Maremaruuni Crymii. T.60, Nel Matematychni Studii. V.60, No.1

YIK 517.98, 517.5
M. KAZANIVSKIY, YA. MYKYTYUK, N. SUSHCHYK

TRANSFORMATION OPERATORS FOR IMPEDANCE
STURM-LIOUVILLE OPERATORS ON THE LINE

M. Kazanivskiy, Ya. Mykytyuk, N. Sushchyk. Transformation operators for impedance Sturm—
Liouville operators on the line, Mat. Stud. 60 (2023), 79-98.

In the Hilbert space H := Lo(R), we consider the impedance Sturm-Liouville operator
T : H — H generated by the differential expression —p%p%%p, where the function p : R — R,
is of bounded variation on R and inf,eg p(z) > 0. Existence of the transformation operator for
the operator T and its properties are studied.

In the paper, we suggest an efficient parametrization of the impedance function p in term
of a real-valued bounded measure p € M via p,(z) := et[#:29)) "2 € R. For a measure yu € M,
we establish existence of the transformation operator for the Sturm-Liouville operator 7,
which is constructed with the function p,. Continuous dependence of the operator T}, on p is
also proved. As a consequence, we deduce that the operator T}, is unitarily equivalent to the
operator Ty := —d?/dx?.

1. Introduction. In the Hilbert space H := Ly(R), we consider the Sturm—Liouville operator
T in the impedance form generated by the differential expression

t(f) = — (p%%% ) £, (1)

where the function p belongs to the class & consisting of all functions p: R — R, of bounded
variation on R such that inf,cg p(z) > 0.
We define the domain of the differential expression (1) as the set

domt:={f € L11,c(R) | pf € AC(R), p~*(pf) € AC(R)}.
Here and hereafter, AC(R) is the linear space of all locally absolutely continuous functions
f: R — C. The differential expression (1) generates an operator
Tf:=4/f)
that acts in H on the domain
domT :={f € H| pf € Wy(R), p~*(pf) € Wy(R)}.
Here, W} (R) is the standard Sobolev space. For every p € &, the operator T is self-adjoint
and non-negative in H. Indeed, let us denote by Sy and P self-adjoint operators acting in
the space H by the formulas

Sof = if/, f € dom SO = W;(R),
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Pf:=pf, fedomP :=H.

For the operator P there exists an inverse continuous operator P~!. Thus the operator
S = Pilsop

is similar to the operator Sy. This implies that the operator S is a closed operator and the
equality S* = PSyP~! holds. It is easy to see that T' = S*S. In view of von Neumann’s
theorem (see [1, Sect. V.3.7]), the operator T' = S*S is a self-adjoint non-negative operator.

Our goal is to prove the existence of transformation operators for the operator 7' and
to study their properties. It is well known (see, e.g., [2]) that transformation operators
for Sturm-Liouville operators play an important role in solving inverse problems. For this
reason, the authors consider this paper as a step towards solving the inverse problem of
scattering theory (ISP) for the operator T'. Let us point out two partial cases, where ISP
for the operator T is solved. In the first case, a function p € & is absolutely continuous,
and this problem comes down to a well-studied ISP for a Dirac operator with an integrable
potential (see, e.g., [3]). In the second case, a function p € & is piecewise-constant and its
points of discontinuity belong to the lattice Z, and ISP for this case is studied in detail in [4].

Note that the parametrization of the operators T using functions p € & is inconvenient.
Firstly, each function from the subclass

P(po) ={pe P [Ic>0 VzeR p(x—0)=cp(z—0)} (p€ )
generates the same operator 7', secondly, the set &2 has a difficult structure. To circumvent
these drawbacks, we suggest the following approach.

We denote by M the real Banach space of all real-valued bounded measures on R. Clearly,

for an arbitrary measure p € M, the function
pu(z) = HlB2) e R,

belongs to the class &7 and is left-continuous. We also denote by P,, S, and T}, the operators
P, S and T, which are constructed with the function p,. It is easy to check that the class
of the operators 7', generated by functions p € &, coincides with the class {7}, | p € M}.
Therefore, we can take a measure u € M as a parameter on which the operator T depends.
The advantage of this choice is that, in contrast to &, the space M is a Banach space,
moreover, it is a well-studied Banach space.

Denote by M the subspace in M consisting of all measures ;1 € M that are absolutely
continuous with respect to the Lebesgue measure m with the density v = j—y’; that belongs
to the space Z of all real-valued functions from C'*°(R) with compact support.

If ue My and u= 5—7‘;, then T}, can be presented in the potential form
2

da?
where v = @ + u?. Since v € 2, there exists the right transformation operator for the
operator 7}, (see, e.g., [2]), which we denote by U,. The operator U,, acts continuously in all
spaces L,(R) (1 < p < 00) by the formula

T, = +v, domT, = W3 (R),

(U.f)(z) = f(z) + /00 K(z,t)f(t)dt, zeR. (2)

Unless otherwise noted, we will consider U, as an element of the Banach algebra B(H) of
all linear continuous operators in H.

The kernel K in (2) is a smooth function in Q := {(z,t) € R? | z < t}, which is defined
unambiguously by the fact that at all A € C,. the formula,
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e(z,\) = e —|—/ K(z,t)e™dt, xR,

defines the right Jost solution of the equation —y” + vy = A%y (see Section 4). It follows
from the results of [2] that for 4 € M, the operator U, is invertible in the algebra B(H)
and T, = U, ToU,,".

The main result of this paper reads as follows.

Theorem 1. The mapping M, > v+ U, € B(H) has a unique extension to the mapping
M>pu—U, e B(H),
which is sequentially continuous if M is equipped with the weak topology and B(H) is

equipped with the strong operator topology. Moreover, for every u € M the operator U, is
invertible in the algebra B(H) and T,, = U, ToU, "

The following corollary obviously follows from Theorem 1 and Lemma 21.

Corollary 1. For an arbitrary p € M the operator T, is unitarily equivalent to the
operator T.

Remark 1. To avoid possible confusion, we use different (but similar) notations for the
function p — U, and its extension p +— U,,.

This paper is organized as follows. In the next section, we introduce necessary definiti-
ons and prove auxiliary propositions. In Section 3, we study properties of transformation
operators U, in the smooth case. In Section 4, we prove Theorems 3 and 4 to describe
properties of transformation operators ¢, when p € M. In Section 5, we prove Theorem 1.
The proofs in this section are analogous to that in Sections 3 and 4, thus they are presented
in abbreviated form. Finally, Appendix A contains auxiliary lemmas that were used in the
proofs.

