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We study a composition of two functions belonging to a class of slice holomorphic functions
in the whole n-dimensional complex space. The slice holomorphy in the space means that for
some fixed direction b € C™\ {0} and for every point z° € C" the function is holomorphic on its
restriction on the slice {2z +tb: t € C}. An additional assumption on joint continuity for these
functions allows to construct an analog of theory of entire functions having bounded index. The
analog is applicable to study properties of slice holomorphic solutions of directional differential
equations, to describe local behavior and value distribution. In particular, we find conditions
providing boundedness of L-index in the direction b for a function f(®(z),...,®(z)), where

—_—————

m times
f:C* = C, ®: C* — C are aslice entire functions, L: C* — R is a continuous function. The

obtained results are also new in one-dimensional case, i.e. for n = 1, m = 1. They are deduced
using new approach in this area analog of logarithmic criterion. For a class of nonvanishing
outer functions in the composition the sufficient conditions obtained by logarithmic criterion
are weaker than the conditions by the Hayman theorem.

1. Notations and definitions. Let us introduce some notations from [1] (see also [10,11]).

Let Ry = (0,+400), R% = [0,400), 0 = (0,...,0), 1 = (1,...,1), and b = (by,...,b,) €

C"™ \ {0} be a given direction, 1; = (0,...,0, _1  ,0,...,0) € C", L: C* — R, be a
j-th place

continuous function. The slice functions for fixed 2° € C™ we will denote as g,0(t) = F(z°+tb)

and Lo(t) = L(z° +tb) for t € C.

Let 7 be the class of functions which are holomorphic on every slices {z°+tb: ¢ € S0}
for each 2% € C" and let Hj: be the class of functions from ﬁﬁ which are joint continuous.
The notation 0y F'(z) stands for the derivative of the function ¢.(¢) at the point 0, i.e. for
every p e N, OpF(z) = gﬁp)(o), where ¢.(t) = F(z + tb) is an analytic function of complex
variable t € S, for given z € C".

Together the hypothesis on joint continuity and the hypothesis on holomorphy in one
direction do not imply holomorphy in whole n-dimensional unit ball. There were presented
some examples to demonstrate it [2].
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A function F' € ﬁﬁ is said [2] to be of bounded L-index in the direction b, if there exists
mg € Z, such that for all m € Z, and each z € C" inequality

|95 F(2)] 05 F(2)|
—— = < b” V71
mlLm(z) ~ oghemo KILF(z) (1)

is true. The least such integer number my, obeying (1), is called the L-index in the direction
b of the function F' and is denoted by Ny(F,L,C"). Forn =1, b =1, L(z) =1(2), z € C
inequality (1) defines a function of bounded [l-index with the l-index N(F,l) = Ny(F,[,C)
[19], and if in addition {(z) = 1, then we obtain a definition of index boundedness with index
N(F) = Ny(F,1,C) [20,21]. Similarly, an entire function F': C* — C is called a function of
bounded L-index in a direction b € C™ \ {0}, if it satisfies (1) for all z € C™.

We denote

L(z +tb) n }
A = sup su — |t =t < .
b(7) e s {L(z t t,b) [t =t < min{L(z + t,b), L(z + t2b)}

The notation @}, stands for a class of positive continuous functions L: C" — R, satisfying
for every n € [0, /]
Ab (1) < +00. (2)

This class @}, is an auxiliary class to study entire functions and slice entire functions having
bounded L-index in the direction.

As in 28], Q@ = Qi and A(n) = A\i(n) in the cases when b = 1, n = 1, L = [, where
[l € C — R, is a continuous functon.

2. Introduction and formulation of the problem. Despite many studies on composition
of entire functions and slice entire functions and boundedness of L-index in direction and
boundedness of L-index in joint variables [4, 5,9, 10, 19, 28|, this topic is still interested
because it allows to discover new properties of functions having bounded index and apply
it to differential equations and value distribution theory. In particular, if an entire function
has a bounded index in some sense, then multiplicities of its zeros are uniformly bounded.
On the other hand, every entire function with uniformly bounded multiplicities of zeros has
the bounded index in the same sense |8, 13]. However, in some cases all known results on
composition (for example, see below Theorems 1 and 2) are not applicable even if we consider
two entire functions of one complex variable with bounded multiplicities of zeros.

