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The concept of bounded L-index in a direction b = (by,...,b,) € C™\ {0} is generalized
for a class of analytic functions in the unit polydisc, where L is some continuous function such
that for every z = (z1,...,2,) € D" one has L(z) > fmaxi<j<n 1‘%’!7‘7 B = const > 1, D"
is the unit polydisc, i.e. D* = {z € C" : |z] < 1,j € {1,...,n}}. For functions from this
class we obtain sufficient and necessary conditions providing boundedness of L-index in the
direction. They describe local behavior of maximum modulus of derivatives for the analytic
function F' on every slice circle {z + tb : |t| = r/L(z)} by their values at the center of the
circle, where ¢ € C. Other criterion describes similar local behavior of the minimum modulus
via the maximum modulus for these functions. We proved an analog of the logarithmic criterion
desribing estimate of logarithmic derivative outside some exceptional set by the function L. The
set is generated by the union of all slice discs {z° +tb : [t| < r/L(2")}, where 2° is a zero point
of the function F'. The analog also indicates the zero distribution of the function F' is uniform
over all slice discs. In one-dimensional case, the assertion has many applications to analytic
theory of differential equations and infinite products, i.e. the Blaschke product, Naftalevich-
Tsuji product. Analog of Hayman’s Theorem is also deduced for the analytic functions in the
unit polydisc. It indicates that in the definition of bounded L-index in direction it is possible
to remove the factorials in the denominators. This allows to investigate properties of analytic
solutions of directional differential equations.

1. Introduction. A notion of the index for entire functions was firstly appeared in papers
of J. Mac-Donnell [19] and B. Lepson [18]. They considered the hyper-Dirichlet series and
studied its convergence domain and possible application to infinite order linear differential
equation. But the functions having bounded index [11,21,26] belong to the class of functions
of exponential type. Therefore, M. Sheremeta and A. Kuzyk [17] introduced the I-index for
entire functions with a continuous function [ : C — R,. Their approach proved to be quite
productive in the scientific sense because it allows to find the [-index for any entire function
with bounded multiplicities of zeros [12]. Moreover, the functions of bounded [-index (and
bounded index, if [ = 1) have applications in the analytic theory of differential equations
[15,28-30] and the value distribution theory [17,22,24]. One-dimensional Sheremeta-Kuzyk’s
approach developed in two multidimensional subapproaches: bounded L-index in direction
[9] and bounded L-index in joint variables [10]. A notion of bounded index for bivariate
entire functions [23,25]) matches with the notion of bounded L-index in joint variables, if
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L =(1,...,1). These approaches allow to deduce many multidimensional analogs for known
properties of entire functions of single varible. Moreover, they are applicable completely or
partially not only to entire functions of several complex variables [7], but also to analytic
functions in a ball [4], in a polydisc [2], in the Cartesian product of a disc and a complex
plane [3], to slice entire functions [5] and to slice analytic functions in the unit ball [9].
Nevertheless some important assertions have not full analogs for the bounded L-index in
joint variables. For example, in the case of the logatithmic criterion [6,13,27] we know only
sufficient conditions for the bounded L-index in joint variables [4,8]. The notion of L-index
in direction is more flexible and admits more direct generalizations. Therefore, it leads to
the following question: what is the bounded L-index in a direction for functions analytic in
some multidimensional complex domain?

For analytic functions in the unit ball there is an exhaustive answer to the question [1].
In addition to the unit ball, there is another interesting multidimensional complex domain.
This is the unit polydisc. It is known that these domains are not biholomorphic equivalent.
At the same time, there is constructed theory of bounded L-index in joint variables for
analytic functions in the unit polydisc [2], but the question of contructing theory of bounded
L-index in a direction is still open for these functions.

In view of this, the paper is the first attempt to fill this gap and develop a theory of
bounded directional index for the polydisc.