2. Preliminaries.
2.1. The spaces L, and L,,.. We use the abbreviation L, := L,(R), 1 < ¢ < oo, for the
Banach spaces of Lebesgue measurable functions with the standard norms

/4
£l = ([ 1r@lrdz) ™l = esssupl s (o).

We distinguish the Hilbert space H := Lo among the spaces L, (1 < ¢ < oo) and denote
by (- | -)u the inner product in H. We also denote by L, .. the linear space of all functions
f: R — C locally belonging to L,.

2.2. The Sobolev space W. For any positive integer n and ¢ € [1,00], we denote by wy
the Sobolev space, i.e.

Wr={feC (R)| f" Ve ACR), f,f,...f™ € L,}.
The space W' will be endowed with the norm

1wy =D 190,
j=0

2.3. The spaces C,(R) and 2. We denote by C,(R) the real Banach space of all continuous
bounded real functions on R with the norm || f||.. We also denote by Z the linear space of
all real-valued infinitely differentiable functions ¢: R — R with compact support.
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2.4. The space M. We denote by M the real Banach space of all real-valued bounded
Borel measures on R. We shall denote by || the total variation of a measure p € M. The
space M is endowed with the following norm

[l == |pl(R), peM.
We distinguish the following subspaces in M':

e the space M ,. of all measures that are absolutely continuous with respect to the
Lebesgue measure;

e the space M of all u € M. with the density din% belonging to Z.
In the space M, besides the strong topology generated by the norm, we consider also the
weak topology. Let us recall some facts about weak convergence of measures.

A sequence (11,)°%, in the space M converges weakly to ;1 € M (the notation s, — 1)
if for every f € C,(R) the equality

lim/fdunz/Rfdu

n—oo R

holds.

A sequence (p,,)%2, in the space M is called uniformly dense if for an arbitrary ¢ > 0
there exists a bounded interval [a, b] such that |u,|(R \ [a,b]) < € for all n € N.

For every measure u € M, we denote by h, the function

h(@) = (o)), @ €R.
The following proposition follows from theorems 1.4.7 and 1.7.2 of [5].

Proposition 1. Let (it,)nen be a sequence in M and pi,, — p € M. Then:

1) [|p]| < sup,ey ||pnll < 00;  2) the sequence (py,)5e, is uniformly dense;

3) on each interval [a,b] the sequence (hy,, )nen converges in measure to h, (with respect to
the Lebesgue measure);

4) from the sequence (h,, )nen one can choose a subsequence, which converges almost every-
where to hy,.

Let us recall (see [5]) that the convolution of measures p,v € M is a measure u * v
defined by the formula

/fd(u *V) 1= / / f(x+y) u(dr)v(dy), [ e Cy(R).
R R JR
It is well known that

vl < flllllvll, pv e M.

Let us fix a non-negative function 6 € & such that

supp 0 C [—1,0], /H(t) dt = 1.
R
Put
O.(x) :=nb(nz), xe€R, neN,
and denote by w, the measure in M, for which dw,,/dm = 0,,.

Let p € M. A sequence (v,)nen in M is called a 0-sequence for u if v, := pu, * w,, where
the measures u,, are defined by the formula

un(A) = p(AN [=n,n]), A€ B(R).
Here, B(R) is the algebra of all Borel subsets of R.
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Lemma 1. Let € M,n € N and (vy)gen be a 0-sequence for p. Then:
1) the sequence (vy)ren belongs to M and vy, — ju;

2) if supp u C (—p, p) (p > 0), then suppv,, C (—=1/n—p,1/n+ p);

3) [l < llpll and hyy,) < by

Proof. The proof of (1) and (2) is obvious.
Let us prove part (3). Since for every n € N |jw,|| =1 and ||u,|| < |||, we get that
[l = llm * wnll < llpnllflonll < flull,  n € N.
It follows from the definition of the measures v,, that

i ’ [ - 9 >|g/Ren<t—§>dmr<5>, tER

tai(a) = b0 < [ ([ ute - ar) dulte), we

Using the last inequality, it is easy to obtain that

Thus

bt@) < [ dll©) = (o). weR

]

2.5. The algebra B(H). We denote by B(X) the algebra of all linear everywhere defined
continuous operators acting on a topological vector space X. If X is a Banach space, then
B(X) is a Banach algebra.

In this paper, we mainly make use of the algebra B(H). Let us agree that 4, = A (or

A = slim A,)) means that a sequence (A, )nen converges to an operator A in the strong
n—o0

operator topology of the algebra B(H).

2.6. The operators P,. Let us recall that P,: H — H is a multiplication operator by the
function p,(z) := @ where h,(r) = u([z, 0)).

Lemma 2. Let (i, )nen be a sequence in M and p, — p € M. Then P,, N P,.

Proof. Let the conditions of the lemma be satisfied. In view of Proposition 1,

1Pulloos ([P lloo < sUD (k]| = ¢ <00, n €N,
keN

and on an arbitrary interval [a,b] the sequence (h,, )nen converges in measure to h, (with
respect to the Lebesgue measure). Thus ||p,||cc; [P, ||co < €1 := €%, n € N, and the sequence
(Pun Jnen on [a, b] converges in measure to p,. For an arbitrary function f € H and n € N,
we have

I(P. — Pu)fI? = / 19u(2) = Py (@)1 ()2

and |p,(z) — p,.. (2)]?| f(x )|2 < 4ct|f(z)|*, = € R. Thus, using the Lebesgue dominated
convergence theorem, we obtain that lim ||(P, — P,,.)f]|* = 0.
n—oo

Therefore, P, = P,. ]

2.7. Chain of orthoprojectors E.. Denote by E¢ the orthogonal projector in H defined
by the formula

E&f = XEf? 5 ER,
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where x¢ is the indicator function of the half-line (—o0, {]. The set € := {E | { € R} forms
a chain of orthoprojectors in the algebra B(H).

An operator A € B(H) is called an upper-triangular (lower-triangular) operator with
respect to the chain € if (see [6])

EfAE. =0 (EAEF =0), (€R,

where Eé := I — E¢ and I is the identity operator.

The set BY(H) (B~ (H)) of all upper-triangular (lower-triangular) operators A € B(H)
is a subalgebra closed in the strong operator topology.