Among many papers on composition of entire functions and index boundedness [5,9, 10,
19,28] we should like to mention paper [4] because it is also devoted to slice entire functions.
There was investigated some composition of slice entire functions by usage the analog of
Hayman’s Theorem for this class of function (see below Theorem 5).

Let ® € ﬁﬁ be a function, satisfying
0/ ®(2)| < K|op®(2), K = const >0, (3)
for all z € C™ and for all j < p, where p is some positive integer number.

Theorem 1 ([4]). Let b € C*\ {0}, f € Hy(C™), ® € H} be a function such that
Op®(2) # 0 for all z € C™. Suppose that | € QF, l(w) > 1 (w € C™), L € Qp(C"),
L(z)=0p®(2)|1(D(2), ..., (2)).

m times
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If the function f has bounded l-index in the direction 1 and the function ® satisfies (3)
with p = N1(f,1,C™), then the function F(z) = f(®(2),...,P(2)) has bounded L-index in
—_———
m times
the direction b.

And if the function F(z) = f(®(2),...,®(2)) has bounded L-index in the direction b
N—— —

m times

and the function ® satisfies (3) with p = Ny(F, L,C"), then the function f has bounded
[-index in the direction 1.

Theorem 2 ([4]). Let b e C"\ {0}, 1 € Q, l(w) > 1 (w € C™), ® € HE, f € H1(C™) be
a function of bounded l-index in the direction 1.
Suppose that L € Qp(C") with

L(z) = max {1, |0p®(2)|} [(D(2),...,D(2)). (4)

m times

and for all z € C" and k € {1,2,..., N1(f,l) + 1} one has
05@(2)] < K(U(D(2)) /M IDHD|g,0(2)|, (5)

where K > 1 is a constant. Then the function F(z) = f(®(z),...,®(z)) has bounded L-index
—_——

m times
in the direction b.

Let us consider the case n = 1, m = 1, b = 1, i.e. for simplicity, we assume that the outer
and the inner functions of the composition are entire functions. If we consider the functions
f(z) = €** and ®(z) = 2z%/3 + 2 then the function ® also does not satisfy assumption of
Theorem 1 because it vanishes at the point z = 0. Moreover, these functions do not satisfy
conditions of Theorem 2.(I>ndeed, the function f has bounded index with [ = 1 and its
|fP)(2)]

!

index equals 1 because *—=% = 2°[e**|/pl < 2[e**| = M for all p € N. Hence, for all

k € {1,2} and for all z the inequality |®®*)(z)| < K|®'(2)|* must be satisfied. But for
k = 2 one has ®'(2) = 22 + 1, ®"(2) = 2z. Then |®"(i)] = 2, ®'(i) = 0. This means that
inequality (5) is false for these function, i.e. Theorem 2 is not applicable. Another example
is f(z) = z-€*, ®(z) = 2% As above, it can be proved that these functions do not obey
conditions of Theorem 1, Theorem 2.

These examples lead to the following problem: “to deduce sufficient conditions of index
boundedness for holomorphic functions which are applicable to a wider class of functions (in
particular, for our examples).”