2. Main definitions and notations. Let 0 = (0,...,0), b = (by,...,b,) € C"\ {0} be
a given direction, R, = (0,400), D" = {z € C" : |z| < 1,j € {1,2,...,n}} be the unit

polydisc, L : D™ — R, be a continuous function such that for all z = (21, 29, ...,2,) € D"
L(z) >  max 5! = const > 1 (1)
1<j<n 1 — |z’ '
Remark 1. Note that if n € [0,5], z € D" and |t| < ﬁ then z + tb € D™. Indeed, using
(1) we have
b; b; b;
] < Pl ) < Pl DO < Pl gy Bl gy
L(2) BmaX1<s<n% 1‘ Ij"l
<s< ; Iz

Since for each j € {1,...,n} one has |z; +tb;| < 1, the point z + tb is contained in the unit
polydisc.

An analytic function F': D™ — C is called a function of bounded L-index in a direction
b, if there exists my € Z, such that for every m € Z, and every z € D" the following

inequality is valid
— < ———0< k< 2
mlLm™(z) — B E\LE(z) Osks<mop, @)

n

where 90F(2) = F(2),0pF(2) = 3 %, 05 F(2) = Oy (a,gle(z)), k> 2.

j=1
The least such integer mg = mq(b) is called the L-index in the direction b of the analytic
function F and is denoted by Nn(F,L) = mo. If n = 1, b = 1, L = [, F = f, then
N(f,1) = Ni(f,1) is called the [-index of the function f. In the case n =1 and b =1 we
obtain the definition of an analytic function in the unit disc of bounded [-index [31].
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The positivity and continuity of the function L and condition (1) are not sufficient to
explore the behavior of analytic function of bounded L-index in direction. Below we impose
an extra condition on behavior of the function L.

For a given z 6 ]D" we denote D, = {t € C: z +tb € D"}. In other words, D, = {t €

l} Here if b; = 0 then we suppose 1‘ 12 ] | — 4 o0. Denote

C: |t’ < min1§j<n |b |

)\ = Su su — |ty — 1 < .
) = s s { T I S ey

The notation Q,(D™) stands for a class of positive continuous functions L : D" — R,
satisfying (1) and

(Vn € 0,5]) : An(n) < +o0. (3)
_Let D =D', Qg(D) = Q1(D). Using definition of Qb(]D)”) it is not difficult to prove that
if D" = {2 C": |z <1,j€{1,2,....,n}}, L : D" — Ry is a continuous function,

m = min{L(z) : z € D"} then z(z) = ZL( ) - max1§]§n$ € Qn(D") for every
beC"\ {0}, a>1.

3. Criteria of L-index boundedness in direction, which describe local behavior
of the function F.

Theorem 1. Let L € Qy(D"). An analytic function F : D™ — C is of bounded L-index
in the direction b if and only if for every n € (0,5] there exist ng = no(n) € Z; and
P, = Pi(n) > 1 such that for each z € D" there exists kg = ko(z) € Zy with 0 < ky < ng
and the following inequality holds

max{|0y"F(z +tb)| : [t| < n/L(2)} < PO F(2)]. (4)

Proof. Necessity. Let F' be of bounded L-index in the direction b and Ny (F;L) = N <
+00. We denote
q(n) = [20(N + DA ()" ] +1,

where [a] stands for the integer part of the number a € R. For z € D" and p € {0, 1,...,4(n)}
we put

k
b |8bf (2+tb)‘ pn
= — < ———0<EkEZN
B (z.m) max{k!Lk’(z +tb) 1 < q(n)L(z)70 - - ’

