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The paper deals with the problem of obtaining error bounds for branched continued fraction

of the form
Yai) NG < %)
2 1 +Z 1 +Z Lo+

i1=1 io=1 iz3=1

which is the multidimensional generalization of a corresponding continued fraction. Here the
elements are complex numbers. This problem is complicated by the fact that the methods
for truncation-error analysis of continued fractions are generally not transferred to branched
continued fractions.

By means of fundamental inequalities method the truncation error bounds are obtained
for the above mentioned branched continued fraction providing its elements belong to some
rectangular sets of a complex plane. An important component of this method is the estimati-
ons of the so-called ‘tails’ of branched continued fraction. The established conditions for the
elements depend on two sequences of real numbers. By choosing certain possible values of these
sequences, we have established two simple and constructive criteria for deriving error bounds
for branched continued fraction.

Applications are considered for several classes of branched continued fraction expansions
including the multidimensional S-, A-, J-fractions with independent variables. These functional
branched continued fractions are an efficient tool for the approximation of analytic functions
of several complex variables, which are represented by multiple power series.

1. Introduction. Let N be a fixed integer number, i(k) = (iq, s, . ..
and let Z = {i(k): 1 <14, <iy,_1, 1 <p<k, ig=N, k€ N} be aset of multiindices.
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,1%) be a multiindex

In the paper, we study the convergence of a branched continued fraction (hereafter

abbreviated as BCF)

N i1 i2
Q;(1) ;(2) Q;(3)
2 1 +Z 1 J%; L+ 7

i1=1 ip=1

where a;(), i(k) € Z, are complex numbers.
The expression

N i1 In—1
— (1) G i(n)
fn_; 1 +; 1 + +Zl 1
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is called the n-th approximant of (1), n > 1. The BCF (1) is said to converge if its sequence
of approximants converges, and lim,, ., f, is called its value.

Many methods for proving the convergence of continued fractions and their generalization
BCF are methods for proving the existence of limits of sequences of their approximants and,
therefore, they do not give truncation error bounds (see, e.g., [3, 7, 9, 15, 17]). However, these
estimates are important for applying them to the approximation of functions of one or several
complex variables. Methods for truncation-error analysis of continued fractions are presented
in [21]. Unfortunately, in general, the above mentioned methods are not transferable to BCF.

Among the few papers on the above, we noteworthy the papers [8, 10|, where, using
the known truncation error bounds for a continued fraction by the method of induction by
dimension of BCF, the truncation error bounds are established for the BCF

i1 1 i 1

i1=1

where b;), i(k) € Z, are constants belonging to angular sets of the complex plane. Also, we
should like to mention the paper [13| in which obtained error bounds for the periodic BCF

1 Ci Ci &
T, Z : 22 _3+...

22— i13=1

under the following conditions: if the first element belongs to the complex plain with the
cut (—8; —1/4] and the sum of moduli of other elements is bounded by a certain number; if
elements belong to their corresponding parabolic regions or union of that parabolic regions
and all their moduli, except of the first one, are bounded.

The paper is a continuation of work [4], which is related with research initiated in [1, 2|.
To study convergence of (1) we use the fundamental inequalities method (see [1, 2, 5, 6, 11]).
An important component of the above mentioned method is the estimation of the so-called
‘tails’, which for the BCF (1) can be determined as follows:

a; .
—1+Z ((k“) (K)eZ, 1<k<n—1,n>2, (2)
iv=1 Cie)

with the initial conditions Gg(sz) = 1,i4(s) € Z, s > 1. We assume that the fundamental
inequalities are satisfied for the BCF (1) if

G(;)#Oforalli(k:)ez,1§k‘§3,s€N, (3)

and there exist positive numbers M and p;, [ > 1, such that for all s > 1, n > 2 and
1 <k <n—1 the following inequalities hold

sy < MG 1< it < N, asgn] < pel GGG i(R) € T, 1 < i i (4)
For use in the proof of our results, we include the following theorem that is proved in [1].

Theorem 1. Let the elements of the BCFE' (1) satisfy the inequalities (3), (4) and
Cﬁ;inpl%()asn—)oo. (5)
I=1
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Then the BCF (1) converges to a finite value f, and if f, denotes the n-th approximant,
then

’f_fn‘ < MC]]\\[TJ:inl, n > 1.