All known papers on composition in theory of functions having bounded index are
devoted application of Hayman theorem analogs [18]. This theorem and its analogs for
various classes of holomorphic function are very convenient to establish conditions provi-
ding index boundedness for the functions. Also, it is applicable to analytic solutions of
differential equations and their systems. Hayman’s theorem shows that we can prove validity
of corresponding inequalities without factorials (compare inequalities (1) and (8)). Here we
continue our investigations initialized in [1-3], i.e. our main object are slice holomorphic
functions of bounded L-index in a direction. For these functions we examine their composi-
tion when the inner function is slice holomorphic in the unit ball and the outer function is
slice holomorphic in whole n-dimensional complex space.
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For such a composition we apply two theorem to establish sufficient conditions providi-
ng index boundedness in direction. They are Hayman’s theorem and logarithmic criterion.
The criterion describe behavior of the modulus of the logarithmic derivative outside some
exceptional set and distrubution of zeros. These two theorems play important role in analytic
theory of differential equations. They helped to find sufficient conditions by the coefficients
of equations providing index boundedness of every analytic solution. For the composition we
do not know results obtained by the logarithmic criterion (see [5,9,10,19,28|). In other words,
the present paper is the first paper on application of logarithmic criterion to composition of
holomorphic functions in the theory of bounded index. Moreover, we do not limit ourselves to
establishing some new sufficient conditions by the approach. We give a qualitative characteri-
stic of the conditions. In particular, we select a subclass of outer nonvanishing functions in
the composition for which the conditions obtained by new approach (the logarithmic cri-
terion) are weaker than the conditions obtained by old approach (the Hayman theorem).
Therefore, our main goal in the paper is following: to find weaker sufficient conditions of
boundedness of L-index in direction for composition of two slice holomorphic functions with
usage of new approach.

Indeed, we will obtain much more than some analog of known results. Proposition 1 and
Proposition 3 have no analogs in theory of bounded index even for composition of entire
functions. Moreover, the conditions in Proposition 1 obtained by the logarithmic criterion
are significantly weaker than in statements obtained by Hayman’s theorem (Theorem 1 and
Theorem 2) if an outer function of the composition does not vanish (see below Remark 1).

Proposition 3 firstly uses a connection between functions of bounded value distribution
and functions of bounded index. W. Hayman [18| proved that an entire function has bounded
value distribution if and only if its derivative has bounded index. Despite this fact we do
no know other results on functions of bounded index with the usage the notion of bounded
value distribution. Proposition 3 is the first result of such a type.

3. Auxiliary propositions We will use an analog of logarithmic criterion for function
from the class Hp. The one-dimensional analog of the criterion is efficient to investigate
boundedness of l-index of infinite products [12,29,30]. As necessary conditions the criterion
was obtained by G. H. Fricke [14, 15] for entire functions of one complex variable having
bounded index.
Denote
GR(F)=GP(F;L):= | {z+tb: |t <r/L(2)}.
z€C™: F(2)=0

If n =1 and b = 1 then we use the simplified notation G, (F; L) = GX(F; L) and G,.(F) =
GH(F;1) (for L =1). By nuo(r) = np(r,2°, 1/F) := ng‘gr 1 we denote counting function
of zeros a) for the slice function F(2° + tb) in the disc {t € C: [¢t| < r} for given 2" € C™.
If for given 2° € C" and for all t € S,: F(2° + tb) = 0, then we put n,o(r) = —1. Denote

n(r) = sup.ecn 2 (r/L(2)).
Theorem 3 ([3]). Let F € HP, L € Qu. If the function F has bounded L-index in the
direction b, then
1) for every r > 0 there exists P = P(r) > 0 that for each = € C"\GP(F)
OpF ()
F(z)

< PL(z); (6)
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2) for every r > 0 there exists n(r) € Z, such that for each z° € C" with F(z° + tb) # 0
ny, (r/L(2°),2°,1/F) < n(r). (7)

Theorem 4 ([3]). Let L € Q}, F € ﬁﬁ, C"\ GR(F) # @. If the following conditions are
satistied

1) there exists r1 > 0 such that n(ry) € [—1;00);

2) there exist o > 0, P > 0 such that 2ry - n(r1) < r1/Ap(r1) and for all z € C"\G,,(F)
inequality (6) is true;

then the function F' has bounded L-index in the direction b.

One should observe that the sufficient conditions in Theorem 4 are weaker than the
necessary conditions in Theorem 3. They are differed with existential and universal quanti-
fiers, respectively. In other words, from validity of inequalities (6) and (7) for some radius r
it follows their validity for all possible values of r belonging some interval.

Below we formulate a criterion that is analogous to Hayman’s theorem [18] obtained for
entire functions of single complex variable.