~ |OLF (2 + tb)] pn
= ——— . t| < <kE<N;.
R)(z,n) max{ kILF(2) 1 < q(n)L(2)70 -
However, |t| < —q(n) 5 < ﬁ, then Ay (%) < Ab(n). It is clear that RP(z,n), E},’(Zﬂ?) are

well-defined. Moreover,

O F( z+tb
RP(z,n) max{ e ( Zﬁb)) :0<k<N, \t]< Z)}<
pn
q(n

|OF F(2+tb)| .
Smax{ TRLFZ) </\ ( )) | | a )Z(ZyOSk?SN}S
KILF(2) a(n)L(z)

k z
< Ow(n) M max{BEEEP jr) < 0<k<N}=Rﬂam@MmW,

)
gmax{w()\b( D] < 2 0<k<N}<

q(n)L( )’
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and

b _ |0f F(2+tb)| ( L(z+tb)
Ry(z,m) = max{ RITF (T iD) ( 0) > [t] < 2L~ st 0 Sk < N}

|Of F(2+tb)|
Smax{ i) (M < g >)> 1< Zete 0= k<N} (6)
B F(z t

N 8’“F(z+tb
< () max{—'k.mmb” i<

ke 0 k< N} = R Ou)

Let k7 € Z,0 < ki < N, and t; € C, ]t;| < be such that

g L(2)’

k2
0P ED)
=R . 7

For every given z € D" the function F(z + tb) and its directional derivatives are analytic
functions in variable t € D,. By the maximum modulus principle, the equality (7) holds for

2 2 pn 5 p—lyz
such tp that ‘tp| = W We set tp = thp Then
~_=Dn = |Gl U
T . 0
q(n)L(2) p an)L(2)

It follows from (8) and the definition of é;’_l(z, n) that ﬁ';_l(z, n) > |3ki§+:(t;>)| Therefore,

|05 F(= + tb)| = |05 F(= +b)| _
kz\ L (2)

0<RE(z,m) — Rb_,(2,m) <

1 /1 d
k2\LF(2) Jo ds

For every analytic complex-valued function of real variable ¢(s), s € R, the inequality
d%\go(sﬂ < |%gp(s)| holds where ¢(s) # 0. Applying this inequality to (9) and using the
mean value theorem we obtain

0, "F(z + (tz + s(t; — %v;))b) ds. 9)

k:z-i—l

- - |tZ—%3| . )
Rb(z,m)—RP (2 n)_m/ O (et (I + s(t2 — 12)b) | ds =
‘tz —tz k2 1 3 s
= G \a YRG5 - B)b)| =

1
(k24 1)ILE ()

ky % x(12 7% z z__ %z
O F e+ 457 (= T2))) |L () (kg 4 Dl ~

where s* € [0, 1].

The point ftvf,—ks* (t;—?;) belongs to the set {t eC:t < } . Using the definition

q(n)L(2)

of bounded L-index in the direction b, the definition of ¢(n), inequality (5) and (8), for
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k; < N we have

e oG - )
Ry(zn) = R)4(2,m) < (ki + DILST (2 + (8 + s*(t; — £7))b)

o (Tt (45— T2 )N Rt ~

(L< +(th (Z)@p tp))b L(z)(k;+1)|t;—t;!SnN(—;)l(Abm))N“X

|OFF (2 +(t3+s (tZ—tZ))b)\ . N+1 Nl b
Xmax{ IR 1 (tz —i—s*(tz ))b) ~0§]€§N}<77—(>\b(77)) + Ry(z,m) <

q(n)
B + 1) () s
< B T DO P 7 1) S g,

It follows that }N%;’(z, n) < 2&?_1(2', 1). Using inequalities (5) and (6), we deduce for RP(z,n)

RE(z,m) < 20 ()N RE_ (2,n) < 2(\o(n) Y RE_, (2,7).
Hence,

|OF F(z+1Db)|
KILF (z+tb) -

<2000 Ry (210 < <2<Ab<n>>2N>2R';(m,2<z,n>_ (10)
<< 20wV RY (2, ) =
= (200(m)?V)9 max

max

—

%

|

¥
e}
AN
o
AN

——

Let k, € Z,0<k, < N,and t, € C, |t.| = ——, be such that

|0y F(2)] |0 F(2)]
FALF-(2) 09N KILF(z)

and
|(9,';zF(z + ng)| = max{|8ﬁzF(z +tb)| : |t| <n/L(z)}.