We denote by H* the linear subspace in Ls . consisting of all functions f € Ly o such
that

/ooyf(x)ﬁda; < .
0

It is clear that if f € H*, then for all @ € R the integral [ |f(z)|* dx is also convergent.
Let us introduce the topology in the space H' generated by seminorms

pl) = ([ @Pa)”, nen

The topological vector space HT is a Fréchet space, i.e., a complete locally convex metrizable
space (see [7]).

Remark 2. The space H is everywhere dense in H'. Indeed, every element f € H' is a
limit of the sequence of the following elements from H:

flz), ifz>—k;
— keN.
fil2) {o, it < —k,

It is not difficult to verify that every A € BT(H) can be uniquely extended to a continuous
operator in H'. Let us agree to identify the extended operator with the original one, i.e., for

every operator A € BT (H) we will keep the same notation for its extension to an element of
B(H™).

For every A € C,, we denote by e, the function

ex(z) =e™ xR,

Obviously, ey € H* for an arbitrary A € C,.
Lemma 3. The linear span £ :=lin{e, | A € C,} is everywhere dense in H™.

Proof. First, we prove that £ is everywhere dense in every space Lo(—n, 00) (n € N). Assume
this statement to be false. Then there exist n € N and a nonzero function f € Ls(—n, 00)
such that -

/ eMf(x)de =0, XeCy.

It follows that for a fixed number € > 0, [* ¢*"e =" f(z) dz = 0, £ € R. Using properties
of the Fourier transform, we obtain that e ** f(z) = 0 for almost all x € (—n,c0), hence
f = 0. We have come across a contradiction. Hence &£ is everywhere dense in every space
Ly(—n,00) (n € N).

Let f € HT. It follows from the above established that there exists a sequence (¢, )nen
in & such that p,(f — ¢,) < n~!', n € N. Obviously, the sequence (¢, )nen converges to f in
the topology of the space H™. O
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3. Transformation operators. The smooth case. In this section we derive explicit
formulas for transformation operators in the case of u € M. Our approach differs from the
classical one (see [2]).

For u € 2 and n € N, we denote by K, , the linear operator acting in the space L joc
by the formula

(Kunf)(x) = (—1)"/H()u(tl)-...~u(tn)f(an(t)+(—1)”x)dt1~...~dtn, rER, (3)

where &,(t) == > (=D, I, (z) = {(t, ..., tn) ER": 2 < t, < -+ < 1y},

It is easy to see that K, f € C'(R) for arbitrary functions f € Ly joc, that is the operator
K, maps the space L, into the space C'(R).

Denote by A, the interval [—p, p].

Lemma 4. Let w € Y, n € N and f € Ly o.. Then:

(1) if suppu C (—o0, 7|, then supp K, f C (—o0,n];

(2) ifsuppf - (—OO,T]], then Supp Ku,nf - (_00777];

(3) if suppu C A, and supp f C A,, then supp K, ,,f C Asp;

(4) if suppu C A, and supp f C R\ As,, then supp K, ,,f C R\ A,.

Proof. Part (1) is obvious. To prove part (2), we note that 2£,(¢t) + (—1)"x > xz, t € II,,(x).
Thus, in view of the formula (3), we obtain that (K, ,f)(z) = 0 for x > nif supp f C (—o0, 7].
Let the conditions of part (3) be satisfied. It follows from the formula (3) that
supp Kunf C{z € R| 3t € A7: (2,(t) + (—1)"z) € A}
It is easy to see that [2&,(t)| < 4p if t € A7 Since |x| < [26,(t)] + [2&,() + (=1)"x|, we
conclude that supp K, ,,f C As,.
Finally, let the conditions of part (4) be satisfied. Similar arguments as in part (3) give
supp Kunf C{z € R| 3t € AT: (26,(1) + (—=1)"2) & As, ).
Since for x € A, and ¢t € A} the estimate [26,(t) + (—1)"z| < [2&,(t)[ + x| < 5p holds, we
get that supp K, ,,f C R\ A,. O

Lemma 5. Foru € 2, n € N and p € [1, 0] the operator K, ,, belongs to the algebra B(L,)

and
1

[ Kunlls,) < WHUHI‘ (4)
Proof. In view of the interpolation theorem (see, e.g., |9]), it suffices to prove the estimate (4)
for p =1 and p = oo. In these cases, for all f € L,

1
1Kt 10 [ el futta)l de = ol
tn<--<tq (n)!
]
Set .
K, =Y Ky u€9. (5)
n=1

Lemma 6. Let p € [1,00]. For u € & the operator K,, belongs to the algebra B(L,) and
I+ Kullsz,) < exp{]lull1}.
Moreover, if uy,us € 2 and r := ||us||1 + ||uz||1, then

[ Koy — Koy ll5(2,) < €"[lur — ualfs. (6)
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Proof. The first part of the lemma clearly follows from Lemma 5. It remains to prove the

estimate (6). In view of the interpolation theorem, is suffices to prove it for p = 1 and p = 0.
It is easy to see that in these cases

dt. (7)

||Ku1,n - Kug,nHB(Lp) S /
tn<..<t;

Put u(x) —max{]ul(x)] |ug(z)|}. Using the identity

Hu1 ]ljlug Z[(Hul >u1 tk — Uy tk <Hu2 ﬂ

<k
we obtain that

n

/ [T wn(ty) = [T ualt)] at <
tn<...<t1 j=1 7j=1

< /OO s (€) — us(€)] de w(t) - ultyr) by -y <

[e’s) th—1<.. <t1

n—1

N
(n 1)|— L TR

< luy — gy

Thus, taking into account (7) and (5), we derive the estimate (6). O

Lemma 7. Let u € & and f € L.,. Then the function K, f is continuous and
(K@) <l [ u)ldy. o€ R

Proof. 1t follows from the formula (3) that for an arbitrary n € N the function K, ,f is
continuous and

\M@wunswm/’|wm\|<mwg

p ()

= “(];H)T (/“’ [ulv)ldy ) = %/ u(y)ldy, =z €R.