Theorem 5 ([3]). Let L € Qp(C"). A function F € H} is of bounded L-index in the
direction b if and only if there exist p € Z, and C > 0 such that for every z € C" one has

65" F(2)] |05 F'(2)]

— 2 < ——:0<k<p;. 8
B U 7T R )

Among many papers on composition of entire functions and index boundedness [5,9, 10,

19, 28] we should like to mention paper [4] because it is also devoted slice entire functions.
There was investigated some composition of slice entire functions by usage the analog of
Hayman’s Theorem for this class of function, i.e. Theorem 5.

4. Application of logarithmic criterion to composition In the theory of bounded
index Hayman’s theorem and the logarithmic criterion are most applicable in other problems.
Indeed, there are many papers on their applications to study properties of analytic solutions
of ordinary and partial differential equations and their systems. Moreover, Hayman’s theorem
also helps to deduce some conditions providing bounded L-index in direction for composition
of entire and analytic functions. But we do not know results on composition obtained with
application of logarithmic criterion. Here we will present such results. In this section we
suppose that 1 = (1,...,1) € R™.

Proposition 1. Let b € C"\ {0}, ® € H}, f € H}* be a function such that f(w) # 0 for
all we C™.
1) Suppose that | € Qf', L € Qp and L(z) > |0p®(2)[l(®(2),...,®(2)) for all =z €

—_——
m times
C". If the function f has bounded l-index in the direction 1, then the function F(z) =
f(®(2),...,P(2)) has bounded L-index in the direction b.
—_———
m times
2) Suppose that L € Q7. 8®(z) # 0 and | € Q™ be such that [(®(z),...,®(z)) > ]ﬁ[
m times
for all z € C". And if the function F(z) = f(®(z),...,®(z)) has bounded L-index in the
—_————

m times
direction b, then the function f has bounded l-index in the direction 1.
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Proof. One should observe that

O (2) = Oy f(D(2),...,D(2)) - pd(2). 9)

m times

Since f(w) # 0 for all w € C™, the composite function f(®(2),...,P(z)) does not vanish for
—_—

m times

all z € C" that is GP(F) = @. Therefore, we must check only condition 2) from Theorem 4.
It is sufficient to prove inequality (6) for all z € C™. Indeed, in view of (9) one has

. Of(®(2),...,0(2))
abFZ o m times . P
Fz) || f(®(z),...,0(2)) 062 (2)] (10)

Let f be of bounded [-index in the direction 1. Then by Theorem 3 for the class 7:271” inequality
(6) is valid for the function f and for all w € C™ :

|01f (w)]
Tt =T -
Substituting w = (®(2),...,P(z) in (11) and applying this inequality to (10) we obtain
—_——
m times
2 P 20:) - 0 < PL) (12

Remind that the function F' also does not vanish as the function f. Therefore, inequality
(12) yields that by Theorem 3 the function F' has bounded L-index in the direction b. The
first part of Proposition 1 is proved.

The second part of the proposition can be proved by analogy to the first part. O

It is possible to consider more general composition of slice entire functions. But the
conditions will be also stronger.

Proposition 2. Let b € C"\ {0}, ®; € H!, j € {1,...,m}, f : C™ — C be an entire
function such that f(w) # 0 for all w € C™. Suppose that | € Q7. for each j € {1,2,...,m},
L € Qf and

L(z) > Z 06D (2)[U(®1(2),. .., Ppu(2))

for all z € C". If the function f has bounded l-index in the each direction 1;, j € {1,...,m},
then the function F(z) = f(®1(2),..., P, (2)) has bounded L-index in the direction b.

Proof. One should observe that

m

OF(2) = D o, (Bi2), o, B2 O, (2), (13)

J=1
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Since f(w) # 0 for all w € C™, the composite function f(P1(z),...,P,,(z)) does not vanish
for all 2 € C" that is GP(F) = @. Therefore, we must check only condition 2) from Theorem 4.
It is sufficient to prove inequality (6) for all z € C". Indeed, in view of (13) one has

N (D(2), ..., P2
25 Jo,(®1(2) (2))
= f(@1(2),...,Pn(2))
Let f be of bounded [-index in the each direction 1;. Then by analog of Theorem 3 for

the class of entire functions of m complex variables (see [6]) inequality (6) is valid for the
function f and for all w € C™ :

8bF(z)

|0 ®;(2)] (14)

|01, f(w)]
Ty =) (15)
Substituting w = (®1(2), ..., P,u(2)) in (15) and applying this inequality to (14) we obtain
| = PO 0l ) < PLC) (16

Remind that the function F' also does not vanish as the function f. Therefore, inequality
(16) yields that by Theorem 3 the function F' has bounded L-index in the direction b. [

The condition f(w) # 0 can be replaced by some assumption on the function ®.

