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The article introduces the concepts of pseudostarlikeness and pseudoconvexity in the di-
rection of absolutely converges in Iy = {s € CP: Res < 0}, p € N, the multiple Dirichlet series
of the form

+oo
F(s) =e™ 4y oy T ORI 8)} 5= (s1,008) €C7, p =1,

where A0y > h, Res < 0 <= (Res; < 0,..,Res, < 0), b = (hy,....,hy) € RY, (n) =

(n1,...,np) € NP, (n%) = (nf,...,n9) € N?, [[(n)|| = n1 + ... + n, and the sequences X(,) =

()\211),...,/\55,)) are such that 0 < h; < /\gj) < /\,(Cj) < /\,(Cjil T 400 as k — 4oo for every j €
{1,...,p}, and (a,c) = a1c1+...+apcp, for a = (a1, ..., ap) and ¢ = (c1, ..., ¢p). We say that a > cif
a; > ¢j for all 1 < j < p and there exists at least one j such that a; > ¢;. Let b = (b1, ..., b,) and

P OF(s
O F(s) = Z b; (5)

j=1 " 0Os;

be the derivative of F' in the direction b. In this paper, in particular,

“+oo
the following assertions were obtained: 1) If b > 0 and >  (An), b)[f(m)| < (h,b) then
ll(n) lI=ko
OpF(s) # 0in IIp := {s: Res < 0}, i.e. F'is conformal in IIj in the direction b (Proposition
1). 2) We say that function F is pseudostarlike of the order a € [0, (h, b)) and the type 8 > 0

in the direction b if | %L — (h,b)| < 8| %) — (20 — (h,b))’, s €Tly. Let 0 < o < (h,b)

and 8 > 0. In order that the function F' is pseudostarlike of the order a and the type [ in
the direction b > 0, it is sufficient and in the case, when all f,) < 0, it is necessary that

H?ikKﬂ+ﬁﬂmy—ﬂ—ﬂwﬁﬂ—2&ﬂfmﬂgm%mﬁﬂ—a)H%wmml)

1. Introduction. Let S be a class of functions
—+oco
FE) =24 fa" (1)
n=2

analytic univalent in D = {z : |z] < 1}, i.e. conformal at every point z € D, that is f'(z) # 0,
and injective on D. Function f € S is said to be starlike if f(D) is starlike domain concerning
of the origin. It is well known [1, p.202] that the condition Re{zf'(z)/f(z)} > 0 (z € D)
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is necessary and sufficient for the starlikeness of f. A.W. Goodman [2] (see also [3, p.9])
proved that if S n|f,| < 1 then function f of form (1) is starlike.

The concept of the starlikeness of function (1) got the series of generalizations. 1.S. Jack
[4] studied starlike functions of order a € [0, 1), i.e. such functions (1), for which

Re{zf'(2)/f(2)} > a (z € D).

It is proved [4], [3, p.13] that if

“+o0o

S n-a)fl<1-a

n=2
then function of form (1) is starlike function of order a. V.P. Gupta [5] introduced the
concept of starlike function of order ac € [0, 1) and type 8 € (0, 1]. A function (1) is so
named for that

2f'(2) 2f'(2)

) e T

—1‘<6

It is proved [5] that if

Y A+ —B2a—1) = D}fal < 26(1 —a)

n=2
then function (1) is starlike function of order o and type £.
For f € S, following A.W. Goodman [6] and S. Ruscheweyh [7], its neighborhood is called

a set
+oo “+o0o
N(;(f):{g(z):z—l—ngzkeS: Zk|gk—fk]§5}. (2)
k=2 k=2

It is known [6] that if f(2) = z and g € Ni(f) then g is starlike function. The neighborhoods
of various classes of analytical in D functions were studied by many authors (we indicate
here only on articles [8]-[14]).

+oo +oo
For power series f;(z) = > fr;2" (j = 1,2) the series (f1 * f2)(2) = Y frafroz" is
k=0 k=0

called the Hadamard composition (product) [15]. Obtained by J.Hadamard properties of
this composition find the applications [16]-[17] in the theory of the analytic continuation
of the functions represented by power series. We remark also that singular points of the
Hadamard composition are investigated in the article [18]. L.Zalzman [19] studied Hadamard

+oo
compositions of univalent functions of the form (1). For the functions f;(z) =1/2+ > fi ;2"
k=1

+oo
(j = 1,2) M.L. Mogra [20] defined Hadamard composition as (fi* f2)(2) = 1/2+ > fr1frez"
k=1

and proved, for example, that if the functions f; are meromorphically starlike of the order
aj € [0, 1) and fi; > 0 for all K > 1 then f; * f, is meromorphically starlike of the order
a = max{aq, as}. Hadamard compositions of analytic and meromorphic functions in D

studied also by J.H. Choi, Y.C. Kim and S. Owa [21], M.K. Aouf and H. Silverman [22],
J.Liu and R. Srivastava [23], S. Ruscheweyh [7] and many other mathematicians.

