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This paper deals with the following question: whether a ring of matrices or classes of matrices
over an adequate ring or elementary divisor ring inherits the property of adequacy?

The property to being adequate in matrix rings over adequate and commutative elementary
divisor rings is studied. Let us denote by 2l and & an adequate and elementary divisor domains,
respectively. Also %> and €, denote a rings of 2 x 2 matrices over them. We prove that full
nonsingular matrices from 25 are adequate in 5 and full singular matrices from &, are adequate
in the set of full matrices in &,.

In memory of our teacher and friend Professor Bohdan Zabavsky

1. Introduction. The notion of an adequate ring was originally defined by Helmer [5].
A ring R is adequate if R is a commutative Bezout domain and for every a # 0, and b in R
we can write a = cd, with (¢, b) = 1 and with (d;,b) # 1 for every nonunit divisor d; of d.
This concept appeared as a formalization of properties of the entire analytic functions ring.

By definition, every adequate ring is a Prufer domain. So every principal ideal domain
is an adequate ring. Example of an adequate ring which is not a principal ideal domain is
furnished by the set of entire functions with coefficients in a field [4]. Gillman and Henriksen
have shown that a von Neumann regular ring is adequate [4]. Also, it is clear to see that a
local ring is adequate.

The adequate rings with zero-divisors in Jacobson radical were studied by Kaplansky [7].
Henriksen [6] appears to be the first person to have given an example to show that being
adequate is a stronger property than that of being an elementary divisor ring. In proving
this, Henriksen observed that in an adequate domain each nonzero prime ideal is contained
in the unique maximal ideal [6]. It is a natural question to ask whether or not the converse
holds and this question is explicitly raised in [8]. The negative answer to this question is
given in [1]. Furthermore, it is shown that there exists an elementary divisor ring which is
not adequate but which does have the property that each nonzero prime ideal is contained
in the unique maximal ideal. In [15], it was proved that that a commutative Bezout domain
in which each nonzero prime ideal is contained in the unique maximal ideal is an elementary
divisor ring. In [16], Bezout rings in which each regular element is adequate were studied.
The following results have been obtained.

Theorem 1. Let R be a Bezout ring of stable range 2. A regular element a € R (element
without zero divisors) is an adequate element if and only if R/aR is a semiregular ring.
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The definition of the ring stable range will be given below.

Theorem 2. Let R be a semihereditary Bezout ring in which every regular element is
adequate. Then R is an elementary divisor ring.

Zabavskii introduced a new class of elementary divisor rings that contains adequate rings
and rings constructed by Henriksen and called the rings belonging to this class generalized
adequate rings [14]. Gatalevych [3] was the first, who studied noncommutative adequate rings
and their generalizations. He has proved that the generalized right adequate duo Bezout
domain is an elementary divisor domain.

The stable range of a ring is one of the important invariants of the algebraic K-theory.

Definition 1. Stable range of a ring R (in notation st.r.(R)) is the smallest positive integer
n such that whenever
aiR+aR+...+a, 11 R=R

then there are b1,...,b, € R such that
(CLl + blan+1)R + -+ (Cln + bnan+1)R = R.
If such n does not exist, then the stable range of R is infinity.

We say that ring R has stable range 1.5 if for each a,b € R and 0 # ¢ € R satisfying
aR + bR + cR = R there exists r € R with

(a+br)R+cR = R.

This notion was introduced by the second author in [11| and studied in [2, 10, 12]. By
Property 1.18, [10, p. 21|, adequate rings have stable range 1.5.

Vaserstein [13] established a relationship between the stable range of a ring and the stable
range of the matrices rings over it.

Theorem 3. For any ring R and any n > 1
st.r.(M,(R)) =1— [_st.r-(f)fl] '

where x denotes the least integer greater than or equal to a real number x.