Let us remind the definition of function having bounded value L-distribution in a directi-
on.

Function F € HP is said [3] to be of bounded value L-distribution in a direction b if for
some p € N and for every w € C, z, € C" such that F(z° + tb) # w, the inequality holds

( 1 0 1 ><
n z
L(z0)" "F—w =P

i.e. the equation F(2° 4 tb) = w has at most p solutions in the disc {t: |t| < 1 } In

other words, the function F(z° + tb) is p-valent in {¢: [t| < ;5 } for each fixed 2° E (C” If

n=1,b=1and L =1 then we obtain a definition of functlon of bounded value distribution

[16, 17, 23-25]. Another approach to multivalence of bivariate function is considered in [22].
The following statement holds.

Proposition 3. Let b € C*\ {0}, ® € H}, f: C — C be an entire function and F(z) =
F(®(2)).

Suppose that | € Q, L € Qf and L(z !810 ‘l ) for all z € C". If the following
conditions are satisfied:

1) the function f has bounded [-index;

2) the function ® has bounded value L-distribution in the direction b,

3) for every r1 > 0 there exists ro > 0 and r3 > 0 such that

Gry(f;1) C ®(GP (F; L)) C Gy (f;1),

then the function F has bounded L-index in the direction b.
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Proof. Taking into account the condition 3) inequality (12) can be proved by analogy to the
proof of Proposition 1.
One should observe that

OpF'(2) = ['(®(2)) - Op®(2). (17)

We choose 1 > 0. Then in view of condition 3) there exists 7o > 0 and r3 > 0 such that
Gr,(f;1) C ®(GE(F; L)) C Gry(f;1). Then f(w) # 0 for all w € C\ G,,(f;1). Hence, the
composite function f(®(z)) does not vanish for all z € C*\ G? (F; L). Therefore, we must
check only condition 2) from Theorem 4 for r = r;. It is sufficient to prove inequality (6) for
all z€ C"\ G? (F; L). Indeed, in view of (17) one has

M' |Oh®(2) (18)

f(@(2))

Let f be of bounded l-index. Then by Theorem 3 for entire functions of single variable (see
also [6,27]) inequality (6) is valid for the function f and for all w € C\ G,,(f;1) we obtain

01f(w)] ) (w
st < Pl (19)

Substituting w = ®(z) in (19) and applying this inequality to (18) we conclude that for all
2 €C"\ G (F;L)

O F(2)
F(z)

a;ii;) B P<T2)l(w> O ®(2)] < P(r2) L(2). (20)

Inequality (7) holds for the function F because the equation F(2°+tb) = 0 is equivalent
the equation ®(2° + tb) = ¢, where ¢, are zeros of the function f, k € N. In view of
condition 2), the equation ®(2° + tb) = ¢;, has at most p(r;) solutions for fixed k at the disc
{t: |t| < zifoy} for each ry € (0;00). In view of condition 3) the set {P(2°+1tb): |t| < +5

L(29)
can contain at most n(r3) zeros of the function f. Therefore, the set {20 +tb: |t| < e
has at most p(ry) - n(rs) zeros of the function F. Hence, it follows inequality (7). Then by
Theorem 4 the function F' has bounded L-index in the direction b. O]

Remark 1. Proposition 1, Proposition 2 and Proposition 3 contain new results even in one-
dimensional case, i.e. for n = 1 and m = 1. Moreover, the restrictions by the inner function of
the composition in Proposition 1 are significantly weaker than in Theorem 1 and Theorem 2.
We do not require validity of (3) and (5). But the weakening is achieved by an additional
assumption that the outer function of the composition does not vanish (Proposition 1). In
Proposition 3, inequalities (3) and (5) for the inner function are replaced by the condition
that inner function of the composition has bounded value L-distribution in the direction b
and exceptional set of the resulting function containing its zeros is covered by corresponding
exceptional set of the outer function for some radii and vice versa.