Inequality (10) implies

kz ng k'zF
s b (P 0 )

k\LF= (2 +t.b) ~ ko \LF= (2 + tb) - L(z)
O F (2 +tb) 2N \q(n atlizF<z)
< max{w |t = %,O <k< N} < (2(Ap())*M)4 )L,TICZ(ZJ
Hence, we get
s {08 Pz + )]+ 1 < /L) } < (200 - ED) e py <

< 2w (M) 1P (M) ¥ [0y F(2)] < 2(w(1)*) 1 (o () 1847 F (2)].
We conclude (4) with ng = Np(F, L) and

Py(n) = (20w (m)*™) " ()" > 1.
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Sufficiency. We suppose that for every n € (0, ] there exist ng = ng(n) € Z; and P, =
Pi(n) > 1 such that for every z € D™ there exists ko = ko(2) € Z4, 0 < ko < ng, for which
inequality (4) holds. We choose n > 1 and j, € N satisfying P, < n’°. For given z € D",
ko = ko(2) and j > jo by Cauchy’s formula for F'(z + tb) as a function of variable ¢

ohIF () = I e
270 J )=/ L(2) tr+t
In view of (4) we have
Ia’SOZ!F(Z)\ < Ljn(jz) max {Ia,’;°F(z +tb)] : [t] = %} =h L;(J'Z) 9 F
that is
(S O I Y O ) 4O W 4O

L
SnJOJ
)

|
(ko + J)ITRHi(2) = (G + ko)l 7 kol LMo (2 RolLRo(2) ~ kolLRo(z)

for all 7 > jo.

Since ko < ng, ng = no(n) and jo = jo(n) are independent of z, this inequality means that
the function F' is of bounded L-index in the direction b and Ny, (F, L) < ng + jo. Theorem 1
is proved. O]

Theorem 2. Let L € Qy(D"), % < b <0y < 400, 01L(2) < L*(z) < 0:L(z). An analytic
function F' : D™ — C is of bounded L*-index in the direction b if and only if F' is of bounded
L-index in the direction b.

Proof. Obviously, if L € Qp(D") and 6,L(z) < L*(z) < 6,L(2), then L* € Qys-(D"),
B* € [018;0o5] and 3* > 1.

Let Ny(F,L*) < +o0. Therefore, by Theorem 1 for each n*, 0 < n* < (65, there exist
no(n*) € Z4 and Pi(n*) > 1 such that for every z € D", ¢y € S, and some ko, 0 < ko < ny,
inequality (4) is valid with L* and n* instead of L and n. Taking nx = 6,1 we obtain

Pi|OfF(2)| > max{|0f° F(z + tb)| : [t| < n*/L*(2)} > max {|0{°F(z +tb)| : [t| <n/L(2)}.

Therefore, by Theorem 1 the function F'(z) is of bounded L-index in the direction b. The
converse assertion is obtained by replacing L on L*. [

Theorem 3. Let L € Qp(D™), m € C\{0}. An analytic function F : D" — C is of bounded
L-index in the direction b € C™ if and only if F(z) is of bounded L-index in the direction
mb.

Proof. Let F(z) be an analytic function in D" of bounded L-index in the direction b. By
Theorem 1 (VYn > 0) (Ing(n) € Z4) (3P (n) > 1) (Vz € D") (Fko = ko(2) € Zy, 0 < ky <
ng), and the following inequality is valid

max {|0p° F(z +tb)| : [t| < n/L(2)} < POy F(2)]. (11)
Since OF | F = mFOFF, inequality (11) is equivalent to the inequality

max {|m|k0|8§°F(z +tb)|: |t| < n/L(z)} < P1|m|k°|6’§°F(z)|
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as well as to the inequality
t
max{\af,st(z+ —b)|: |t/m] < n/(\m!L(z))} < Pk, F(2)].
Denoting t* = £, n* = i1, We obtain

max{]@frbe(z +t'mb)| : [t*] <n*/L(z)} < Pi|0FF(2)).