According to this formula if the stable range of the ring R is equal to 1 or 2, then the
stable range of the matrix ring M, (R) has the same stable range. It turns out that this
regularity holds for a rings of stable range 1.5. Using Theorem 2.20, [10], p. 90 we get.

Theorem 4. A second order matrices ring over an adequate ring have stable range 1.5.
Theorem 5. Let R be an adequate Bezout ring and J(R) # 0 then st.r.(R) = 1.

Proof. Let bR+ cR = R and a € J(R) \ {0}. Then, obviously, aR + bR + cR = R. As in the
proof of Theorem 1, we can show that

aR+ (b+cr)R=R

for some element r € R. Since a € J(R), we have (b+ cr)R = R, so st.r.(R) = 1. O
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Obviously, we have

Corollary 1. If R is a Bezout ring and there is an adequate element a in J(R)\{0} then
st.r.(R) = 1.

A special role among the second-order matrices over an elementary divisor rings is played
by full matrices, i.e., matrices whose elements are relatively prime. Thus, according to the
result of Kaplansky, R is elementary divisor ring if and only if all full 2 x 2 matrices over R
have the property of canonical diagonal reduction [7].

In the 2 X 2 matrix ring over an adequate ring Zabavskii and Petrychkovych [9] selected
a class of matrices of stable range 1.

In this article we investigate the adequate properties of some classes and matrices over
adequate and elementary divisor rings.

Arrangement. To prevent confusion and to reduce of notation, denote by 2 and € an
adequate and elementary divisor domains, respectively. Also 205 and €&, denote a rings of
2 x 2 matrices over them. [ is the identity matrix, and GLy(R) denote the group of 2 x 2
invertible matrices of a ring R.

2. Auxiliary results. If A = BC, then B is called a left divisor of A and A is called a right
multiple of B. If A= DA, and B = DBy, then D is called a left common divisor of A and B.
In addition, if D is a right multiple of each left common divisor of A and B, then D is called
the left greatest common divisor of A and B (in notation (A, B),).
(a,b) and [a, b] denote greatest common divisor and least common multiple of a and b.
Let A, B be matrices from &,. There are matrices Py, Qa, Pg, @p in GLy(€) such that

PaAQ4 = diag(ay, ag) i= Sa, aias,
PpBQp = diag(p, 52) := Sp, [1l|Pe,

where Sy4, Sp are Smith normal forms (S.n.f.) of A, B, respectively. Diagonal elements of
S.n.f. are called invariant factors. It follows that these matrices can be written as

A= P;'SAQ4", B= P5;'SpQ3"

Theorem 6 ([10], Theorem 2.15). Let PgP;* = ||s;|. The Smith normal form of (A, B),
is the matrix

diag ((a1, B1), (o, B2, [a1, Bisa)).

Corollary 2. In order that (A, B), = I, i.e., A& + B&, = &, it is necessary and sufficient
that

(052, ﬁ27 [ah ﬁ1]821> =1.

Let Bi]ay, i = 1,2. Denote by L(diag(a, as), diag(f1, B2)) the set of all invertible matrices
of the form

gyl

H I L2

Theorem 7 ([10], Theorem 4.3). The matrix B is the left divisor of A i.e., A = BC' if and
only if Bi|ay, i = 1,2, and PgP;" € L(Sa, Sp).
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Theorem 8 ([10], Theorem 4.4). The set of all left divisors of A having Smith normal form
SB is
(L(Sa,S8)Ps) "' Sp GLy(€).

Theorem 9 (|10], Theorem 2.19). Assume that A, B are full matrices in 2y, moreover
Ay + By, = 5. Then there exists a matrix P € 2, such that AP+ B = (), where () is an
invertible matrix from 2,.

3. Main results.
3.1. Adequacy in the set of full nonsingular matrices over adequate domains.

Definition 2. The element b of the ring R is called left adequate to an element a € R if
there exist such elements s,t € R that b = s - t, where tR + aR = R, and for an arbitrary
nonunit element s’ € R such that sR C 'R # R the condition 'R + aR # R is satisfies.