=1

(N-1)
We remark that (N — 1)'(20021 Q"*N) =Y o"HICNL) for 0 < o < 1. In parti-

cular, this implies ¢"Cy} — 0 (n — +00) for 0 < ¢ < 1. Thus in the case 0 < g, < 0 < 1
(VI > 1) we have

n
0< C’g;i H o < Q”HC’]]\\,{# — 0, (n— +o00).
=1
Therefore condition (5) is satisfied.

2. Main results. Let {t } k)ez, k>2 and {04Z } (k)ez be sequences of real numbers. We set
fori(k) e

xl(k‘ Re( (Oéz(k 1)+Oéz(k)))’ yl(k:) — Im(ai(k)ei(aiw,l)+Oti(k)))’ k Z 2’ (6)
= Re(Ggg‘k)eww), i) =Im(Glle®m), 1<k<n, neN; (7)
i
Tigry = Li(k+1); 8
(k) Zmlzl (k1) (8)
Ligk) = max{((2052 (k) (1 — Ti(k))2)1/2 sin Qi (k) s 1— Tz’(k); (1 — Ti(k)/Q) sin 2ai(k)}. (9)

Next, let i(k — 1) be an arbitrary fixed multiindex from Z, k£ > 2, and let among the values
Tiky, 1 < 1 <ig_q, there are n;g_1) nonnegative numbers, 0 < n;,_1) < ix—1. We define the

sets Z((k 1 and Ii((213—1) as

i) = {in: i(k) €T, myy > 0}, IG5 = {ix: i(k) € I, zigy < O}, (10)

ThenIZ.((l) )UI(( ={1, 2, ..., g1}, \I e 1)\ = N(k—1) and ]I |—2k 1= Ny(k—1)-

We prove the followmg lemma

Lemma 1. Let the elements of the BCF (1) satisfy the inequalities
— itk (k) COS OGi(k—1) < Tigk) < ik Mi(k) SID Qe—1), Yigky => 0 for alli(k) € Z, k> 2, (11)

where Ty, Yiy and piky, i(k) € Z, k > 2, are defined by (6) and (9), respectively; t;y,
k> 2, and oy, i(k) € I are real numbers such that

tigy >0, k22, Tigy <1, 0 < oy < /2, i(k) € T, (12)

where Ty, i(k) € Z, are defined by (8). Then for all i(k) € Z, 1 < k < n, andn € N the
following inequalities are valid

ul > (1 -1

(O ih)) €OS (), 1)5( )) (1-— T ))smoc,( k) and |G (k)\ > fliy >0, (13)

i(k)

where GZ(.ZC)) and u%g), v,f(”k)), i(k) € Z, 1 < k < n, n € N, are defined by (2) and (7),
7 titkt1)s I.(Tk)) is defined in(10) and i(k) € Z, r € 1, 2.

i

respectively; 7;((72) =>.

U155 (k)
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Proof. Let n be an arbitrary integer number n. Using relations (2) and (7), by induction on
k we show that for each multiindex i(k) € Z, 1 < k < n the inequalities (13) are valid.

For k = n and for all i(n) € Z relations (13) are obvious. By induction hypothesis we
assume that (13) hold for k£ = p and for all i(p) € Z such that p < n. Then, use of inequalities
(11) and (12) for k = p — 1 and an arbitrary multiindex i(p — 1) € Z leads to

(n)
n Ti(p) Uy Li(p) i
ug(p)fl) > COS Q(p—1) + g p—r; > (1 — E M) COS Qi(p—1) =

(n
G
ez |G

> (1= T2.,)) cos g,

(n)
Ti(p) U,
(n) : i(P)Yi(p) (1) .
Vitp—1) = SN Q1) — E —| o > (1— Ti(p—1)) sin o(p—1).-

eI,

Let us estimate the value \G _1y|- We have

|G583)7 |2 > COS2 Oéi(pfl)(]_ — T((i) 1))2 + sin2 O{i(pfl)(l — T‘z((lp)—l))Q =
= (1-17% )) (1 + cos2a;4p-1y)/2 + (1 — TZ((p) 1))2(1 — €08 205i(p—1)) /2.

i(p—1
Let
Ay =1 =T 2+ (1 -1 d By 1-T2 2 =11 )
i(p—1) ( i(pfl)) + 'L'(pfl)) and Ljp-1) = ( i(p— 1)) ( i(pfl)) .