By Theorem 1 the function F(z) is of bounded L-index in the direction b. The converse
assertion can be proved similarly. O

Using Fricke’s idea [14], we deduce a modification of Theorem 1.

Theorem 4. Let L € Qy(D"). If there exist n € (0, 8], ng = no(n) € Z4 and Py = Py(n) > 1
such that for any z € D" there exists kg = ko(2) € Zy, 0 < ko < ng, and

max{|0p' F(z + tb)| : [t| < n/L(2)} < Py F (=),
then the analytic function F : D™ — C has bounded L-index in the direction b € C" \ {0}.

Proof. Assume that there exist n € (0, 3], ng = no(n) € Z, and P, = Pi(n) > 1 such that
for any z € D™ there exists kg = ko(2) € Z4, 0 < ko < ng, and

max{|8 F(z + tb)| : [t| < %)} < POk F(2)]. (12)
If n € (1, 8], then we choose jy € N such that P, < n/o. And for n € (0;1] we choose jo € N

such that (J{)Oilf;)!ﬂ < 1. The jg is well-defined because

Jolko! k! |
— P = — . y P — 0, — 0.
Go+ k) ' Go+1)Go+2) - (Go+ ko) Jo

Applying integral Cauchy’s formula to the function F(z + tb) as analytic function of
one complex variable ¢ for j > jo we obtain that for every z € D" there exists kg = ko(z),

0 < ko < ng, and
- | Mo [7(2 4+ th
8£O+J F(Z) J ' / ab (Z )dt

271 tit+l

=_"n_
Itl=15

Taking into account (12), we deduce
O T F ()| _ L(2)
T

Li(z)

nJ

max{|8§°F(z+tb)|: lt| = 7 }§P1

e ORFE) (13)

In view of choice jo with n € (1, 5], for all j > jy one has

O VE(R) k! P |3 F(2)] o= O F(2)] _ 105 F(2)]
(ko + j)!Lk0+j(Z) - (] + ko)' nj ko!LkO (Z + tob) - ko!LkO(Z) - ko!LkO (Z) ’
Since ko < ng, the numbers ng = ng(n) and jo = jo(n) do not depend on z, and z € D"

is arbitrary, the last inequality is equivalent to the assertion that F' has boudned L-index in
the direction b and Ny (F, L) < ng + Jo.
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If n € (0,1), then from (13) it follows that for all j > jg

|3]1;o+jF(z)| - kol Py |a{;op(z)| |a{;oF(z)|
(ko + )ILRFI(2) = (G + ko) kol LR (2) ~ kol LRo(z)

or in view of the choice jg

O IEE)| Y_|oF(E)|
kot ) TM3i(z) = kol Dho(z)

Thus, the function F is of bounded L-index in the direction b, where L(z) = ( ). Then by

Theorem 2 the function F' has bounded L-index in the direction b, if n5 > 1. When n<i
we choose an arbitrary v > nLB By Theorem 2 the function F' is of bounded Li-index in

the direction b, where Li(z) = 1yL(z). Then be Theorem 3 the function F' has bounded
Ly-index in the direction vb. Since 0%, F = v*0f F and Ly(z) = v*L*(2), in inequality (2)
with the definition of L-index boundedness in direction the corresponding multiplier ~ is
reduced. Hence, the function F' is of bounded L-index in the direction b. The theorem is
proved. O

The following propostion is directly deduced from the definition of L-index boundedness
in direction.

