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Invesigation of bounds for Hankel determinant of analytic univalent functions has been
interesting for many researchers since early twentieth century to study geometric properties.
Many authors obtained non sharp upper bounds of the third Hankel determinat for different
subclasses of analytic univalent functions until Kwon et al. [5] obtained exact estimation of
the fourth coefficient of Carathéodory class. Recently the authors using an exact estimation
of the fourth coefficient, well known second and third coefficient of Carathéodory class have
obtained a sharp bound for the third Hankel determinant associated with subclasses of analytic
univalent functions.

Let w = f(2) = 2z + a2z + - -- be analytic in the unit disk D = {z € C : |2| < 1}, and S
be the subclass of normalized univalent functions with f(0) = 0, and f/(0) = 1. Let z = f~!
be the inverse function of f, given by f~!(w) = w + tow? + --- for some |w| < r,(f). Let
S¢ C S be the subset of convex functions in D. In this paper, we estimate the best possible
upper bound for the third Hankel determinant for the inverse function z = f~! when f € S°.

Let S¢ be the class of convex functions. We prove the following statement (Theorem 1): If

f € 8¢ then .
|Hs1(f7h)] < 6

and the inequality is attained for po(z) = (1 + 23)/(1 — 23).

1. Introduction. Let us denote by H the family of all analytic functions in the unit disk
D= {z € C:|z|] <1} and by A the subfamily of functions f normilized by the conditions
f(0) = f'(0) — 1 =0, i.e. of the form

f(z) = Zanz", a; = 1. (1)

Let S be the subfamily of A, possessing univalent (schlicht) mappings. For f € S, the inverse
f~1is given by

- =~ . 1
i) =0 Yt fol <0 () 2 7). )
n=2
A typical problem in the geometric function theory is to study some functionals. Each
time the appearance of such functionals is dictated by the need to study the geometric
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properties of conformal mappings. Estimates of such functionals are obtained by expressing
them explicitly or implicitly through Taylor coefficients. Hankel determinants are one of such
functionals. For the positive integers r, n, Pommerenke [10] characterized the r**-Hankel
determinant of n"-order for f given in (1) defined as follows

A, Apy1 " Qpyr—1
Ap41 Qpiy2 - Qp 4
Hoa(f) = | M 2 e (3)
Upir—1 Qpiyr - Opg2r-2

The problem of finding sharp estimates of the third Hankel determinant (at » = 3 and
n = 11in (3)), is technically much tough than that at r =n = 2.

In recent years, many authors are working on obtaining the sharp upper bound to
|H31(f)| for certain subclasses of analytic functions (see (2, 3, 4, 6, 12, 14]).

Ali [1] estimated sharp bounds for the first four coefficients and the Fekete-Szegs coeffici-
ent functional of the inverse functions which belong to the class of strongly starlike functions
denoted by SS*(a) defined as |arg (zf'(2)/f(2))| < ma/2, (0 < a < 1). Sim et al. [13]
investigated a sharp bound of |Hoo(f™!)| for the class of strongly Ozaki functions F,(\)
defined as Re {1+ (zf"(2)/f ()} < (1 —=2X) /2, (1/2 <A< 1).

Recently Lecko et al. [3] obtained the sharp bound for the class of convex functions S¢,

defined by )
Re{1+ ) }>O. (4)

Motivated by these results, in this paper we obtain the sharp estimate for Hs;(f™') when

f e S¢as 1/36.
Let P be the class of all functions p having a positive real part in D,

p(z) =1+ Z 2t (5)

Every such function is called a Carathéodory function. In view of (4) and (5), the coefficients
of the functions in §¢ can be expressed in terms of coefficients of functions in P. We then
obtain the upper bound of |Hs1(f™')|, buliding our analysis on the familiar formulas for
coefficients ¢y (see, |9, p. 166]), c3 (see |7, 8]) and ¢4 (can be found in [11]).

The foundation for proofs of our main results is the following lemma and we adopt the
procedure framed through Libera and Zlotkiewicz [8].

Lemma 1 ([11]). If p € P is of the form (5) with ¢; > 0 such that ¢; € [0,2] then

200 = ¢} +vp, 4oz = ¢+ 2civp — cvp® 4 2v (1= |uf?) p,
8cs = cf +3civp+ (4= 3¢}) vp® + Gup® +4v (1 — [uf?) (1= [p]?) v+
+av (1= [ul?) (ec1p — cup — ip?)

where v := 4 — ¢} for some p, p and 1 such that |u| <1, |p| <1 and || < 1.

2. Main result. We now prove the main theorem of this paper.
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Theorem 1. If f € 8¢, then

and the inequality is attained for py(z) = (1 + 23)/(1 — 23).
Proof. For f € 8¢ there exists a holomorphic function p € P such that

U

Using the series representation for f and p in (6), a simple calculation gives

} =p(2) & {f'(2) + 2/"(2)} = p(2) f'(2).

C1 C% + o 1|1
2 2

53 3
27 é 6 ,(14:12 _Cl+_6102+c3:|7
11, , 1, 4
a5_2—0|i661+0102+502+50103+04‘|.

Now from the definition (2), we have

w=f(f7) = £ w) + 3 an(f 7 (w))"

Further, we have

oo oo 0o n
w=f(f) :w+2tnw"+2an<w+2tnw"> .
n=2 n=2 n=2

Upon simplification, we obtain

(tg + CLQ)UJQ -+ (tg —+ 2a2t2 + ag)w3 + (t4 + 2a2t3 + agtg + 3a3t2 + CL4)U)4+
+(ts5 + 2agty + 2a9tats + 3asts + 3asts + dagts + az)w’® + ... = 0.