Since

2 2
A1y = (1= Tipny + T3 ) + (L= T} 1) =

i(p i(p—1
(2) (2) N2 2 (2)
=127, ) +2(T;,_1)" + (1 = Tip-1))” + 2(1 = Tip—1)) Ty 1y,
(2) 2 (2) 2 _
B; i(p—1) = (1 - jl(p 1)) - (1 o T;'(pfl) + 7—;’(])71)) -
_ (2) 2 (2)
=1-2T; ) ) — (1 = Tip-1))” — 2(1 = Tip—1)) Ty 1)

then we have
Aj(p-1) + Bi(p—1) €08 20%i(p—1) = 1 + 08 2051y — 27—‘2‘((?71)(1 + €08 2a(p-1)) + 2(T(<p) )+
+(1 - Ti(p,l))g(l — €08 20;(p—1)) +2(1 — Ti(p,l))T.((z))(l — €08 205(p—1)) = 1 + cos 201y +

i(p—1

+2(T0) )2 + (1+ 08 2040-1))2/2 > (1 — c08? 205-1)) /2 + (1 = Tigp1))*(1 — €08 2011))-

+(1 — Typ-1))*(1 — cos 2qi(p—1)) — (1 + cos 2ap—1))* /2 — o1 (14 cos 2a;,-1))+

Thus |G((p 1)| > (COS2 Qi(p—1) + (1 — Ti(p_1))2)1/2 sin Qi(p—1)-
Other elementary identity transformations yield
Aigpery = 1+ (1= Tipo1)? + 2130 ) = 2Ty Ti0)

Bigp-1) =1 — (1 = Tip-1))* + 2(Tipr) — 2T,
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and therefore

Aj(p-1) + Bigp—1) €08 200p—1) = 1 4 cos 20 + (1 — Ti(pfl)) (1 — cos2ap-1)) + Q(T((Q) 1))2_

—27}((?71)(7}@,1) + (2 = Tip-1)) cos 20p—1y) = 1 + (1 = T )) (1 — cos 2a(p—1))+
+c0s 20(p-1) — (Tip—1) + (2 = Tip—1)) cOs 20t;(p—1) )2 /2+
2T 1) = (Tipmn) + (2= Tipmn)) €08 2015-1))/2)° = 1+ (1 = Tipo1))*(1 = cos 2065-1))+

-+ cos QOéi(p_l) - (Ti(p—l) (2 T(p 1)) COS 205, (p—1 ) /2 =1+ (1 — Ti(p_l))Q—
—2(1 = Tip-1)/2) cos® 205 -1) — (Tip-1))?/2 = 2 = 2T;p 1) —
—2(1 — Typ-1)/2)? cos® 20ip—1) + (Tip-1))?/2 = 2(1 — Typ-1)/2)? sin® 200 1).

It follows that |Gl(.80)71)| > (1 = Tip-1)/2) sin 20(p_1).
In addition, we have

G P> (=T ) cos® igpory + (1= T4 1)) sin? aigpor) > (1= Tip-)?,

i(p i(p

that is |G} )| > 1 — Tig-1).
Thus, on the basis of the above estimates for |GE&)_1)|, we are convinced that the third
inequality in (13) is valid. O

Now, for convenience, we set

(n) (n)
(n) xi(k+1)u-(k+1) + Yitk+1) Vihet1)
Ri); =cosoigy + D ER : (14)
1<ip1<ig, ipr17] k+1
(n) (n)
. Yitke+ 1) Wi(g41) — Ti(k+1) V(41
Qz(k = sin ;) + E (et ) L )> (15)

1<ip 1 <ig, k177 ‘G (k+1) |

where i(k) € Z,1 <k <n—1,n>2 and 1 < j < i Then for an arbitrary 1 < j < i, we
write

Loi(k) e, 1<k<n—1,n>2,

(n) ia; ( Tik),; T Wik),j
Gile'™® = R, ”,m —HQZ(k)] 0 =)
+ v,
Ui(k),j i(k),J

where according to (6)—(7)
(k)j — Re(az (k). ( 1(k)+Oéz(k)J)) yz(k),] — Im(a/i(k)7j€i(ai(k)+ai(k)’j))’
U((k)j — Re(G )’Jewzz‘(lc),j)7 Uz((nk)),j - Im(Gz('?k)),jemi(k)’j>~