Then, in view of (5), we obtain the result of Lemma 7. O

Lemma 8. Let u € 2 and f € W,. Then the function g := (I + K,)f belongs to W3 and
g —ug=I+K_.)f"
Proof. First, we consider the case of f € Y := Z +iZ. In this case, for an arbitrary n € N

the function K, ,f is continuously differentiable. By part (3) of Lemma 4, it is a compactly
supported function. Straightforward calculations give that

(Ku,nf)/ = (_1)n u,nf/ + UKu,n—lf (Ku,O = ]) (8)

It follows from the estimate (4) that the series Y >~ ((—=1)"Kynf" + uK,,—1f) converges
in the space H. Thus the series >~ (K,,f)" converges in the space H, hence the series
> o Kunf converges in the space W3, and Y oo Ky nf = f+ K, f = g. It follows from the
equalities (8) that

g/_Z( unf _f +Z u,nf/"i_UKu,nflf) = ZKfu,nf/"i_uZKu,nflf:
n=0 n=1

n=0
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=+ K_u)f +ug,

that is ¢ —ug = (I + K_,)f".

Now we claim that f € W, . Since the set Z¢ is everywhere dense in W, there exists a
sequence (f,)%, in ¢, which converges to f in the space W.'. The proved above implies
that for every n € N the function g, := (I + K,)f, belongs to W, and

Gn = u(l + K)o + (I + K_u) fy
It follows from the continuity of the operators K, and K_, that:
(a) the sequence (g, )nen converges to g = (I + K,,)f in the space H;
(b) the sequence (g, )nen converges to ug + (I + K_,)f’ in the space H.

This yields the conclusion that the sequence (g, )nen converges to g in the space Wy and
g —ug=UI+K_,)f. O

For an arbitrary u € M, we put by the definition

dp

Remark 3. If € My, u = du/dm, then
Sup =il —up), Tuf=—(u) (L —u)s (9)
uP = U@ uyp), wl = dr U A Uu )

where ¢ € dom S, = Wy, f € domT, = W3.
Moreover, it follows from part (2) of Lemma 4 that U, belongs to Bt (H).

By Lemmas 4 and 6, we obtain the following result.

Corollary 2. Let pu,pn € M. Then

Ul < exp{llpllys [1Un = Unllsen < exp(llpll + [[alDlle = Al (10)
In view of Lemma 6, by using Remark 3, we arrive at the following corollary.

Corollary 3. Let u € M. Then U, € B*(H), moreover:
1) if f € dom Sy, then U, f belongs to dom S, and S,U,f = U_,Sf;
2) if f € dom Ty, then U, f belongs to domT),, and T,,U,f = U,Tyf.

Denote by G, the orthogonal projector in H given by the formula
G, =FE,—F_,, necN,
and let G := I — G,,. Recall that the projector E; was introduced in Subsection 2.7.
By the statements (3) and (4) of Lemma 4, we obtain the following corollary.

Corollary 4. Let p € My, p > 0 and suppp C A,. Then for an arbitrary natural k > p
the equalities G5, U, G\, = GxU,G3;. = 0 hold.

Lemma 9. Let (fi,)nen be a sequence in M and p, — 1 € M. Then for arbitrary f € H
and € > 0 there exists m € N such that

1GrU fll <e, ||GLU: f|| <e forall n€N.

m~ n
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Proof. Let f € H and ¢ € (0,1). Since the sequence (p,)nen converges weakly, this sequence
is bounded and uniformly dense. Set

€
c:=sup(2||u,|| + 1), =_—.
SUp(2llpin]| +1), T D

Let us choose a compactly supported function f € H such that ||f — f]l2 < 7. Since
(tn )nen is uniformly dense, there exists a sequence (fi, )neny in Mo such that the supports of
measures /i, are contained in some interval A, and ||, — fin|| < 7. Assume that the support

of the function f is also contained in A,. It follows from Corollary 4 that if k € N, k > p
and m = 5k, then B B

GoUp, f =0=G,Us: f, neN. (11)
Let us prove that ||GyU,, f|| < e for an arbitrary n € N. Using the equality (11), we have

G U FIl = 1G U f = Gz, fII < N
S NUuof = U S S WU = Ul fll2 + Uz s [ = fll2-
The estimates (10) imply that
10, = Uallsany < €7, |Ug,llsan <€, neN.

Thus |G U, fIl < e[| flla+ ey =e, neN.
We prove similarly that ||G;,U: f|| < e for all n € N. O

Lemma 10. Let u € My, u = du/dm and ¢ = v’ + u*. Then for an arbitrary A € C, the
function ey ,(z) := (U,ey)(z), x € R, is the right Jost solution of the equation —y"+qy = \*y
and '

e (@) = 1] < Wby (), @€ R (12

Proof. In view of Corollary 3, U, € B*(H), and, hence (see Remark 2) U, € B(H"). Fix
A € C,. Obviously, for an arbitrary a € R there exists g € W2 such that g(z) = ey(z) for
x > a. Since U, € BT (H), we get
exu(@) = (Uper)(@) = (Upg)(z), 2> a.
By (9) and Corollary 3, we have that for z > a
—e5u(@) + a(@)eru(@) = [LUug)(x) = [UuTogl () = N[Uneal(z) = Mex ().
Then, in view of part (1) of Lemma 4, for big enough numbers n € R
exu(r) = ex(z), x € (n,00).
Therefore, €, , is the right Jost solution of the equation —y” + qy = \?y.
Let us prove the estimate (12). Fix x € R and A € C,, and consider the function

eMt=2) - if t > g
f(t) = .
0, ift <u.

The function f belongs to Lo, and ||f||.c = 1. Lemma 7 implies that the function K, f is
continuous and

(Ko f)(x)| < elvl /OO lu(t)|dt, = eR.

xX
Thus, using the equalities

e Meyu(w) = 1= (Kuf)(z) (z €R), [Juli = ul, / u(t)] dt = |u|([x, 00)) = hy(2),
we obtain the estimate (12). O



TRANSFORMATION OPERATORS 89

Lemma 11. Let u € My, u = du/dm and ¢ = «'+u?. Then U, is a classical transformation
operator for Sturm-Liouville operator T' = —d?/dx? + q.

Proof. Note that the classical transformation operator U for the operator —d?/dz? + q with
a compactly supported potential ¢ is continuous in all L, and acts by the formula

aﬁmwzﬂ@+/mK@ﬁﬂww reR,

where the function K is continuous on the set Q = {(x,t) € R? | x < t}. In particular, U
belongs to the algebra Bt (H), and it also belongs to the algebra B(H™). Moreover, for an
arbitrary A € C, the formula

e(x,\) i= e +/ K(z,t)e™ dt

defines the right Jost solution of the equation —y” + qy = A?y. In this case, the right Jost
solution is defined unambiguously, thus (see Lemma 10)

UG)\ZG)MM:UMG)\, )\GC+.
Since (see Lemma 3) the linear span of the set {e) | A € C,} is everywhere dense in the
space H™, we conclude that U = U,,. O

The following theorem describes some important properties of the operator U, in the
smooth case.