Equating the coefficients at the same powers in (10), upon simplification, we obtain

ty = —ag; t3 = {—az +2a3}; ty = {—as + Sasaz — 5a3};
ts = {—a5 + 6agas — 21aas + 3aj + 14a3}.

Using the values of a,(n = 2,3,4,5) from (7) in (11), upon simplification, we obtain

1 1
1
ts = 155 (—6c4 4 22c1c5 — 46¢icr + Tch + 24c}) .
Now,
ti=1 ty t3

Hy (fH=| ta tz3 t4.
ty  tq ts

(10)

(12)

(13)
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Using the values of ¢;, (j =2,3,4,5) from (12) in (13), it simplifies to give

1
H3,(fY) = S640 [4¢] — 24cics + 12¢ics + 39cic; — 443 + 36cicacs—
—36¢icy — 60c3 + 720204} ) (14)
In view of (14), using the values of ¢z, ¢3 and ¢4 from Lemma 1 we obtain
24ctcy = 12 [cgj + c%uu} ;
12ccs = 3 [cf + 2civp — clvp® + 26v(1 — |u]*)p] ;
11
44¢3 = > [C? + 3civp + 3P u? + 1/3,113} ;
39
39cics = T [C? + 2civp + cfy2u2] ;
9

36¢c1coc3 = 3 [+ 3civp + 2% p” — clvp® — VP + 2v (¢ + civp) (1= |uf?) p] 5 (15)

60c; = % [® + At vp + 4¢P p? — 2ctvp® — AV pd + AVt +
Hv (¢ 4 2evp — evp®) (1 — |u?)p + 402 (1 — |ul?)*p?] ;
T2c5cs — 36C3cy = g[c‘fu,u + 322 + (4 — 3PP + AVt +
4P erp(1 = p) (1 — |pl*)p — 42 (1 — | u?p® + 402 (1 = |u[*) (1 = [p|*) )],

Inputting the values from (15) in the expression (14), after simplification, we get

1 3 3 11
“1y 9299 o293 99294 3,3 2 3
Hs.(f )_8640 {4011/” 3civip +4clu,u 5V + 18v°u
— (Bar’u+ 3 p?) (1= |u?) p =302 (54 |pl?) (1= |ul?) P+ (16)

+180° 0 (1 — [ul?) (1= [pl?) ¥] .

Putting ¢ := ¢; and taking v = (4 — ¢?) in (16), we obtain

4— 213 3 3

H 71:( D224 22,8 L 224 (4 25—

™) = g 10+ 3 gt = =

=3ep(1+ p) (1 = [ul®)p = 35+ [u*) (1 — |u)p? + 18u(1 — [u*) (1 — |p*)¥| .- (17)

Taking modulus on both sides of (17), using |u| = x € [0,1], |p| =y € [0,1], ¢; = ¢ € [0, 2]
and |¢| < 1, we obtain

\H&l(f—l) < Yooy (18)

— 8640

where ¢: R? — R is defined as

3 3 3
e, z,y) = (4 — c2)? L—lc%z + 502333 + 1023:4 + (4 — A+

1182(1 — 22) + 3ex(1 4+ 2)(1 — 22)y + 3(5 — 2)(1 — 2)(1 — :icz)y2] . (19)
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We can easily observe that 9 (¢, z,y) is an increasing function of y, since 3cx (1 + ) X
X(1—2?)>0and 3(5—z)(1—x) (1 —2?) >0 for (c,z) € [0,2] x [0,1].

Hence,

32zt 3228 322
4 2 3
Tttt (4—c)a2®+ 7

+3c(z+1) (1 —2?)z+3 (1 —2°) (2? +5)] =

9\ 2 3\ A\ 3\ 4
:(4—0) 15 + 3cx + _12+3C+T 7+ 4—30—1—5 x° + —3—304—7 x| <

D) < dea) = (1=’ |

22 37\ A\
< (4-¢%)7 |15+ 3z + —1243c4 —— |2+ (4 =3ct o o) =
2

=(4- c2)2 {15 + 3cx + (—8 - 5%) aﬂ} = VU(c,x), (c,z) €[0,2] x [0,1]. (20)

For ¢ = 0 and ¢ = 2, we obtain
WU (0,z) = 16(15 — 82%) < 240 and V¥ (2,z) =0, for z € [0, 1]. (21)

For x =0 and = = 1, we have

5 2
W (c,0) =15(4 —c*)? <240 and VU (¢, 1) = (4 — ¢*)? (7 + 3¢+ %) <125, for c € [0,2].
22)
Now, it remains to show that W(c,z) < 240 on (c,z) € (0,2) x (0,1). We have 0¥ /0x = 0
if and only if

—~

—6¢° + 48¢® — 96¢ 0*w o 2 5¢?
= = 0,1), == =2(4- -8+ — | <O.
"= 5o 60 —siz 0 € (O G(em) =2(1=¢) M
Therefore U(c, ) attains maximum at (c, zp). Hence
6(—4 + ¢*)*(—80 + 11¢?)
U(c,x) < U(c,xg) = 331 502 < 240. (23)
In view of equations (20) — (23) we obtain
max{ﬂ(c,x,y) :ce|0,2], x€0,1], y €0, 1]} = 240. (24)
From expression (18) and (24), we get |Hs1(f™)| < 5.
For pg € P, we obtain ty = t3 = t5 = 0, t4 = 1/6, which implies the result. O
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