One should observe that Proposition 1 and Proposition 3 are new even if n =1, m =1,
b =1 and [ = 1, i.e. in the case of entire functions of bounded index. Below we formulate
the corresponding corollaries for a composition of entire functions.
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Corollary 1. Let ®, f: C — C be entire functions.

1) Suppose that | € Q and [(z) > |D'(z)]| for all z € C. If the function f has bounded
index, then the function F(z) = f(®(z)) has bounded [-index.

2) Suppose that | € Q, ®'(z) # 0 be such that l(z) < |®'(z)| for all z € D. And if the
function F(z) = f(®(z)) has bounded l-index, then the function f has bounded index.

Corollary 2. Let &, f: C — C be entire functions and F'(z) = f(®(z)). Suppose that | € Q)
and [(z) > |®'(2)| for all z € C. If the following conditions are satisfied:

1) the function f has bounded index;

2) the function ® has bounded value I-distribution,

3) for every r; > 0 there exists 1 > 0 and 3 > 0 such that

Grz(f) C CI)(Gm(F; l)) C G'f‘3<f)7
then the function F' has bounded [-index.

If we choose ®(z) = az + b (a,b,z € C,a # 0) then ®'(z) = a. Putting I(z) = |a|, we
conclude that by Corollary 1 the function F(az + b) has bounded [-index. But for l5(z) =
0l1(z) (0 € C) the entire function f has bounded [;-index if and only if f is of bounded
lo-index [26]. Therefore, the function F'(az+0b) has bounded index (with [ = 1) i.e. the linear
replacement z by az + b does no change index boundedness. An analogous fact is also valid
for ®(2) =a121 + ... +apz, + 0.

Similarly, we can check assumptions of Proposition 3 for ®(z) = az+b (a,b, 2z € C, a # 0).
As above, we put I(z) = |a|. The function ® has bounded value [-distribution, because for
any w € C and for any zy € C the equation az+b = w has at most one solution z = (w—"0b)/a
lying in the disc |z — 2| < r/|a|, r > 0. Since |a|r; /l(z) = 71, the condition 3) of the corollary
is also satisfied because we can choose 5 and r3 such that ro < r; < r3. Thus, by Corollary 2
the function F'(az + b) has bounded [-index and, as above, F' is of bounded index (with
[ =1) i.e. the linear replacement z by az + b again does no change index boundedness.

Moreover, in view of Proposition 2 an affine trasformation also does not change index
boundedness in any direction b. Indeed, let

() =cj+ > 4, ajkzk, where aji,c; € C, j e {1,...,m}.
Suppose that a fuction f has bounded index in the each direction 1;, j € {1,...,m}, ie.
I = 1. Then we construct the function

L(z) = 3270 06®;(2)| = 3270 |06(cs + Dk ajnezn)| = D20 [y ksl
Then by Proposition 2 the function

f(01 + 2221 A1,k%k, C2 + ZZ:l a2, k%ky -+ -5 Cm + ZZ:1 am7k2k>

has the bounded L-index in the direction b. But the functions L is a constant function. It
is known that a constant does not change index boundedness in a direction (see [3]). Thus,
the function f(c1 + Y 5, @1k2k, C2 + D py A2kZKky - - s Cm + P p—y Gmk2k) has bounded index
in the direction b.

Note that Theorem 1, Theorem 2, Proposition 1, Proposition 3 differ only conditions by
the outer and inner function of the composition. But they claims that the composite function
has bounded L-index in the direction b with the same functions.

L(z)= |<9b<I>(z)‘- H(®(2),...,P(2)) or L(z) = max {1, |0p@(2)} - 1(D(2),...,D(2)).

m times m times
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But there exists functions which does not satisfy simultaneously conditions of these all
assertions.