Hence for all 1 < j < 4, the following relations are valid

u™ o™
(n) 12 _ (pn) |a (k:),y| () Lik),i%i(k),5 +yz(k),] i(k),j
‘Gi(k)l - (R ) (Qz(k ,J) ‘G(—)P + 2Ri(k),] ‘2 +
i(k),j
™ (n)
Yi(k).i %k, — Ti(k).iVi(k),j

Gl

‘ k),]

yik)eZ, 1<k<n-—1,n>2. (16)

+2Qz(k
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Additionally we set
Miggy ;= (1= Tywy)? — (tigw) 7)) min{sin® ), cos® aigry } + sin® aigry cos® gy, (17)
where i(k) € Z and 1 < j < 4.

Theorem 2. Let there exist positive constants d, [ and L such that the elements of the BCF
(1) satisty the inequalities (11), (12) and for all i(k) € T

d < (tige) 3)* Miry.j> 1< J <, |asy] <1 and law| < L, k> 2, (18)
where ju;); and Mgy, i(k) € I, 1 < j < iy, are defined by (9) and (17), respectively. Then
the BCF (1) converges to a finite value f, and if f, denotes the n-th approximant, then

L™
N—1
|f = fal < CNJrnma n>1, (19)

where dy = minj<;, < fi1)-

Proof. Since the conditions of Lemma 1 are satisfied, the relation (13) is valid. From inequali-
ties (13) and (18) it follows that |ai(k)|/|GZ(.?k))| < L/pi for all i(k) € Z, 1 < k < n, and
n € N.

Let n be an arbitrary integer number, and let n > 2. Using inequalities (11)—(13), (18),
for each multiindex i(k) € Z, 1 < k <n — 1, and for each index 1 < j < i} we estimate the

following value |a;() ]/ |Gz(?k)) GEZC))J 2.
Initially for the values Rg?k))j and Ql(?k))] defined by (14) and (15) respectively, for an
arbitrary multiindex i(k) € Z, 1 <k <n — 1, and an arbitrary index 1 < j < i), we have

(n) (n)
Ti(k+1) Uj(joy1 Li(k4+1) Wy (41
1<igp1 <inik 4177 |Gz(k+1 | | i(k‘+1>|

i1 EZ 0\

Li(k+1
> COS Qi() — COS (k) Z %Mi(k-ﬁ-l) =(1- Si((k),j) COS (k)

Zk+1€I((,3)\{J}| i(k+1)|

(n)
Li(k+1) Vi (k1 1) (1) .
Qz(kz > sin Qi(k) — E m Z (1 - Sz(k),]) Sin Qi(k),
z(k—i—l)

lk+1€I((k>\{.7}

(r)  _ _
where Si(k),j = Zik+1eI( ) \{J}t (k+1), T = 1, 2.
Then, for the value \Gi(k)| we obtain from (16)

o) (n) 2

n n n)  Li(k),jU i(k),j (n) Li( )v]vz(k) |a7, ]|
’Gz((k))|2 2 (Rz((k)) )? + 2R k)) o . T (Qity )" — Qz(k n T Rt
: T IGG.,P Gl 16, P2

Next, we consider separately the cases ) ; > 0 and x;4); < 0. Taking into account
that Ty = S it S it for all 1 < j <, in the first case we have

(n)
o aiy (n) (n) (n) Ti(k).5Vik) 5
Gl — o p 2 B )"+ Qi Qi<k>,j_2—G =

| i(k).j | k)ﬂ|
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t

(n) (1 . i(k),J .

> (R! z(k )+ Qi ((1_Si(lc)),j)81nai(k)_2| G |Mi<k>7j Sm%(k)) >
k)J

> (1— S((k)) ) cos? Qi) + (1— Sz((k)) (1 — Sz((k?) — 9 ‘(k)j) sin2 Qi) =
1
= (1= 83) )21+ cos 20u) /2 + (1 = S (1 = Si) ;= 2ty 1) (1 — cos 200s)) /2.