Let h > 1 and (\;) be an increasing to 400 sequence of positive numbers (A; > h).
Absolutely convergent in the half-plane Iy = {s: Res < 0} Dirichlet series of the form

+o0
F(s)=e"+> feexp{sh}, s=o0+it, (3)
k=1
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are direct generalizations of the functions f € S.
It is known [24], [3, p.135] that each function (3) is non-univalent in Iy, but there exist
conformal in IIy functions (3), and if

+oo
> Nl <0, (4)
k=2

then function F' of form (3) is conformal in IIy. A conformal function F' in Ilj is said to be
pseudostarlike if Re{F’(s)/F(s)} > 0(s € IIy). In [24] (see also [3, p.139]) it is proved that
if (4) holds then function F' of form (3) is pseudostarlike.

A conformal function (3) in Il is said to be pseudostarlike of the order o if

Re{F'(s)/F(s)} >a €[0,1), s¢ Il (5)

Since the inequality |w — h| < |w — (2ac — k)| holds if and only if Rew > «, function (3) is
pseudostarlike of the order « if and only if

(s)

In view of (6), as in [25], we call conformal function (3) in Iy pseudostarlike of the order
a € [0, 1) and the type B € (0, 1] if

< |=—=—(2a—nh)

F'(s) F'(s)
h‘ o . s el (6)

F(s)
(s)

F'(s)
F(s)

—h‘<ﬁ‘ ~ (20— h)

s S € Ho. (7)

In [25] it is proved that if

400
> {1+ B\ — 28a — h(1 = B)} fil < 28(h — «)
k=1

then (3) is pseudostarlike of the order o and the type £.

If in the definition of the pseudostarlikeness instead of F’/F to put F”/F’ then will get
the definition of the pseudoconvezity.

S.M. Shah [27] indicated conditions on real parameters g, 71, Y2 of the differential equa-
tion ZQ% + z‘fi—lz" + (2% + 712 +72)w = 0, under which there exists an entire transcendental
solution (1) such that f and all its derivatives are close-to-convex in . The convexity of
solutions of the Shah equation has been studied in [28 - 29]. Substituting z = e* we obtain
the differential equation %;’ + (70€*"* + 1€ + vo)w = 0 with h = 1. The pseudoconvexity
and pseudostarlikeness of solutions of the last equation has been studied in [3, p.147-153].

Here we will get similar results for multiple Dirichlet series.

2. Pseudostarlikeness and pseudoconvexity Let p € N, h = (hy,....h,) € R, (n) =
(n1,...,n,) € NP (n%) = (n?,...,ng) S ||(n)|| = ny + ... + n, and the sequences A\, =
(A, ...,)\,(f;)) are such that 0 < \Y) < )\,(j) < )\Sll 1 400 as k — oo for every j € {1,...,p}.
Also let s = (s1,...,s,) € CP, s; = 0; +it;, 0 = (04,...,0p), and for a = (a4, ...,a,) and
c=(c1,...,¢) let (a,¢) = a1c1 + ... + apc,. We say that a > cif a; > ¢; for all 1 < j < p and
there exists at least one j such that a; > ¢;.
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Suppose that the multiple Dirichlet series
+o0
F(s) = e®M + Z foyexp{( Ay, )}, Awoy > h, (8)
I I=1(nO)]

absolutely converges in Il = {s : Res < 0}, where Res < 0 <= (Res; < 0,...,Res, < 0).
We will use the notation kg := ||(n°)| everywhere.

For the definition of the pseudostarlikeness of function (8) can be used either a partial
derivative of one variable or the derivative in joint variables [30] or the derivative in the
direction [31]. Here we will stop on the derivative in the direction.

Let b = (b, ...,b,) and OpF(s) = Z b; 8F 8) be the derivative of F' in the direction b.

Proposition 1. If b > 0 and

“+oo
> Qo b)lfwl < (D) (9)
l(n)ll=ko
then O, F(s) # 0 in Iy, i.e. F' is conformal in 11y in the direction b.
Indeed,
O F(s)| =
+oo
)(h1b1 o yy)esthitteph Z (b AL (& ) DA )f(n exp{(An), s )}‘ >
() ll=ko
—+o00
> () = |3 s D) oy exp{ s )} =
l(n)ll=ko
— (A\w,b)

= | By (1= | 32

(n)lI=ko

w1 35 QO et a, — ) >

(h,b) Jwy exp{(Am) — h,s)}‘) >

h,b
Il (n)l1=ko ( )
+0oo
o <)\Tb7b)
> [ by [ (1= 30 S l]) 2 0
[ (n)ll=ko ’

i.e. F'is conformal in Il in the direction b.