Note that, by the definition the g.c.d. of full matrices entries is equal to 1. It follows that
every full matrix in €, has S.n.f. of the form diag(1, *).

Theorem 10. Full nonsingular matrices from 215 are adequate in 2s.

Proof. Let B be the full nonsingular matrix from 2,. An adequate ring is an elementary
divisor ring. So B can be written in the form B = Pg'diag(l, 3,)Qz', where 35 # 0.
Suppose that

A= Pyt diag(ay, )@y, ailas,

is an arbitrary matrix from 2(; such that A4y + By # 2s. Since (A, B), is the left di-

visor of B, therefore its invariant factors are divisors of corresponding invariant factors

of B (see Theorem 7). It follows that the first invariant factor of (A, B); is equal to 1.

Consequently, according to Theorem 6, the Smith normal form of (A, B); have the form

Q = diag(1, wy), where wy := (ag, Ba, 1891), s21 is an element of matrix PgP; ' := ;1] -
Decompose S5 into product: S = 1)s15, where

(12, wo) = (o, (o, Pa, 1521) = ((12, B2), qa, 1521) = (2, g, 1521) =1 (1)

and for each nontrivial 1 |¢)s we have

(%7 w2) = (%7 az, [, 041521) = ((%, 52)7 G2, 041521) = (%7 a2, 041821) # 1. (2)
Set

01

el

H Py,
The matrix B can be written as B = ST', where

S = Pg'diag(1, ¢»)Pr, T := Pp'diag(l, 1,)Q5"

By Theorem 6, we get (A, T), ~ diag(1, \y), where Ay := (15, ag, aymea;), Moy is an element
of the matrix PrP;' := ||m;;||, the symbol 7 ~ 7 denotes the equivalence. Since

_ 0 1 |0
ol (HH S M



ON ADEQUACY OF FULL MATRICES 119

we have mg; = 1. By virtue of equality (1) we conclude that
)\2 = (VQ, a9, Oél) =1 = (A,T)l =1.

It means that Ay + T, = As.

Let us describe all left nontrivial divisors of the matrix S. Potential S.n.f. of such divisors
have the form M = diag(1, u2), where usltbe. According to Theorem 8, the set of all left
divisors of the matrix S having the Smith form M has the form (L(¥,M)Pg) 'MGLy(2l),
where W := diag(1, 3). The set L(W¥, M) consists of all invertible matrices of the form

Let N := (LPg) 'MV, where L € L(¥,M), V € GLy(2). Consider the matrix

M — Ly e
falar  lag

l [ s11 S * *
LP P—l — L(P P—l — 11 12 11 12 _ _
(LF5) P (FePi) H palor 22 So1 S22 pala1Sa1 + S21l2g *
* * a2 521
= , = ————l91591 + ———oo.
H (H2, 821)p21 * bt (p12, 521) . (142, s21) *
Then
(A, N)l ~ dlag(l, 0'2),
where

09 1= (,uz, g, 041(,&2,321)]921) = (H2, Qg, O1loP21, 041521]921) = (HQ, Qg, a1321p21).
The element p5 is a nontrivial divisor of 15. Therefore by condition (2), (u2, a2, aise) # 1.
Since
(M2, o, 041821)|(M2, Q, a1821p21) = 02

we get g9 # 1. It means that A + NRAy # As. O
3.2. Singular full matrices over an elementary divisor domains.
Theorem 11. Full singular matrices from €, are adequate in the set of full matrices in &s.

Proof. Let B be full singular matrix from &,. Therefore B can be written in the form
B = Pg'diag(1, 0)Qz'. Suppose that

A= Pgl diag(1, Oég)@;ll, aq o

is an arbitrary full matrix in &, such that A&, + BE&, # &,.