_ (1)
Let Ciry; = (1= Sigp),

Sl((lk) (1 — Sl((lk) — 2ti(k),j)- Then

1 2 2
D=8 =2ty )+ (1= S) )2 Dy = (1= S )2 — (1—

_ (2) @ 2 _
Citryg = (1= Thwy + tiwys + Siiy ) (1 = Ty =ty +5<)J) (1= 555" =

=<r—-@+s“-f—<m D (1= 55,) =
2 2 2
=2(SE) )2 — 2850 .+ 14 (1= Tigpy)? +25 )3(1—T<k)) (t '(k:)j)Qa
2
Digy,j = (1 — 5f<;3>,j) = (1= Tiwy + tigwyg + )( = Tiwy — tigwyj + 5 )i) =

L a1 i S e
= 1= (1= Tign)* = 253 ,(1 = i) = 2513 o

and therefore

Citkyj + Diry.j €08 200y = 2(55(2,3)J)2 + 1+ cos 20y — 2(1 + cos 2al(k))8((2k)) S+
F((1 = Ty)? = (tigy )2 (1 — cos 2ai)) + 251.((2]3)7],( — Tiy) (1 — cos 201y) >
> (1= Tigy)® = (i) (1 — o8 2ai0)) + 2S5, ; — (1 + cos 21))/2)? + 1 + cos 20—
— (14 cos 2a;1))%/2 > (1 = Tir))* — (tiry.;) )2 810% ey + (sin® 201 ) /2-

In the second case, as z;x),; < 0 we have

o)

G- Ll S o e g (po TS

i(k) a2 = i(k).j i(k),g\ " Vi(k),j G(n) 2 -
| z'(k),j’ | i(k),J 1

t.

(n) 2 (n) 2) Z(k)

> (Qi(k),j) + R i(k).j ((1 — S@(k )COS Qi(k) — 2 ’G ’Hz(k) sin az(k)) >
i(k),J

1 . 2
> (1= 860,,)° sin cuay + (1= S5 )1 = SiGl 5 = 2Hiqey ) o™ iy =

1 2) 2)
= (1= S )7 (1 = cos2au) /2 + (1= S{3) V(L = S\ - — 2tigry ) (1 + cos 20i(s)) /2.

Repeating arguments from the case x;4); > 0, we obtain

Eitk.j = Fiwy.j 008 20y 2 (1 = Tigwy)” = (tigr) 3)*) (1 + cos 2ai(p) )+
+1 — cos 2ai(k) — (1 — COS 2ai(k))2/2 = ((1 — ﬂ(m)Q — (ti(k),j)2)2 COS2 Qi(k) + (SiIl2 20@(@)/2,

@
where Ejy),; = (1 — Sz‘(k),j

@) @)
Sity )L = Sithy 5 = 2it).5)-

Thus, in both cases, the following inequality holds |G ”))|2 > |aim ;| /|G 41+ Mige.j-

1
)2+ (1= SO )1 =S85 — 2ty ), Fiwys = (1= S )? = (1 -
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Finally, for the values |a;y ;|*/ |G G(n |2 we have

|ai(k),j|2 < |az(k ]| /|Gz(k I < L? L?

< .
n — — 2 — 2
GGl 2 T~ Migo + laim s 1P/1GiG) ;1 — Miwa(in ) + L2 = d + L

This means that the fundamental inequalities (3) and (4) are valid, where M = [/dy and
pn = L/(L* + d)'/? n > 2. Therefore, on the basis of Theorem 1 and its remark, we obtain
the statement of this theorem. O

We note, that for certain possible values of numbers of sequences {t;u)}ik)ez, k>2 and
{ai(k)}i(k)g from Theorem 2, we can obtain some simple and constructive conditions for
error bounds for BCF (1).

For example, let
tiey = 1/(ig—1 + 1) for all i(k) € Z, k > 2 and o) = o, for all i(k) € Z. (20)
Then from Theorem 2 we have a corollary.

Corollary 1. Let there exist positive constants | and L such that the elements of the BCF
(1) satisfy the inequalities |a;)| <1 for all i(1) € T and |a;x)| < L,
— s, COS Oy < (Zlkfl —+ 1) Re(ai(k)ei(aik71+aik)> < iy, sin Qs Im(a’i(k)ei(aik71+aik)) >0

for all i(k) € 7 and k > 2, where

I 1 k42
m —max{ <C082 ak+m) sin oy, L 2k12sin2&k}, (21)

ag € (0;7/2),1 < k < N. Then the BCF (1) converges to a finite value f and the inequalities
(19), where

(22)

(pi,)? sin” 20y
dy = dd= s -
0= i ond d = pin, BT,

are valid.