We say that function (8) is pseudostarlike of the order a € [0, (h, b)) and the type 5 > 0
in the direction b if
hl'(s)
<
Theorem 1. Let 0 < o < (h,b) and 3 > 0. In order that the function (1) is pseudostarlike

of the order o and the type (8 in the direction b > 0, it is sufficient and in the case, when
all fu,) <0, it is necessary that

0bF

—(2a— (h,b))|, seTl, (10)

Y {1+ 8w — (1= B)h,b) —28a}| fm| < 26((h,b) — a) (11)

[ (n)ll=ko
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Proof. Clearly, (10) holds if and only if
96F(s) = (1, B)F(s)| = B|ouF(s) — (20 = (h,B))F(s)| <0, s €T,
On the other hand,
O F(s) — (0, B)F(s)| = B|obF(5) — (20 — (1 b)) F(s)| =

400
= [ D)™ 437 (A B) iy exp{ Ay, )}

[(n)lI=ko
+00
= (hB)e™ — (b)Y foyexp{ (A )} |-
[(n)l=ko
+o0
=8|, )™ 37 Ay, B)fony exp{ (Aguy )} -
[l (n)ll=ko

~ (20 = (0, B))e™ = (20 = (b)) D" fonyexp{ (A, )} =
l[(n)ll=Fko

- ) Z ()‘(n) - h,b)f(n) eXp{(A(n),s)

(m)lI=ko

—5‘2((/% b) —a)e™) + " (A + b, b) = 20) fi) exp{(An), 5)}
I(m)lI=ko

Since —|a + b| < —|a| + |b] and o, < 0, hence by condition (h,b) —a > 0 we get

b F () = (b, B)F(s)| = B|aF(5) — (20 = (h, b)) F(s)] <

“+oo

< M%}g (N = D) oy exp{ (A 5)} | — [28((8, ) — @)e)| +
+ % Ay + B, b) = 20) fiy exp{(Ay, )} <
< (:2;2 A = 7 D) | fim| exp{( Ay, 0)} = 28((h, b) — )™+
+ (;k n) + b)) = 20)|fin)| exp{(Am), 0)} =
B |<+>|Z|: <((1 8 = (L= F)h.b) - 25@) || exp{(Am), )} =

~28((h,b) — a)e™) =

(12)
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— ewm( S (((1 +B)Am) — (1= B)h,b) — QBa) | fonl exp{(Aw) = h, o)} =

Il (n)l1=ko

—28((h,b) — a)) <

+oo
> {1+ 8 — (1= B, b) — 280} fo| — 28((A.B) — a)) <0

[(m)lI=ko

if (11) holds. The sufficiency of (11) is proved
Now suppose that (12) holds and all f,) < 0. Then

—H(;z; Ay — 1 b) fony exp{ (Ao )}
2((h,) — e — )z”°:° ((\wy + 1, b) — 20) fay exp{ Ay, )
_ OpF'(s) — (h,b)F(s)
= 5F(s) — 2a— (hb)FE) | =
Therefore,
5 (Am) = B, b) fn) exp{(Any, 8)}
Re I(n)l|=Fo — <8,
2((h,b) = a)e®s) — 3= ((Awm) + h, b) = 2a) fin) exp{(Aw), 5)

ll(n)lI=ko
and in particular for o < 0 we have

—+00

> ) (Am) = 1, b) finy exp{(Aw), )}
Re [[(n)lI=Fko — <8,
2((h,b) = a)elt) — 55 ((Aw) + P, b) = 2a) fin) exp{(An), 0)
(n)ll=p
Letting 0 — 0, we obtain
+o0
> (A = hb) fim)
| (n)ll=Fko <8
+00 —
2((h,b) =) = 32 ((A@w) + h,b) = 2a) fm)
l[(n)ll=ko
whence (11) follows. The proof of Theorem 1 is complete d. O

Dirichlet series (8) is said to be pseudoconvex of the order a and the type § in the
direction b if

O (2)

abF (S)

Z
abF S

0w < 8| 2EE ooy, semy (13)
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Clearly, the function F' is pseudoconvex of the order o and the type § in the direction b

if and only if the function OpF(s) is pseudostarlike of the order o and the type f in the
O F (s)

(D) is pseudostarlike of the order @ and

direction b and, thus, if and only if the function
the type 8 in the direction b. Since

(s = \ . (Aw,b)
=€ + Z f(n)exp{( (”)’8)}7 f(n) - (h b) f(n)’
[l (n)ll=ko ’

by Theorem 1 the condition

+o0o
> {4+ B)Aw — (1= B)h,b) = 28a}f,) < 28 ((h,b) — a)
ll(n)[l=ko
is sufficient and in the case, when all f(,) < 0, is necessary in order that 8("th()§) is pseudostar-
like of the order v and the type 8 in the direction b. Therefore, the following statement is
true.

Proposition 2. Let 0 < a < (h,b) and 8 > 0. In order that the function (8) is pseudo-
convex of the order a and the type (3 in the direction b > 0, it is sufficient and in the case,
when all f,y <0, it is necessary that

Y Ay D{((1+ 8)Aey — (1 = B)h, b) — 280} fiw| < 2(h,b)B((h,b) —a).  (14)

[(n)lI=ko

Recall that the function (8) is called pseudostarlike of the order « if Rea‘;,?s(;) > a, that

is (10) holds with 5 = 1, and called pseudostarlike, if Rea‘;Fs()s) > 0, that is (10) holds with

B =1 and a = 0. Therefore, Theorem 1 and Proposition 2 imply the following statements.