The invariant factors of (A, B); are divisors of corresponding invariant factors of B. So
the first invariant factor of (A, B); is equal to 1. Using Theorem 6 we get that the Smith
normal form of (A, B), is equal to U = diag(1, 13), where 1 := (g, $91), PsPy" := ||s4]| -

Case 1. Assume that

'lbg = (042, 821) =0 = Qg = S91 = 0.
It means that

€1 S12

A= Pt diag(1, 0)Q4', PsP;' = 0 e

, e1,e9 € U(€).
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Noting that
(PpPy') diag(1, 0) = diag(1, 0) diag(er, e2)
it is easy to check that

A=21DB (QB diag(el, 62) Q;ll) .

Consequently, the matrices A, B are right associates. It follows that B is left adequate to A.
So B is right adequate in the set of full matrices in &,.
Case 2. Let 15 be nonunit element of &, \ {0}. Set

01

PT:ZHl 0

et

Then the matrix B can be written as B = ST, where

1 0
0ty

Consider the matrix (A, 7T);. As above we have

S = Pg! Pr, T :=P;!

1ol ..,
) o e

<A7T>l ~ dia‘g(la )\2)7 Ay = (042, mzl)7

where mo; is an element of the matrix PTPA_l := ||my;|| . Since
0 1
-1 __
e =| 1 |

we get mo; = 1. So Ay = 1. Consequently, A€y + T'E, = &,.

Consider all left nontrivial divisors of the matrix S. Potential Smith forms of such divisors
have the form diag(1l, p2) := M, where ps is a non-trivial divisor of . According to
Theorem 8 the set of all left divisors of the matrix S having the Smith form M has the form

(L(W,M)Pp)”~"M GLz(€),

where L(W, M) consists of all invertible matrices of the form

M — L1 lo
falar oo

Suppose that N = (LPg)'MV, where L € L(¥,M), V € GLy(€) be an arbitrary matrix
in this set. Repeating the considerations made in the proof of Theorem 5, we obtain A&, +
NE,y #£ &,. ]

Definition 3. Element b of the set M is called right weak adequate if for an arbitrary element
a € N there exist such elements s,t € N that b = s-t, where t9M+ad = N, and sN+aDT # N.

Theorem 12. Full singular matrices are weak adequate in &,.

Proof. Let A := P;'diag(a;,02)Q;" and B := Pg'diag(1,0)Q3' are matrices in &,. The
Case a; = 1 is considered in Theorem 7.

Let ay # 1. Suppose that B = ST, where (A, T), = I. Obviously that the matrices S, T
are full matrices

S = Pyldiag(l,02)Q5", T = Pp'diag(1,72)Q7".
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Since detB = detS detT’, we have
09Ty = 0. (3>

As above I = (A,T), = diag(l, (72, a2, aips1)), where py is element of Pr = ||p;;||. It

follows that
(7'27 ayq <%> Pm)) =1 = 1w #0.
(631

Using equality (3) we get 0o = 0. Hence the matrix S has the form
S = Py'diag(1,0)Qg"

and can be writen as S = 519, where S; := Py 'diag(1, az + 1), Sy := diag(1, O)le. Since
(detSy, detA) = (ag + 1, eajaz) = 1, where e is invertible element of elementary divisor
domain, we conclude that (A, S1); = 1. O

3.3. Weak adequacy of zero matrix to the set of full matrices.
Theorem 13. Zero matrix is weak adequate to the set of full matrices in €,.

Proof. Let A := P;'diag(1, )@ is matrix in €. Zero matrix can be written as 0 = ST,

_ o 1 1 0 0
- H(H ol) = D )
0 1|01
Obviously that Pr = 1 0 Py. So PrPy 1ol By Theorem 6 we get
1 0
(A4 D)~ H 0 (as1) H =1
Concequently, A€y + TEy = €E,.
Since Ps = P4, we have PsP;' = I. So
1
(4,5 ~ H ! ‘ L1
Therefore A€, + SEy # €.
]
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