For example, we put

f(z)=¢* ®(z) = 2%
Then the function ® does not satisfy Theorem 1 because it vanishes at the point z = 0. But
these functions satisfy conditions of Theorem 2. Indeed, the function f has bounded index
with [ = 1 and its index equals zero N(f,1) = 0 because f" = f. Hence, inequality (5) is valid
for k = 1. It transforms in the following obvious inequality |®'(z)| < K|®’(z)|. Therefore, by
Theorem 2 the function f(®(z)) = e** has bounded L-index with L(z) = max{1,2|z|}.

In the introduction we show that the functions f(z) = €?* and ®(z) = 23/3 + 2 does
not satisfy conditions of Theorem 1 and Theorem 2. Then we can apply Proposition 1 and
conclude the function f(®(z)) = €2**/3+2) has bounded L-index with L(z) = |z|? + 1.

Finally, the functions f(z) = z - €*, ®(z) = 22 do not obey conditions of Theorem 1,
Theorem 2 and Proposition 1. But they satisfy conditions of Proposition 3 because the
index of the f equals to 1 with [ = 1 and the function ® as a polynomial has bounded value
L-distribution with L(z) > 2|z| and for each 71 > 0 we can choose ry < r? < r3 such that

Gry(f) C (G, (F; L)) C Gy ().

Then by Proposition 3 the function f(®(z)) = z%¢** has bounded L-index.

Acknowledgments. The research of the first author was funded by the National Research
Foundation of Ukraine, 2020.02/0025, 0120U103996.

REFERENCES

1. A. Bandura, M. Martsinkiv, O. Skaskiv, Slice holomorphic functions in the unit ball having a bounded
L-index in direction, Axioms, 10 (2021), Nel, Article ID: 4. https://doi.org,/10.3390/axioms10010004

2. A. Bandura, O. Skaskiv, Slice holomorphic functions in several variables with bounded L-index in di-
rection, Axioms, 8 (2019), Ne3, Article ID: 88. http://doi.org/10.3390/axioms8030088

3. Al Bandura, O.B. Skaskiv, Some criteria of boundedness of the L-index in direction for sli-
ce holomorphic functions of several complex wvariables, J. Math. Sci., 244 (2020), Nel, 1-21.
http://doi.org/10.1007/s10958-019-04600-7

4. A.I Bandura, O.B. Skaskiv, Composition of slice entire functions and bounded L-index in direction,
Bukovinian Math. J. 9 (2021), Nel, 29-38. https://doi.org/10.31861/bm;j2021.01.02

5. A.L. Bandura, O.B. Skaskiv, Boundedness of L-index for the composition of entire functions of several
variables, Ukr. Math. J., 70 (2019), Ne10, 1538-1549. https://doi.org/10.1007/s11253-019-01589-9

6. A. Bandura, O. Skaskiv, Directional logarithmic derivative and the distribution of zeros of an
entire function of bounded L-index along the direction, Ukr. Math. J., 69 (2017), Ne3, 500-508.
https://doi.org/10.1007 /s11253-017-1377-8

7. A. Bandura, O. Skaskiv, FEntire functions of bounded L-index: Its zeros and behavior of
partial logarithmic derivatives, J. Complex Analysis 2017, (2017) 1-10, Article ID 3253095.
http://doi.org/10.1155/2017 /3253095

8. A. Bandura, O. Skaskiv, Analytic functions in the unit ball of bounded L-index in joint variables and
of bounded L-index in direction: a connection between these classes, Demonstr. Math., 52 (2019), Nel,
82-87. http://doi.org/10.1515/dema-2019-0008

9. A. Bandura, Composition of entire functions and bounded L-index in direction, Mat. Stud., 47 (2017),
Ne2, 179-184. http://doi.org/10.15330/ms.47.2.179-184



68

10.

11.

12.

13.

14.

15.
16.

17.

18.
19.

20.

21.

22.

23.

24.

25.

26.

27.

28.
29.

30.