Corollary 1. Let 0 < o < (h,b). In order that the function (8) is pseudostarlike of the
order « in the direction b > 0, it is sufficient and in the case, when all f,y < 0, it is necessary
that

400
> {(Aw»b) — a}lfml < (h,b) —a. (15)

[(m)lI=ko

In order that the function (8) is pseudoconvex of the order « in the direction b > 0, it is
sufficient and in the case, when all f,y <0, it is necessary that

400

> (Aw D) {(Aw), b) — a}|fm| < (h,b)((h,b) — a).

I(n)l=ko

Corollary 2. In order that the function (8) is pseudostarlike in the direction b > 0, it is
sufficient and in the case, when all f,y <0, it is necessary that (9) holds. In order that the

function (8) is pseudoconvex in the direction b > 0, it is sufficient and in the case, when all
+oo
fey <0, it is necessary that Y. (A, b)?|fim)| < (R, b)2.
[ (n)lI=Fko
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3. Neighborhoods of multiple Dirichlet series. Here the class of series (8) absolutely
convergent in Ily we denote by D and we say that F' € D* if ' € D and all f,) < 0. By
PSD, 3(b) we denote a class of pseudostarlike functions (8) of the order v and the type 3
in the direction b> 0 and by PCD,, 3(b) we denote a class of pseudoconvex functions (8) of
the order a and the type [ in the direction b> 0.

For j > 0 and ¢ > 0 we define the neighborhood of F' € D in the direction b as follows

+o00
0,5(F) = {G — elsh) 4 Z e €D S Ay DY g — fon| ga}. (16)
I(m)lI=ko l[(n)[|=Fko
Similarly, for F' € D*
+oo “+o0
1 (F) = {Gls) = M 37 e € D 3T (A, B lg — finl < 6} (17)
Il (n)l1=ko l(m)l|=ko

For F' € D here we will establish a connection between classes PSD, g(b), PCD, s(b)
and O;s(F), jé(F)
We need the following lemma.

G OpF
Lemma 1. Let '€ D, b > 0. Then G € Oy »1)s(F) if and only if —— (7. b) € Ol’é(W)
Indeed,
abF( ) (h,s) — >‘(n (A
= M9 4 e e D,
() P el
Therefore,
oG O F
@)
(o) © 16<(h,b)>
if and only if
+o00
(Aw), b) (Aw), b)

l(m)lI=ko
ie. G € Oy ppys(F).

At first we consider the case when F(s) = E(s) := e™* and we prove such theorem.

Theorem 2. Let b > 0. The following relations are correct for the function E(s) = e("):
Ol,(h,b) (E) C PSD071(b), Oi(hyb)<E) = PSDOJ mD*(b), O?,(h,b)z (E) C PCDO’l(b> and
O3 (hpy2(E) = PCDo1 () D*(b).

+oo
Proof. If G € O1,(h1)(E) then G € D and Y (Aw),b)|g9m| < (h,b). Therefore,
(m)ll=p

8bG(8) . <= (A(nﬁb) n)S
‘(h,b) —G(S)‘—‘”(n;ko (h,b) I et) — Z 9in

l[(n)lI=ko

+00 +o00
(Am), b) A (Am), b)
— — 1) n ( (n)vs)’ < ( _ 1> n ()\(n),o) .

‘ ( (h,b) ()€ - Z (h,b) |g( )’6
[ (R)[I=ko [|(n)|=ko
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+00 >
Ao, b
> A, b) )|9<n)|6(k(”>’”)— > 1gmleP) <

h,b
[I(n)[|=ko ( ’ ) |(n)]|=Fko
(h,o) = (A(n),b) <= (A(n),0) (h,o) = (A(n)>0)
LD (1, b) gl = D gmlePe? < el — N g, [P,
[|(n)l|=Fo ’ ll(m)ll=ko [I(n)ll=Fo

On the other hand,

+o0
G = e+ 35 gopelrd] 3 ) = 5 g e
Il (n)l1=ko [ (n)ll=Fko
and, thus, aE’th(j) - G(s)‘ < |G(9)], ie. (}?‘if);( - 1‘ < 1 for all s € IIp. From hence it

follows that Re{%} > 0, i.e. G € PSDyy(b) and Oy gup)(E) C PSDyy(b).

From above it follows that O 1, (E) C PSDoi(b). On the other hand, if G € D
and G € PSDy;(b) then by Corollary 2 condition (9) holds, i.e. G € O7 4, (E). Thus,
PSDo1(b)D C Of (1,1, (E) and PSDOl( ) D =07 ) (E).

Since G € PCDO 1(b) if and only if & hb) € PSDy;(b), and by Lemma 1 G € Oy (,1)5(E)

if and only if & ) b) € 0, 5( ) = O145(F), one can easily obtain the corresponding results

for pseudoconvex functions. For example, if G € Oy, p)2(£) then (a—G € Oy, (b (F) and,

thus, fets € PSDgi(b) and 9, € PSDy:(b). Therefore, O p)2(E) € PCDgy(b). The
proof of Theorem 2 is complete d. [

Now we investigate the neighborhoods of a pseudostarlike function of the order . The
following theorem is true.