Theorem 2. Let i € M. Then the operator U, is invertible in B(H) and ||U, || < V2.

Proof. Let p € My, u = dpu/dm and ¢ = v’ +u?. In view of Lemma 11, the operator U, can
be represented in the form U, = I 4+ K, where K acts by the formula

®Ne) = [ K@oft)d ceR el
Note that (see [2]) the function K is a solution of Gelfand-Levitan-Marchenko equation:

F@+®+K@ﬂ+/mK@wW@+U@=Q e<t (13)

In this case, the operator 7, is non-negative, thus the real-valued function /' is defined by

the formula (see [2])
1

T on
where r is the reflection coefficient. It follows from the results of [8] that r is the Fourier
transform of a function from L; and ||7||o < 1. Hence F' € L;. Denote by F the operator in
the space H acting by the formula

(Ff)(z) = /RF(Ht)f(t) it zcR

It is easy to see that the operator F is self-adjoint and [|F|| < |7 < 1. Fix an arbitrary
¢ € R and consider the auxiliary operators

ol gl o plppl
The results of |2, Sect. III] imply that the operator K, is compact. Moreover, as shown in |2,
Sect. II1], by (13), we obtain the equality

F(z): /7"()\)6_1“9C d\, xeR,
R

(I +Ke)(I +Fe)(I +Kg) = 1. (14)
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In view of (14), we have that ran(/ + K,) = H. Since the operator K, is compact, the
operator (I + K¢) is invertible. Thus we can rewrite (14) in the form

(I +Ke) (I +Ke) '] = I +Fe,

which implies ||(1 + K¢) 7|2 < ||T + Fe|| < 1+ |F|| < 2. Hence ||(I + K¢) ™| < V2, € € R.
Let us consider the sequence of the operators A, := I + K_,, n € N. Clearly, this
sequence converges to the operator A = [ 4+ K in the strong operator topology, and the
sequence (AX),en converges to the operator A* in the strong operator topology. Moreover,
|A71| < v/2 for all n € N. Thus, in view of Lemma 19, the operator I + K is invertible and
(I+K)™ <v2 O

4. Transformation operators. The general case.
Let € M. We introduce the notation

Wl == (mgeem ) £ (15

We define the domain of the differential expression (15) as the set (see the introduction)

domt, :={f € L11oc(R) | p.f € AC(R), pl:?(puf)’ € AC(R)}.
Let p € M and A € C,. A solution y of the equation t,(f) = A?f is called the right (left)
Jost solution if
y(x) = e?(1+0(1)), z— 400 (y(z) = e (14 0(1), x— —0).
It what follows, we denote the right and left Jost solutions by e, , and e, ,, respectively.
The main results of this section are the following two theorems.

Theorem 3. For yp € M and ) € C,, the equation t,(f) = A\?f has unique right and left
Jost solutions e, and ey ,. Moreover, for e, the estimate

|e_i’\$e,\,u(x) -1 < e”“”hM(x), reR, (16)
holds.

Theorem 4. For each u € M, there exists a unique operator U,, € BT (H) such that
MMGA = €\ us AE (C+.

Moreover: 1. U, is invertible in the algebra B(H), and |U;"||p@m) < V/2; 2. the equality
1, = Z/IMTOL{/;1 holds.

First, we prove two auxiliary lemmas.

Lemma 12. Let (it,)nen be a sequence in My and ji,, — € M. Then from the sequence
(fn)nen one can choose a subsequence (fin, )ren such that there exist the limits

U- =slimU_,, .

k—o00

Moreover: 1) if f € dom Sy, then Uf € dom S, and S,Uf = U_S,f; 2) if f € dom Sy,
then U_f € domS_, and S_,U_f = USyf; 3) if f € domTy, then Uf € dom7T, and
TuUf — UTof

U=l

ng?
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Proof. Since p,, — p1, we obtain sup ||, || = o < co. Thus (see Corollary 2)
neN

sup [|Usp, l|aem) < €.
neN

Also (see Lemma 2),
P, =P, P, >P, (17)

Let ¢ € Wy. In view of Corollary 3, U, € dom S,,, and S, U,.o = U_,, Sop, n € N.
Since S, = P, 'SoP,,, we get

S0P, U = B, U_, Sop, ¢ €Wy, (18)

Consider the auxiliary operators
Vi, =P, U,,, ne&cN.
Let us fix ¢ € W3 and show that the set {V,, ¢}nen is relatively compact in the space H.
The equality (18) implies that V,,,¢ € Wy for all n € N and (V,,,¢) = P, U_,..¢'.
Since the operator sequences (Ux,,,, Jnen and (P, )nen are bounded in B(H ), the sequences
(Vi@ nen and ([V,,,¢] Jnen are bounded in H. Therefore, the set {V,, p}nen is bounded
in W3. Note that for an arbitrary m € N the operator

Wisf—GufecH

is compact. Thus the set {G,,V,,, ¢ }nen is relatively compact in H for an arbitrary m € N.
In view of Lemma 9, for an arbitrary ¢ > 0 there exists m € N such that |GLV,..¢|l < e,
n € N. Thus the set {V,, ¢ }nen is relatively compact in H.

It follows from the above result that for an arbitrary ¢ € W.} and for an arbitrary sequence
(#ny Jken from the vector sequence (V) ¢)ren one can choose a convergent subsequence.
Observing that the space H is separable and the set Wy is everywhere dense in H, by
Lemma 18, we conclude that from the sequence (V,,)nen one can choose the convergent
subsequence (Vﬂnk )ren, which converges in the strong operator topology. Taking into account
(17) and the equalities

Uy, =P, 'V, =P

Hn Hn —Hn Vﬂn Y k € N7

k ng k k k

we obtain that the sequence (U i, )ken converges in the strong operator topology. The establi-
shed results imply that from the sequence (i, )nen one can choose a subsequence (pn, )ken

such that both limits exist

U=slimU

k—o00 Hng?

U. =slimU_,, . (19)

k—o0

Let us prove part (1). Fix an arbitrary ¢ € W, From (18), we deduce that
S0Py, Upn, 0 = P, U—p, Sotp.

Taking into account (17), (19) and the fact that the operator Sy is closed, by passing to the
limit, we obtain that P,Uy € dom .S, and SoP, Uy = P,U_Syp. Thus Uy € dom S, and
S,Up = U_Syp. Therefore, part (1) is proved.