Now, let for all i(k) € Z and k > 2 the values ;) defined in (6) are nonpositive. Then
by analogy to proof of Lemma 1, we obtain the followmg lemma.

Lemma 2. Let the elements of the BCF (1) satisfy the inequalities
—ti(k)Vi(k) COS Qik—1) < Tiky < tiryVigk)| Sin qi—n)|, viwy < 0 for alli(k) € Z, k> 2, (23)
where ), Yik), 1(k) € I, k > 2, are defined by (6);
Vik) = max{ (cos® aigr) + (1 — Tyw)*) 2| sin iy, 1 — Tiny, (1= Tiry/2)] sin 20| }; (24)
tiky, k > 2, and oy, i(k) € Z, are real numbers such that

tiey >0, k> 2, Tyny <1, —7/2 < ayy < 0, i(k) € T, (25)
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where Ty, i(k) € Z, are defined by (8). Then for all i(k) € Z, 1 < k < n, andn € N the
following inequalities are valid

uf( )) (1-— T(( ))) COS Qi(k), g(")) (1-— T(( ))) sin oy and |G k)| > Vi) > 0,
where G(k an(d)u o UZ(ZZ)) (k) e Z,1 < k < n,n e()N are defined by (2) and (7),
respectively; Ti(k) = Z%Hd( ) tiesr), (k) €L, r=1,2; I( py i(k) € L, r = 1,2, are defined
by (10).
Using Lemma 2, by analogy to the proof of Theorem 2 yield the following theorem.

Theorem 3. Let there exist positive constants d, [ and L such that the elements of the BCF
(1) satisfy the inequalities (23), (25) and for all i(k) € T

d < (Vi) j)* Mgy j, 1 < j < ig, lasqy| < land |ap| < L, k> 2,

where M) ; and vy, i(k) € Z,1 < j < iy, are defined by (17) and (24), respectively. Then
the BCF (1) converges to a finite value f and the inequalities (19), where dy = min;<;, <y Vi(1),
are valid.

In view of (20), Theorem 3 imply the following corollary.

Corollary 2. Let there exist positive constants | and L such that the elements of the BCF
(1) satisfy the inequalities |a;q)| <1 for all i(1) € T and |a;x)| < L,
—V;, cosay, | < (ik—l + 1) Re(ai(k)ei(aik71+o‘ik)) < Vikl sin aik_1|7 Im(ai(k)ei(aikfl—"_aik)) <0

for all i(k) € Z and k > 2, where

1 vz 1 k+2
l/k:max{ (Cos2ozk+m) | sin ayy |, P 2k+2|sm2ak|}, (26)

ar € (—7/2;0), 1 < k < N. Then the BCF (1) converges to a finite value f and the
inequalities (19) are valid, where

(vi,)%sin? 20y,

(27)

dy = 1gilcignzv v, and d = igl)ienz 1
3. Applications. Perhaps the greatest value of the results of Section 2 is associated with
deriving error bounds for BCF (1) whose elements a;), i(k) € Z, are functions of one or
several complex variable. To illustrate this use we shall give applications to multidimensional
S-, A-, J-fractions with independent variables. Expansions of certain analytic functions in
some of these classes of continued fractions can be found in [12, 14, 16, 18, 19, 20]. BCF of
the form

N i1 i2

Ci(1) %4y Ci(2)Ziy Ci(3)%i3

— — —_— ... 28
Zl 1 +Zl 1 +Zl Lo+ (28)
1= 19= 3=

where ¢;) > 0 for all i(k) € Z, z = (21, 22, ..., 2,) € CV, are the so-called multidimensional
S-fractions with independent variables.
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Example 1. Let 7 > 0 be given. Let {c;) }i(r)ez be a sequence of positive numbers satisfying
ciy < r/2foralli(l) € T and ¢ip) < 7/(ig—1+1) for all i(k) € Z, k > 2. Let g,(z) denote the
n-th approximant of the multidimensional S-fraction with independent variables (28). Then
for all z = |zx|e™*, 1 < k < N, such that |px| = a and |zx| < (ux sina)/(r| cos(2a + ¢3)]),
1 <k < N, where a € (7/6;7/4] and