Theorem 3. Let b > 0,0 < ay < a < (h,b),
Aoy —hb) o Aoy, b)((2, D) —a) | (Awo), B)((R, D) — 1)
()\(n()), b) —a’ 2 (/\(nO), b) — ()\(nO), b) — (7

If F € D*(\PSD,:(b) then O} ; (F) C PSD,, 1(b) and D*(\PSD,, 1(b) C O 4 (F),
O3 (s, (F) © PSDey1(b) and D* (Y PSDo, 1(b) C OF 15, (F)-

o =(a—o)

Proof. Since F' € PSD,(b), by Corollary 1 condition (15) holds. Therefore, for oy < av we
get

+00
Z {(/\(n)7b) - 041}|g(n)] <

[(m)lI=ko

+o0 +o0
> AQw:b) =g — fml+ Y {(Aw),b) —ar}|fm| =

ll(R)lI=ko ll(R)l1=ko
+oo +o00
> {(Aw)b) = artlgm) — fol + Z {Aw:b) = M fl + (@ =a1) D> |fwl <
[l(r)][=Fko ll(r)lI=ko [l(m)lI=ko
+o00

<&+ (b —at(@—a) Y |fwl
(m) =0
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But in view of (15)

+o00
(Ao, D) =) D> fml < Z {(A\wy»b) — a}|fo| < (h.b) —a
() l|=ko ll(n)l|=ko

that is

“+o00 (h b) _

Z |f(n)| < -

1(n)lI=ko (Amoy, b) — )

and, thus,

(h,b) — «
(Awoy, b) — @)

i.e. by Corollary 1 the function G is pseudostarlike of the order a; and, thus,
16,(F) C PSD,, 1(b).
Now suppose that G € D[ PSDq, 1(b). Then in view of (15) we have

Z {(Amy, b) —ai}tgm| < 01+ (h,b) —a+ (o — o)
[I(n)ll=ko

= (h, b) — O,

Y Qb = fml <d= ) Don b= o (A b) = an)lgay = S| <

()| =ko () ko
PGl io (M), b) — 1) gy — fimy| <
Aoy, b) =1 <,
()\(nO), b) = = ()\(n), b) — 1
< ()\ . b) — ( Z ((A(n)ab) - Oél)’g(n)’ + Z —()\ b) ., (()\(n),b) — Oz)’f(n)D
(n%)> L ) T=ko o Taky ()
()\(nO), b) ()\(nO), b) — q

< — h,b) — =
- ()\(HO), b) — <(h’ b) ot ()\(n()) b) — (( ’ ) Oz)) 527
i.e. G € O (F) and, thus, D*( PSD,, 1(b) C Of 5,(F).

Since F' € PCDO 1(b) if and only if gbbg € PSDy:(b), and by Lemma 1 G € Oy 5,1)5(F)

if and only if 2 (hb € 0O, 5< . b)), one can easily obtain the corresponding results for pseu-

)> and, thus,

55 € PSD,,1(b) and G € PSDy, 1(b). Therefore, Os 15, (E) C PCDahl(b).

The proof of Theorem 3 is complete d. O

doconvex functions. For example, if G € O (1, p)s5, (F) then (ab—G € Oy, ( O

Finally, we consider the generalized case when F' is a pseudostarlike function of the order
« and the type . The following theorem is true.
Theorem 4. Letb > 0,0 < a < (h,b), 0 < g < p; <1,

A — (L4 B)Awoy = (1 = B1)h,b) — 204517 5, = P — Aﬁ((h,b) —a)
(1 +5>A<no> —(1— B)h.b) — 205 1+ﬁ1

26 (A D)(hD) =) 2B, D)(hb) — )
(T gy = (L= 5 ) —3af 0% Dy = (1= lb) —2af

If F € D*(NPSDqyp(b) then Of 5 (F) C PSDqp, (b) and D* (1 PSDq s, (b) C Of 5, (F),
O;,(h,b)él(F) C PSDq, (b) and D*(V PSDg,(b) C OS,(h,bysQ(F)-

0y =
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(14-B1)A(ny—(1=B1)h,b)—2aB1
Proof. At first we remark that ||(nl)rulgﬂ<n0|| TP (b —2af = Aand 3, — AB > 0. For
0< B < B <1 we have

> {1+ B)A@) — (1= Bi)h,b) = 2081 }H g <

lInll=ko

+o0
< Y A+ B)Aw = (1= B)h,b) = 2081} gm) — fom|+

Inll=ko

+ > {1+ B)A@ — (1= B)h,b) — 208} fn. (18)