Obviously, part (2) follows from part (1). Let us prove part (3). In view of (1) and (2),
by using the equality T, = S_,,S,,, we obtain that for an arbitrary f € W3 the element U f
belongs to dom7), and

TUf=8_,SUf =S_,U_Sof =US2f = UTf.
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Lemma 13. Let (i,)nen be a sequence in M and p, — i € M. Assume that U, 5 U.
Then: 1) the operator U belongs to the algebra B™(H) and is invertible in the algebra B(H),
moreover, ||U™Y| s < v/2; 2) for an arbitrary A € C. the function Uey, is the right Jost
solution of the equation t,(f) = M\f.

Proof. Let us prove part (1). Since u,, € M (n € N), the sequence (U,,, )nen belongs to the
algebra BT (H) (see Corollary 3). Therefore, the operator U also belongs to BT (H).

Theorem 2 implies that the operators U, are invertible in B(H) and |U, |y < V2,
n € N. Thus, in view of Lemma 19, to prove invertibility of the operator U, it suffices to
show that from the sequence (U ;n)nEN one can choose a subsequence, which converges in the
strong operator topology in the algebra B(H). It follows from Lemma 2 that Py, -~ Pi,
as n — 0o, and the sequences (U, )nen and (U_,, Jnen are bounded. Replacing the measures
iy in (18) with —p,, we obtain that for an arbitrary ¢, € Wy

(SOP—,unU—unQD | ¢)H = (P—MnUunSOQO | ¢)H7
and, therefore,

(30 | Ui#np—yns(ﬂp)H - (SOSO | U*nP—Mn¢)H7 907¢ S W21
The last equality implies that the functional

Wy 2 ¢ (Sow | Uy Py,
is continuous in H. Thus Uj; P, 1 € dom Sy and

SoU% P_ib = U*, P, Sob. (20)

Let us consider the auxiliary operators
Vi, =U, Py, neN,
Let us fix ¢ € W3 and show that the set {V},, ¥ },en is relatively compact in H.
It follows from the equality (20) that V,, ¢ € W3 for all n € N and

(Vi) =07, P
Since the operator sequences (Uy, Jnen and (P-,, )nen are bounded in B(H), the sequences
(Vi ¥)nen and ([V, %] )nen are bounded in H. Hence the set {V),, 1 },en is bounded in the
space W3 . Thus for an arbitrary m € N the set {G,,V,,, 1 }nen is relatively compact in H. In
view of Lemma 9, for an arbitrary € > 0 there exists m € N such that ||G;.U;: P[] <,
n € N. Thus
GVt | = 1G5 U, Pl < IGHU, Pyt +

m= pn m= Un

+HIGRU, (Poy = Py Wl < e+ ClI(P-y = Py )¥ll, n€N,

where C' = sup,,cy ||Uy; [|. Therefore, taking into account P_,, - P_,, we obtain that the
set {V,,, ¥ }nen is relatively compact in H.

It follows from the above proof that for an arbitrary 1) € W3 and for an arbitrary sequence
(#2n), Jken from the sequence (V,, 1)ren one can choose a convergent subsequence. Observing
Lemma 18, we conclude that from the sequence (V) )nen one can choose a subsequence
(Vunk) ren that converges in the strong operator topology. Taking into account the equalities

Ui =V, P keN,

Hng
and the convergence P,, > P,, we obtain that the sequence (U, i )ren also converges in the
strong operator topology. Therefore, invertibility of the operator U is proved.
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We now prove part (2). Fix A € C; and let ¢ = Ue,. It is obvious that for an arbitrary
a € R there exists a function g € W# such that g(z) = e)(x) for z > a. Since U € B (H),

p(x) = Uer)(z) = (Ug)(x), =>a.
Thus, in view of Lemma 12 (part (3)), for z > a

[t (0))(2) = [T,Ug)(x) = [UTog)(x) = N*[Uey](z) = Np(2).
Since a is arbitrary, we conclude that ¢ is a solution of the equation t,(y) = A\?y. Let us
show that
p(x) = e™(1+0(1)), x— 4oo0. (21)
According to Lemma 10, we obtain that for an arbitrary n € N
expn(2) = (U, ex)(x) = (Up,9)(2), x> a,

and
ey () — 1] < elnllpy, (2), zeR. (22)

Since j1, — u € M , we obtain (see Proposition 1) that sup,,cy ||pa|| = ¢ < 0o and the
sequence (f,)o2, is uniformly dense. Thus for an arbitrary ¢ > 0 there exists a. > a such
that hy,, () <ee ¢ n € N,z > a.. It follows from the established above that

|6—z‘>\z(U

Thus, taking into account lim [|[Ug — U, g|| = 0 and (Ug)(z) = ¢(z), we get that the
n—0o0
inequality

™ p(z) — 1] < ¢ (23)

holds almost everywhere on the half-line (a.,o0). Note that the function ¢ is left conti-
nuous. Indeed, since ¢ € dom7),, the function p,¢ is continuous on R. And since p, is
left continuous, the function ¢ is also left continuous. Thus the inequality (23) holds for all
x > a. Hence, since ¢ is arbitrary, the asymptotic (21) holds. Therefore, Ue, is the right Jost
solution of the equation t,(f) = A\?f. O

Remark 4. Since the space M is everywhere dense in M in the weak topology, in view of
Lemmas 12 and 13, for arbitrary yu € M and A € C, the equation t,(f) = A*f has the right
Jost solution.

Proof of Theorem 3. Denote by J the reflection operator given in the space Lj,. by the
formula

(J)(x) = f(-z), zeR.
It is an involution, and acts in the space H as a unitary operator.

It is easy to see that for an arbitrary measure p € M there exists the unique measure

1’ € M, which satisfies the equality
P (—2) = pu()
at all points of continuity of the function p,. Therefore, we obtain the mapping M > p —
1> € M, which is an involution. It is easy to see that for u € M
JB,J =P, JSJ==Sp, JL,J=T,, Jt,.J==t,.