Proposition 1. Let L : D" — C be a positive continuous function. An analytic function
F : D" — C has bounded L-index in the direction b € C” \ {0} if and only if the function
G(z) = F(az + c) has bounded L,-index in the direction 2 for any ¢ € D" and a € D" such
that |c;| < 1 —|a;], a; # 0 (Vj € {1,...,n}), where az Y= = (@121 + €1y oy Az + C),
g = (%, cee Z—Z), L.(z) = L(az + c).

Proof. Let an analytic function F' in D" be of bounded L-index in the direction b € C". One
should observe that

OF(az+c) b;
ab/a Z aZ] CL] Za—ZJ Ja—j—(?bF(aerc).

7j=1

By the mathematical induction it is easy to prove that Of aG(2) = OFF(az+c) for all k € N.
From inequality (2) with az + c instead of z it follows

105/G(2)]

105G (2)] 0k F(az + ¢)|
max{ KILF(z)

< : <k < }: {
m!L7(z) — kE!L*(az + c) 0.5 k< moy=max

0<k< mo}.

The last inequality yields that the function G(z) is of bounded L,-index in the direction
2 and vice versa. O

4. Estimate of maximum modulus on a larger circle via maximum modulus on
a smaller circle and via minimum modulus. Now we consider the behavior of analytic
functions in the unit polydisc of bounded L-index in direction. Using Theorem 1, we prove
a criterion of L-index boundedness in direction.
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Theorem 5. Let L € Qn(D"). An analytic function F' : D" — C is of bounded L-index in
the direction b € C" if and only if for any ry and any ry with 0 < r; < ro < 3, there exists
a number P, = Py(ry,73) > 1 such that for each z° € D"

T2

L(29)

} < Prmax {|F(2°+tb)| : |t|= o ) (14)

max {|F(z" 4+ tb)| : |t| = L(2)

Proof. Necessity. Let N, (F, L) < +oo. On the contrary, we assume that there exist num-
bers r; and 79, 0 < r; < 19 < (3, such that for every P, > 1 there exists z* = z*(P,) € D,
for which the following inequality is valid

max {|F(z* + tb)| : |t| = %} > Pymax {|F(z* + tb)| : |t|= L@*) 3 (15)

By Theorem 1 there exist ng = ng(r2) € Zy and Py = Py(re) > 1 such that for every
z* € D™ and some ko = ko(z*) € Z1, 0 < ko < ng, one has

max{]a{jOF(z* v tb)) ) =ra/L(=") } < RO F ()] (16)
We remark that for ky = 0 the proof of necessity is obvious because (16) yields max {|F (z*+

tb)| : [t| =7r2/L(z*)} < R|F(2*)| < Pymax {|F(z* + tb)| : |t| =r1/L(z")}.
Suppose that ky > 0. Put

[ T2 "o 71
P*:no. 7’_ P0+7”‘ ” —|—1 (17)
1 2— 11

We assume ty, € D, is such that |ty| = r1/L(z*) and

|F(2* 4 tob)| = max {|F(z" +tb)| : |t| = ri/L(z")} > 0,

and tg; € D~,

toj| = re/L(z*), is such that
|0 F(2* + to;b)| = max{|0} F(2* +tb)] : |t|= ro/L(2")},

j € Z,. In the case |F(z* + tob)| = 0 by the uniqueness theorem for all ¢ € D,. we obtain
F(z* 4+ tb) = 0. However, it contradicts inequality (15). By Cauchy’s inequality we have

WS (%) |F(2* +tob)|,j € Z4 (18)
! 1
J * J * o j+1 * J+1 * "2
|OLF (2" + to;b) — DL F(2)] = / N F(z —i—tb)dt‘ < | F (2" + togj1)b)] e
0

From (18) and (19) we have

A L(z* ~ j
0L F (2" +o(1)b)| > 502 : {105 F (2" +to;b) | — O, F (")} >
L(z*+t*b) | LIt (2
> L D) ‘%F(2*+t0g‘b)|_‘7—(?)|F(z*+t0b)|’