Inll=ko

If G € O] 5(F) then

Z{ 14 B0)Am) — (1= B1)h, b) = 2081 gy — foy] <

lInll=ko

= D {1+ B)A@w + (Br = DA, b)) — fi <

Inli=ko
+00
< > A+ B)A@ + (Br = D) R D) g — f| =

[Inll=ko

(B —1)7"
L+ 5

=(1+8) > {Om+

lInll=ko

h, D) Ham) — fayl <

mZ{ w10} gw) — | <

lInll=ko

+oo
<201+ 81) Y {w.b)Ham — fonl <201+ B1)d

lInll=ko

and, since F' € D*(PSD, 3(b), by Theorem 1

Z {((1+ B1)A@m) — (1 = B)h,b) = 2ap1} fn)| =

lInll=ko

_ *f (14 Bu)Aw — (1= Bi)h,b) — 208,
((1 + ﬁ))\(n) — (1 — B)h’ b) — 20

{(1+ B)Awm) — (1 = B)h,b) — 2a6} foy| <

Inll=ko

<A D A+ BAm — (1= B)h,b) — 208} fn)| < A2B((h,b) — ).

lInll=FKo
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Therefore, (18) implies

+o0
> (18w —(1=51)h, b)=2ab1 }giw| < 2(1+5:)5+245((h, b)—a) = 26:((h, b)~a),

[Inll=ko

i.e. by Theorem 1 G € PSD, g, (b).
Now suppose that G € D*(PSD,g, (b). Then

—+00

(n)lI=ko

20 (A, b) (((1 + B1)Am) — (1= Bi)h,b) — 2a51)

T a2 (B — (1= B)h.b) — 208, 196 = | <

< ()\(no)7b)
(14 B1)Amoy — (1 = B1)h,b) — 2a61

Z {((1+ B)Am — (1 = Br)h, b) — 2081 g | +

[(m)lI=ko

+oo
+ 3 (1 B)Aw — (1= B b) = 2081} fon]) <
Il (n)l1=ko
_ (Auoy, b)
- ((1 + 61))\(”0) — (1 — ﬂl)h, b) — 2

o 1+51 — (1= f1)h,b) — 2053
" Z 1‘1‘51 — (1= B)h,b) —2a8

< (Awo), b)
(1 + B) Aoy — (1 — B1)h, b) — 2a,@1
—a ((1+ﬁ1) (n0) — (1—ﬁ1)h,b) —20&61 —a _
< (201 b)) ) + g 20(( b)) — )
_ 2B1(Awmoy, b)(((h, b)) — @) N 2B(Amoy, b)(((h, b)) — @)
(14 B)A@moy = (1 = B)h,b) =2a8 (14 B)A@oy — (1 = B)h,b) = 2a3
ie. G € Of 4 (F) and D*(\PSD, s, (b) C O 4 (F).

Using the arguments applied in the proof of Theorem 3 we arrive at the corresponding
results for pseudoconvex functions. The proof of Theorem 4 is complete d. O

(251((h,b)) —a)+

{1+ B)Aw = (1= B)h,b) = 208} ) <
ll(n)l1=ko

- (52.

4. Hadamard compositions of multiple Dirichlet series. For Dirichlet series Fj(s) =
+o0

elsh) + ' % . fn),j exp{(Aw),s)} (j = 1,2) the Hadamard composition has the form
n)|=ro

+oo
(Fy * Fy)(s) = M + Z fayafmy2exp{(Awy, 8)}- (19)

[(n)lI=ko
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Proposition 3. Let b > 0. If the functions F; € D* are pseudostarlike of the orders «; €
[0, (h,b)) then Hadamard composition FyxFj is pseudostarlike of the order « = max{ay, as}.

If the functions F; € D* are pseudoconvex of the orders a; € [0, (h,b)) then Hadamard
composition Fy x Fy is pseudoconvex of the order « = max{ay, as}.

Proof. Since Fj € D* that is fu,); < 0 for all n and j, from (15) it follows that

(h7 b) — Gy

1 >k

| fin)i] <

and, therefore,

+o00 oo
()\(n%b) - Oz1) ()\(n),b) _ 041)
m1f 2] = mil <1
||T%=:ko (h,b) —an ‘f( i )72| k=1 (h,b) — ‘f( )’1’

and similarly

= ()‘(n)ab) — )
Z (h, b) — Q9

| fafmel <1,
lInll=ko

i.e. the function Fy * Fy is pseudostarlike of the order a = max{ay, as}.
The proof of the pseudostarlikeness of F; x F5 is similar. O

Proposition 2. Let b > 0. If the functions F; € D* are pseudostarlike of the orders
a € [0, (h,b)) and the type B; > 0 then Hadamard composition Fy * F; is pseudostarlike of
the order a and the type 5 = min{(;, 52}.