Let p € M. 1t follows from the above result that if ¢ is the right Jost solution of the
equation t,,(y) = A%y, then Jo is the left Jost solution of the equation t,(y) = A*y. Thus,
by Remark 4, we get that for arbitrary u € M and A € C; the equation t,(f) = Af has
right and left Jost solutions.
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It follows from the above that to prove uniqueness of the Jost solutions, it suffices to
prove only uniqueness of the right Jost solution. Assume that for some p € M and A € C,
the equation t,(y) = A\?y has two different right Jost solutions ¢; and ¢5. These solutions
are certainly linearly independent. Otherwise, in view of the asymptotic on +o0, they would
be equal. Denote by ¢ a left Jost solution of the equation t,(y) = A?y. Linear independence
of 1 and ¢y implies that ¢ is a linear combination of the solutions ¢; and ¢,. It means
that ¢ is the eigenfunction of the operator T, corresponding to the eigenvalue A\%. But this
is impossible, since T, > 0 and A? ¢ [0, 00). Therefore, uniqueness of the right Jost solution
is proved.

It remains to prove the estimate (16) for e, ,. Fix an arbitrary p € M and A € C4,
and let (,)nen be a f-sequence for p. Since (see Lemma 1) v, — pu € M and ||v,|| < ||z,
Rl < By, for all n € N, we find (see (22)) that [e=*e, ,, (v) — 1] < eltln, (z), z € R.

Taking into account the above inequality, following the logic on the final part of the proof
of Lemma 13, by passing to the limit, we obtain

e ey, (2) — 1| < el (z), = eR.
O

Proof of Theorem 4. Let p € M and (v)ren be a f-sequence for pu. Then p, — p and
{Vn}nen C M. Combining the results of Lemmas 12 and 13, we conclude that there exists
the operator U € B*(H), which possess the following properties: (a) Uey = e, for all
A € Cy; (b) U is invertible in the algebra B(H), and |U Y5 < v2; () if f € dom T,
then Uf € domT,, and T, Uf = UTyf.

In view of Remark 2 and Lemma 3, the condition (a) determines operator U unambi-
guously. Thus it only remains to prove the equality T}, = UToU*. Since the operator T), is
self-adjoint, the operator T := U~'T,U is similar to a self-adjoint operator. The condition
(¢) implies the inclusion Ty C T§. But it is possible only if T} = T,. Therefore, U~T,U = Ty,
that is 7, = UT,U . ]

5. Proof of Theorem 1.

To prove Theorem 1, we repeat the consideration of Section 4 and partly Section 3 with
some modifications. In the case when proofs are the same, we will only make a corresponding
reference.

The following lemma is a counterpart of Corollaries 2 and 4.

Lemma 14. Let pu, i € M. Then

etz < exp{llplts 16 = Usllsi < exp(lel + 12D = Al (24)

Moreover, if supp u C (—k, k) for some k € N, then

G3U,G, = 0. (25)
Proof. Let p, ;1 € M, and (1,)5%,, (7,)22; be f-sequences for the measures p and f respecti-
vely. Due to Lemma 1, these sequences belong to M and converge weakly to the measures

p and f respectively. Moreover, ||v, || < [|ull,  ||7all < Ji2l], n € N.
Note, (v, — 1,)2, is a f-sequence for the measure p — p, thus ||, — v,| < ||x — gl
n € N. Taking into account the above inequalities and Corollary 2, we obtain that

10w Iy < exp{llell}, [[Un, = Us, |l < exp((lull + lzlDlle = . (26)
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By passing in (26) to the limit as n — oo, we obtain the estimate (24)

Let supp u C (—k, k) for some k € N. Tt follows from part (2) of Lemma 1 that supp v,, C
(—k,k), n > ng for some ny € N. Thus part (4) of Lemma 4 implies that G5,U,,, Gy = 0,
n > ng. By passing to the limit as n — oo, we obtain the equality (25). ]

The following lemma is an analog of Lemma 9.

Lemma 15. Let (ji,)nen be a sequence in M and p, — p € M. Then for arbitrary f € H
and € > 0 there exists m € N such that |GuU,, f|| <&, n €N.

Proof. Let f € H,e € (0,1) and

€

c = sup(2||#n|| +1), v:= e(Ifllz+ 1)

Let us choose a compactly supported function f € H such that lf — sz < ~. Since the
sequence (L, )nen is uniformly dense, there exists a sequence (fi,)nen in M such that all
supports of the measures fi,, lie in some interval A, and ||p, — fin|| < v, n € N.

We can also assume that supp ]7 C A,. It follows from Lemma 14 that there exists m € N
such that G-Uz, f = 0 for all n € N. Thus, we obtain that

|Ghlhy Il = |Gilhy f — Gl f] <
<Ny f = Ui 1| < Wy, — Ui s 1 F Nl + 1z, s | f = Fll2,
|GRU fll = |GLU f— Gk fl| <

< leds, f =ty FI < WU, — Ui, e | Flz + 18, s L f = Flle-

The estimates (24) imply that
Huﬂn - Z/{ﬁnHB(H) S 6077 ||uﬁn||B(H) S ec’ n e N

Thus |[U,,, — Uz, s fll2 + Uz, san L f = fll2 < €] fll2 + ey = €. Hence ||GLU,, f|| < e
for all n € N. O

Lemma 16. Let (i, )nen be a sequence in M and p, — p € M. Then from the sequence

(n)nen one can choose a subsequence (pu,, )ken such that there exist the limitsU = skl}gl U, »

U_ = s-lim Z/l_u Moreover:
k—o0

1) if f € dom Sy, thenUf € dom S, and S,Uf =U_Syf;
2) if f € dom Sy, then U_f € dom S_, and S_,U_f =US,f;
3) if f € dom Ty, thenUf € domT), and T,Uf =UT,f.

Proof. Since p,, — i, we obtain sup,,cy ||ita]| = @ < co. Therefore (see Lemma 14),

sup (U, || sy < €.
neN

Let ¢ € W. In view of Lemma 4, U, ¢ € dom S, and S, U, = U_,, Sop, n € N. Since
Sy, = P1SoPy,,

Hn

SOPIJ'RU/-L'IL(’O = Pﬂnu_l-’»ns()@’ 90 € W21 <27)

Consider the auxiliary operators
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Vi =P, U,,, neN.
Let us fix ¢ € W} and show that the set {V,, ¢}nen is relatively compact in the space H.
The equality (27) implies that V,,,o € Wy for alln € Nand (V@) = P,,U_,..¢ . Repeating
the same consideration as in the proof of Lemma 12, we show that for an arbitrary m € N
the set {G,,V,,, ¢ }nen is relatively compact in H.

By Lemma 15, for an arbitrary ¢ > 0 there exists m € N such that |GV, f|| <&, n € N.
Thus the set {V},, ¢ }nen is relatively compact in H. Next, the proof follows the considerations

of the proof of Lemma 12. O

Lemma 17. Let (i,)nen be a sequence in M and p, — p € M. Assume that U, — U.
ThenU =U,,.