1\ 1 k+2
Iuk:max{(cosQoqum) sino, ——, i Sin2a},1§k:§N,

there exists the limit g(z) = lim g,(z) and
n— o0

l9(2) = gu(2)] < CNLL L™ /(do(L? + d)™?), n > 1,

where dy = 1g}ci<11N g, d = (d?/4)sin®2a, L = (usina)/(2]cos3al), u= max iy

This example follows from Corollary 1 by taking a;x) = cix)2i,, (k) € Z, and o, = «,
1<k<N.
Multidimensional A-fractions with independent variables are of the form

’i1 Z'2

N o o
Z Pi(1)%iy Z (—1)6’1’121%'(2)%1% Z (—1)512‘131%(3)21'221'3 (29>
1+ 1 + 1 + 7

i1=1 i0=1 i3=1

where p;) € C\ {0} for all i(k) € Z, §;; is the Kronecker delta.

Example 2. Let 7 > 0 be given. Let {p;u) }ir)ez be a sequence of numbers satisfying
Ipiy| < Y2 for all i(1) € T and —r/(ip_y +1) < (—1)6"k—1’ikpl-(k) <Oforalli(k)eZ, k>2.

Let h,(z) denote the n-th approximant of the multidimensional A-fraction with independent
variables (29). Then for all z; = |z;]e’*, 1 < k < N, such that

do min{| sin vy, |, cos v, } for all i(2) € 7

= —2a;, for all iy € T and |2, 2| <
Piy o, for all iy € 7 and |z, 2;,| < 7| cos(ai, + i)

where oy, € (—7/2;0), i1 € T; oy + o, # —7/2, i(2) € Z; dy is defined as in (27); there
exists the limit h(z) = lim,,_,o h,(z) and

h(2) — ha(z)| < CNLIL"/(dg*(L? +d)™), n > 1,
where d is defined as in (27),

L= (g Min{lsinanlcosai }\YE O do o mind|sinas, |, cosay, )
i <N | cos 20y, | 2 1<i<N1<is<ii | cos(oy, + ag, )]

This result follows immediately from Corollary 2 by taking a;q) = pi1)zi,, 1 <01 < N,
Qi(k) = (—1)61"9*1’1"“}7,-(/?)2%712%, Z(k?) < I, k > 2.
Multidimensional J-fractions with independent variables are of the form

12

di(1 divsia di(2 (_1)51-2,2-3%,(3)
Z Z + > o (30)

i1=1 “in i9=1 i3=1 3

where ¢;ry € C\ {0} for all i(k) € Z.
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Example 3. Let r > 0 be given. Let {qi(k)}i(k)g be a sequence of numbers satisfying
|gsy| < 7% for all (1) € Z and —7/(ij-1 +1) < (—1)"-1% gy < 0 for all i(k) € Z, k > 2.

Let f.(z) denote the n-th approximant of the multidimensional J-fraction with independent
variables (30). Then for all z; = |2;]e?*, 1 < k < N, such that

7| cos(ay, + )|

i, = 20y, for all iy € T and |z, 2;,| > for all i(2) € 7,

do min{sin o, cos a;, }

where «;, € (0;7/2), iy € T; oy, + vy, # /2, i(2) € Z; dy is defined as in (22); there exists
the limit f(z) = lim,,, fn(2z) and

1f(2) = fulz)] < CNTHL™/(dy*(L? + d)™/?), n > 1,

where d is defined as in (22),

max L = — max min
1<i <N | cos 2a;, | 2 1<u<N1<ia<ia | cos(ay, + ayy)

o 1/2 o
; ( min{sin a;,, cos a;, }) / dy . min{sina;,,cosa; }
)

This assertion follows from Corollary 1 applied to the equivalent BCF

N i i
Z %’(1)51’1 Zl (_ ) ‘o 12% 611512 ZQ (_ ) ‘2 13% 611513
: 1+ 1 + 1 +
i1=1 i2=1 i3=1
where &, = 1/2,, 1 < k < N. Thus in Corollary 1 we set a;1) = ¢n&,, 1 < i1 < N,

iy = (—1)° =k gy & iy, 1(K) €T, k> 2.

4. Conclusions. The paper gives estimates of the rate of convergence of BCF (1) whose
elements belong to rectangular regions unlike before known circular and angular regions. The
method proposed here for the study of BCF (1) can be used to study their stability. Still there
is a problem that remains open. How to take the real numbers of sequences {t;) }ir)ez, k>2
and {o) }ikyez to obtain the widest regions of variables for functional branched continued
fractions with independent variables.
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