If the functions F; € D* are pseudoconvex of the orders a € [0, (h,b)) and the type
B > 0 then Hadamard composition Iy x Fy is pseudoconvez of the order o and the type

B =min{f, b2}
Proof. From (11) it follows that

2B;((h,b) — a)
(14 Bj))Awm) — (1 = Bj)h,b) — 2B;a

and, therefore, as above we have

| fn).5] < <1, |n[| > ko

f ((1+ Bj)Aw — (1 = B)h, b) — 26;a

n n S 1, ) = 1, 2
26:((h.b) — a) [ fony 1l fm 2| j

lInll=ko

Hence it follows that F} * F; is pseudostarlike of the order o and the type 3, for each j and,
thus, F} x Fy is pseudostarlike of the order o and the type § = min{f;, fa}.
The proof of the pseudoconvexity of F} x Fy is similar. O]

5. Directional differential equation. Note that the entire and analytical solutions of
directional differential equations, as well as systems of such equations, were considered, for
example, in articles [29-31] (see also in this connection [32-34]).

Here we consider the directional differential equation

Fw + (7062(s’h) + el 4 Yo)w = 0, (20)
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where h = (hy,...,hy), h; > 0 (1 < 7 < p). We will look for a solution to the equation in
the form

400
F(s)=e*" 4+ > fayexp{(Am,9)}, (21)
@) lI=I1)
where n = (n,...,n), Aqy = 2h = 2(h1, ..., hp), Am) = An—1) + h = (n + 1)h.
Since
+o0
OpF(s) = (h, D)% + 3" (A, D) fim) exp{(Am), 8)},
@)=

we have

(h,b)%eM) + Z b)? frm) exp{(Amy, 8)} + 706>+
|| M=)l

+%0 Z Fooy exp{(Agm) + 28, 8)} + +71 M+
IESI=E!
+oo

+M Z Fony exp{(Am) + hy 8)} + 72 + v, Z Sy exp{(Am), )} =
() [I=]1(1)]] () [I=]1(D)]|

i.e.

(h,b)%elsh) 4 Z Am)s B)? finy exp{(Am), $)} + Yoe3 M 4
() I=N1(2)]]
+o00

+oo
+0 > o ep{Amiz, ) 1M+ D> fa exp{(Awr), )}
)=l I =l

+726M 44 Z fooy exp{(Am), 8)} =
!

whence

(B, D)2 4 )™M 2 5h) oy Blsh) 1 Z ((Am)b)? + 72) fin) exp{(An), )} +
l(m)][=]1(1)]]

+00 +oo
1 Y ey exp{QPmy )+ Y. fimez) oxp{(Aw,$)} =0

@)=l I@)I=M3)]l

and, thus,
((h’v b)2 + Yg)e(s’h) -+ Vlez(s’h) + 7063(S’h)—|—

+((2h, ) + 72) fra) exp{(2h, 5)} + (3R, b)* + 72) f2) exp{(3h, 5)} + 71 f((a) exp{(3h, 5) }+

+ Z {((Aws b)* +72) fm) + 71 fin-1)) + Y0 f (-2} exp{(Am), 5)} = 0.
Inl=1®)l
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Hence , it follows that

(h,b)* +72 =0, ((2h,D)*+7)fa)+7 =0, ((3h,b)*+2)f2)+nfix)+7% =0
and
((Aw)s B)* 4+ 72) fin) + 1 f(n-1)) + Y0 f(n-2) =0, n>3.

Therefore, the following lemma is correct.

Lemma 2. Function (2) satisfies differential equation (1) if and only if

+ %
— —(h.b)? - _ _wwt 22
V2 (h,b)%,  fa ()2’ fe) 2(h, b)? (22)
and

Fo = ey Hfeey >3 (23)

n(h,b)? ’

Using Theorem 1 and Lemma 2 now we prove the following theorem.

Theorem 5. Let b >0, 72 = —(h,b)?, |11| + || > 0,0 < a < (h,b) and 8 > 0. Then
differential equation (20) has an entire solution (21) such that:

1) if [l + 1| < (h,b)? and

2/ [{(38 + 1)(h,b) — 2Ba} + {(48 + 2)(h,b) — 2Ba}|y|
2(]7 + [0l)

<28((hb)—a)  (24)

then function (21) is pseudostarlike of the order a and the type B in the direction b > 0.
2) if 0 < |y1| + || < (h,b)?/2 and

4{(38 + 1)(h,b) — 2Ba}|m]| + 3{(48 + 2)(h, b) — 28a}|0]
4|yl + ol)

<28((h,b)—a)  (25)

then function (21) is pseudoconvex of the order o and the type [ in the direction b > 0.

Proof. By Theorem 1 function (2) is pseudostarlike of the order o and the type § in the
direction b > 0 provided

> {((n+2)B+n)(h,b) — 280} fm)| < 28((h,b) — a). (26)
() [I=1(1)]]
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On the other hand in view of (3) and (4) we have

f {((n+2)8 +n)(h, ) = 280} fim)| <
<{(38 J(?)'(Zf;))” — 28a}|f)] + {(48 + 2)(h, b) — 2Ba}| fz) |+
+ (n)g(s){((n +2)8 4 n)(h,b) — 250} 2217 <<“—1;L>(|hfli)7§| f-ayl _
= {(38+ 1)(h,b) — 2Ba}|fa)| + {(48 + 2)(h,b) — 2Ba}| fiz)|+
: II(H)§(2)II{<(H FAgE Db 25@}% N