V. P. BAKSA, A. I. BANDURA, T. M. SALO, O. B. SKASKIV

A 1. Bandura, T.M. Salo, O.B. Skaskiv: Note on composition of entire functions and bounded L-index in
direction, Mat. Stud., 55 (2021), Nel, 51-56. http://doi.org/10.30970/ms.55.1.51-56

V.P. Baksa, A.I. Bandura, T.M. Salo, Boundedness of the L-indexr in a direction of the sum
and product of slice holomorphic functions in the unit ball, Mat. Stud., 57 (2022), Ne2, 216-224.
http://doi.org/10.30970/ms.57.2.216-224

M.T. Bordulyak, M.M. Sheremeta, On the existence of entire functions of bounded l-index and l-reqular
growth, Ukr. Math. J., 48 (1996), Ne9, 1322-1340. http://doi.org/10.1007/BF02595355

M.T. Bordulyak, A proof of Sheremeta conjecture concerning entire function of bounded l-index, Mat.
Stud., 12 (1999), Nel, 108-110.

G.H. Fricke, Functions of bounded index and their logarithmic derivatives, Math. Ann., 206 (1973),
215—-223.

G.H. Fricke, Entire functions of locally slow growth, J. Anal. Math., 28 (1975), Nel, 101-122.

G.H. Fricke, A note on bounded index and bounded value distribution, Indian J. Pure Appl. Math., 11
(1980), Ned, 428-432.

G.H. Fricke, S.M. Shah, On bounded value distribution and bounded index, Nonlinear Anal., 2 (1978),
Ned, 423-435.

W.K. Hayman, Differential inequalities and local valency, Pacific J. Math., 44 (1973), Nel, 117-137.
M.M. Sheremeta, On the l-index boundedness of some composition of functions, Mat. Stud., 47 (2017),
Ne2, 207-210. http://doi.org/10.15330/ms.47.2.207-210

B. Lepson, Differential equations of infinite order, hyperdirichlet series and entire functions of bounded
index, in: Entire Functions and Related Parts of Analysis, J. Korevaar (ed.), Proceedings of Symposia
in Pure Math., 11, Am. Math. Soc., Providence (1968), 298-307.

J.J.  Macdonnell, Some convergence theorems for Dirichlet-type series whose coeflicients are entire
functions of bounded index, Doctoral dissertation, Catholic University of America, Washington (1957).
F. Nuray, R.F. Patterson, Multivalence of bivariate functions of bounded index, Le Matematiche, 70
(2015), Ne2, 225-233. http://doi.org/10.4418/2015.70.2.14

R. Roy, S.M. Shah, The product of two functions of bounded value distribution, Indian J. Pure Appl.
Math., 17 (1986), N5, 690-693.

R. Roy, S.M. Shah, Functions of bounded index, bounded value distribution and v-bounded index, Nonli-
near Anal., 11 (1987), 1383-1390.

S. Shah, Entire functions of bounded value distribution and gap power series, In: P. Erdds, L. Alpér,
G. Haldsz, A. Sarkozy (eds.) Studies in Pure Mathematics To the Memory of Paul Turan, 629-634.
Birkhduser Basel (1983). http://doi.org/10.1007/978-3-0348-5438-2 54

M.M. Sheremeta, Entire functions and Dirichlet series of bounded l-index, Russian Math. (Iz. VUZ), 36
(1992), N9, 76-82.

M.M. Sheremeta, A.D. Kuzyk, Logarithmic derivative and zeros of an entire function of bounded l-inder,
Sib. Math. J., 33 (1992), Ne2, 304-312. http://doi.org/10.1007/BF00971102

M. Sheremeta, Analytic functions of bounded index, VNTL Publishers, Lviv (1999).

M.M. Sheremeta, Generalization of the Fricke theorem on entire functions of finite index, Ukr. Math.
J., 48 (1996), Ne3, 460-466. http://doi.org/10.1007/BF02378535

M.M. Sheremeta, M.T. Bordulyak, Boundedness of the l-index of Laguerre-Polya entire functions, Ukr.
Math. J., 55 (2003), Nel, 112-125. http://doi.org/10.1023/A:1025076720052

Ivano-Frankivsk National Technical University of Oil and Gas
Ivano-Frankivsk, Ukraine
andriykopanytsia@gmail.com

Lviv Politechnic National University
Lviv, Ukraine
tetyan.salo@gmail.com
vitalinabaksa@gmail.com

Ivan Franko National University of Lviv
Lviv, Ukraine

olskask@gmail.com



