.
We denote the set of all such points by V.

Let x¢ be a point, where there exists a finite derivative ¢'(xg) (of f'(x¢) respectively) and
2o have the normal property of the A-representation, which is stated by Theorem 2. Then
z9 € W= HNYV and the set W is of full Lebesgue measure (A(W) = 3) as the intersection
of two sets of full measure.

Taking into account the corollary of previous lemma, we have

Oé Y |
2 1- n—1 11
II 2| A4 ’ (11)

aj.. an‘

where a,, = a,, () is an n -th digit of A-representation of a number z,. Since, taking into
account equalities (2)), multiplier

AA 20* + 1+ 2a%=L 1
| ai...om 1| _ dn 7wherea€{§71}u

Op = -
2|Aqi...an] 2(1+ aqz_nl)
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0 2—1-(12—_1 if L d o 2+2q7;__1 if 1
HI#,ICL:—, an n:—qné7la: )
§+q—nl 2 3+2qn

does not tend to 1 for n — oo, that is, the necessary condition of convergence of the infinite
product (11) is not satisfied, then ¢'(z) = 0, and therefore f’(z) = 0. Hence, the function
f is singular. O]
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