+00
+ Y {((n+49)B+n+2)(h,b) - 2Ba }%:
) I=M1(D)]]
= {36+ 1)(h,b) = 2Ba}|fi)| + {(48 + 2)(h,b) — 2Ba}|fiz)|—
"Yle( |
(48 + 2)(h,b) — 28a} RS
+ Z {((n+3)ﬁ+n+1)(h,b)—2ﬁa}%:

=

R R sy Dollfl  _
= 3 a2 (hb) - 20y

ImI=lw]
— {38+ 1)(h,b) — 28a}|f)| + {(45 + 2)(h, b) — 28a} (Iv |) N

+ Z ({((n+3)ﬁ+n+1)(h,b) —250&}%4—

=1

#{((n+ 08+ 0+ (A b) — 280} 0w <
- 2nl{(35 + (A b) 260} + {(45 + 2)(A,b) ~ 25a}ol |
= 2(h,b)2

[ £((n +2)8 + m)(h, b) — 250}
' o uz%mn <2 (n+1)(h, b)? :

[l{((n +2)8 +n)(h,b) — 25a}>
(n +2)(h, b)2

| fim| <

+3

< 238+ 1)(h,b) — 2803 + {(45 + 2)(h, b) — 2o}l
2(h, b)?

o 5S4+ 205+ (i b) — 280}
’ ) I=11@)]]

197
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Therefore, if |v1| + || < (h, b)? then

(1- %) ”(n)%m”{((n +2)8 4 n)(h, b) — 28a}| fm| <

2|71|{(36 +1)(h,b) —2Ba} + {(48 + 2)(h, b) — 2Ba}|y|
2(h, b)?2

and in view of (24) we get (26), i.e. function (21) is pseudostarlike of the order v and the
type [ in the direction b > 0.

Then by Proposition 2 function (21) is pseudoconvex of the order o and the type § in
the direction b > 0 provided

Y. (A D{((n+2)8+n)(h,b) — 26a}|fw)| < 26((h,b) — a) (27)
I l=l @]

On the other hand in view of (22) and (23), as above, we have

400
Y. e+ D{((n+2)8+n)(h,b) — 28} fm)] <
)=
< 2{(36 +1)(h,b) = 28a}|fo)| + 3{(45 + 2)(h, b) = 26a}|fiz) |+

nllfl
(n+1)(h,b)?

= > <n+3>{<<n+4>6+n+2><h7‘°>”M%S
l)II=N(@)] ' ’

4{(36 + 1)(h,b) = 2Ba}|y| + 3{(48 +2)(h, b) — 2Ba} |yl

+ Z (n+2){((n+3)8+n+1)(h,b) — 28a}

) lI=N1(2)]]
—+00

2(h, b)?
S [71l(n + D{((n+2)B8 +n)(h,b) —2504}
o> (n+ 1)(h, D)2

() lI=I1(1)]]
ol + D ((n +2)8 + n)(h,b) — 2}
(0 + 2)(h, b )il <
A{(38 -+ 1)(b) — 20} + 3{(45 + 2)(h.b) — 280}
= 2(h.b)?

+6

+

—+00

+2% S 0+ D{(n+2)8 +n)(h,b) — 280} f(
’ [)I=I1)]]

and in view of (25) we get (27), i.e. function (21) is pseudoconvex of the order a and the
type [ in the direction b > 0.
Finally, for every o € R there exists n® = n°(0) such that for all n > n°® one has

(1ol + ) expi2(h, o)} _
n(h,b)?

N | —
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Therefore, we have, as above,

+o0

Y fwlexp{(Aw,0)} <

(@) [[=[[(m®)]|

+oo

5
< 2 n(|h 1l|a)2 [fn-v] exp{(An-1),9) } exp{(Aw); 0) = A1), 0) 1+
[() =11l ’
|l
- Z n(h, b)? | fin—2)| exp{(A(n—2), )} exp{(Awm), o) — (An—2),0)} =
() [I=]I(nO)]| ’
- f LU | exp{(Am), o)} exp{(h,0)}+
(n+1)(h, b)2""™ () )
|()[|=[I(n°-1)]
+ f L|f |exp{(Am), o)} exp{2(h,0)} <
(n+2)(h,b)? (n) (n)> 5 <
[[(n)[I=]I(n®—2)||
|71|
< n(h, b)? | fmo—1)| exp{(Amo—_1),0)} exp{(h, o)} +

—+00

il + 1ol
" Z w,f(n)’eXp{()‘(n)yU)}eXp{2<h7a')}_|_
@) [=1@)]] ’

1 +oo
+—n(‘}zoll)—2 ’f(n0_2)’ eXp{()\(nO_2)7 U)} eXp{Q(h, U)} S 5 ’ )”Z”( o |f(n)| eXp{()\(n), 0’)} -+ COHSt,
i.e. Dirichlet series (21) is entire (absolutely convergent in C? ). The proof of Theorem 5 is
complete d. -
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