Proof. According to Theorem 4, U,,, € B*(H) for all n € N. And, thus the limited operator
U also belongs to BT(H). Fix A € C; and let ¢ = Ue,. For an arbitrary a € R there exists
the function g € W2 such that g(z) = ex(x) for x > a. Since U € BT (H),
plr) = Uex)(x) = Ug)(x), = >a.
Thus, in view of part (3) of Lemma 16, for x > a
[tu(p))(2) = [LUg)(x) = UTog)(x) = N’[Uer)(z) = Np(2).
Since a is arbitrary, we have that t,(¢) = A?p. Let us show that

o(x) = e?(1 +0(1)), = — +oo. (28)

Using Theorems 3 and 4, we obtain that for an arbitrary n € N

exun () = (U, ex)(w) = (Up,9)(x), > a,
and

|€_iAI€A7MH<$) -1 < eH“"Hhmﬂ(w), z eR.
Hence

|e_i’\""(Uung)(:U) -1 < eH“"”hM (x), x> a.

Since g, — it , we obtain that sup,,cy ||ft]| = ¢ < 0o and the sequence (j1,,)>, is uniformly
dense. Thus for an arbitrary ¢ > 0 there exists a. > a such that hy, (z) < ce™¢ n € N,
x > a.. It follows that

e (U,.g)(x) =1 <e, =>a..
Thus, taking into account that lim |[Ug—U,,g|| = 0 and (Ug)(x) = ¢(z), we conclude that
n—oo

the inequality A
e Mp(r) =1 < e (29)

holds almost everywhere on the half-line (a., c0). Thus similar considerations as in the proof
of Lemma 13 establish that the inequality (29) holds for all x > a. Since € is arbitrary,
we establish the asymptotic (28). Therefore, Ue, is the right Jost solution of the equation
t,(f) = A*f. Hence, we proved that Uey, = e, , for all A € C,. Thus, in view of Theorem 4,
U=u,. O

Proof of Theorem 1. Let (i, )nen be a sequence in M and p, — p € M. Combining the
results of Lemmas 16 and 17, we conclude that:

(a) from each subsequence of the sequence (U,,,)nen one can choose a subsequence, which
converges in the strong operator topology;
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(b) if the subsequences (U, )ren of the sequence (U,,, )nen converges in the strong operator
topology, then sk—lim Uy,, = U
—00

Thus, by Lemma 20, the sequence (U,,, )nen is convergent in the strong operator topology and
U,, = U,. Therefore, the mapping M > u — U, € B(H) is sequentially continuous if M is
equipped with the weak topology and B(H) is equipped with the strong operator topology.
It follows from Lemma 10 that U,ey = ey,, A € C,. Thus (see Theorem 4) U, = U, for
€ M. Since M, is everywhere dense in M (in the weak topology), the mapping p — U,
is the unique continuous extension of the mapping p +— U,,. It also follows from Theorem 4
that for every € M the operator U, is invertible in B(H) and T,, = U, Told, . O

Appendix. Some auxiliary results. Here we will give auxiliary lemmas.

Lemma 18. Let G be a separable infinite-dimensional Hilbert space, ® be an everywhere
dense set in GG, and the sequence (A, )nen possess in the algebra B(G) the following properties:
1) sup,ey [|Anll < oo; 2) for an arbitrary ¢ € ® and for an arbitrary subsequence (A, )ken
one can choose a G-convergent subsequence of the sequence (A,, ¢)ken. Then from (A, )nen
one can choose a subsequence which converges in the strong operator topology.

Proof. To prove this lemma we use Cantor’s diagonal argument. Since G is separable, there
exists a countable subset {p;}sen in @ which is everywhere dense in G. Using (2), one can
construct by induction a sequence of the subsequences (Aibj })neN, j € N, such that for each j:
(a) the sequence (A;{lj }goj)neN is convergent in the space G; (b) the sequence (AT, v is a
subsequence of the sequence (A;{lj })neN. Then the diagonal sequence (A,{ln})neN converges on
each ;. Since the sequence (A, )nen is bounded, and the set {¢s}sen is everywhere dense
in GG, the sequence (A;{L"})neN converges in the strong operator topology. O

Lemma 19. Let G be a Hilbert space, (A, )nen be a sequence in B(G), and A, > A € B(G).
Assume that: 1) all A, are invertible in the algebra B(G) and sup,.y ||A']| = a < oo;
2) from the sequence (A% ),en one can choose a subsequence which converges in the strong

operator topology. Then A is invertible in the algebra B(G). Moreover, A;' > A~! and
A7 < .

Proof. Without loss of generality, we may assume that A* % B € B(H). Then

(Af | 9) = lim (A.f | g) = lim (f | A3g) = (F | Bg). f.g€ H.
Hence B = A*. For arbitrary f € G and n € N, ||f|| < |4, IA.f]| < «a||A.f] and
11 < A THINAL fII < af|A% f]]. Thus, by passing to the limit, we obtain that

inf{|AS[, [A*fII} = o7 Il fE€G,
so that the operators A and A* are bounded below. Hence A has an inverse operator in
B(G). By the relation A;! — A7 = A-1(A — A,)A™!, we get that for an arbitrary f € G
1AL = AT < all(A = A)AT ][ =0 as n— oo,

and, therefore, A7! % A~1, O

Lemma 20. Let X be a Hausdorff topological space, and (z,),en be a sequence in X.
Assume that: 1) from each subsequence of the sequence (x,,)nen one can choose a convergent
subsequence; 2) all convergent subsequences of the sequence (x,)n,en have the same limit
a € X. Then the sequence (z,)nen converges to a.
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The proof of Lemma 20 is obvious.
Lemma 21. If self-adjoint operators A and B are similar, then they are unitarily equivalent.

Proof. Let self-adjoint operators A and B act in the Hilbert space G and
A= MBM™, (30)

where an operator M € B(G) is invertible in the algebra B(G). Let M = UN be the polar
decomposition of the operator M, i.e., N = (M*M)"? and U = MN~". Since M is invertible,
the operator U is unitary. It follows from (30) that MBM~! = A = A* = (M*)"'BM*.
Therefore, BM*M = M*M B, i.e., the self-adjoint operator B commutes with the bounded
positive operator M*M. Thus B commutes with N too. Hence,

A= MBM '=UNBN'U'=UBU .
O
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