T2 72(r1)7
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where j € Z, . Hence, for kg > 1 we get
L(z*)

|05 F (2" + tor,b)| =
(ko—1)1 LR (z*) Lko(2)
ro(ry)kot (r2)*

_ (( 0! n 1! +“.+M) Lko( *)|F(z*+t0b)|=

T e e P e o
B Lko(z*) i |F(z* +t00b)‘ ko—1 ' j
= ) |F(2* + tob)| (m —Z]! (7‘_1) ) . (20)

Jj=0

|0p T F (2% + tog,-1)b)|—

|F(2* +tob)|>. .. >

|F(2" +toob) |-

In view of (15) we have |F(z* + toob)|/|F(z* + tob)| > P.. Besides, this inequality holds

ko—1 ko )
Z]( ) - (M)S o (2)"
7'2/7”1—1 To —T1 T1

Applying (17), we obtain

ko—

|F Z ‘|—t00b Z % 710!7’1 (] 1o | 9 nOP i 1
— = Ng: | — .
’F z —|—t0b 0 ’r"{ T2 — Tl 7"1 0 7”1 0

It follows from (20), (16) and (18) that

Lko(z%) r ro\ ° el ko
B P(2* 1o, b)| > ——? (P, — ny! I2 o
|8b (2" +oky )‘> (1g)ko ( 1o ro — 1T <T1 L(z*) %
JRFE] (ﬁ) (F gl (@)) 08 F(2" +tor, )|

ko! T2 To—T1 \I" nO!PO

Hence, P, < ng! <:—f) (PO + ) which contradicts (17).

Sufficiency. We choose any two numbers r; € (0,1) and ry € (1,3). For given 2° € D"
we expand the function F'(2° + tb) in a power series by powers of ¢

r2— 7'1

S Oy F()
0 _ m
F(z +tb)_zobm< OV ™ by (2°) = -
in the disc <t : |t| < —— P C D,o. Forr < —— g we denote
L(=0) ’ L(=0)

My(r, 2%, F) = max{|F(z° +tb)| : [t| = r}, pp(r, 2%, F) = max{|b,,(z°)|r™ : m > 0},
(1, 2°, F) = max{|b,, (2°)|r™ : [by (20) 1™ = (1, 2°, F)}.
By Cauchy’s inequality uy(r, 2°, F') < My, (r, 2°, F). But for r = 1/L(2°) we have

pp(r, 20, F)

My (ryr, 2° ng T < (1, 2°, FZH* T
— !
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and since 1, (r, 2°, F') is monotone in r, we deduce

(8, 20, F
In gy, (ror, 2°, F)—In g (r, ZO,F):/ %dtgyb(r, 22 F)Inr,.
Hence,
1
vp(r,2°, F) < ] (In i (197, 2°, F) — In pup(r, 2°, F)) <
N7y

1
< 1—{111 My(ror, 2°, F) — In((1 — r) My (r17, 2°, F))} =
Nn7ro

In(1 — 1
(1—m) 4
Inry Inry

{In My (ror, 2°, F) — In My, (117, 2°, F))} (21)

Let Ny(2°, L, F) be the L-index in the direction b of the function F at the point 2°,
i. e. Np(2% L, F) is the smallest number mg for which inequality (2) holds with z = 2°.
It is obvious that Ny (2%, L, F) < vp(1/L(2°, 2% F) = »,(r, 2°, F). However, inequality (14)

can be written in the following form M, (T—Z 29 F) < Py(r1,r9) My, (’"—1 29 F) . Thus,

L(zo)’ L(zo)’
from (21) we obtain Ny (2°, L, F) < _1n§r11;§1) + lnPlln(:;’”) for every 2% € D", i.e. Ny(F, L) <
=) | AT Thegrem 5 is proved. O

Inrg Inrg
In view of the proof of Theorem 5 the following theorem is true.
Theorem 6. Let L € Qn(D™). An analytic function F' : D™ — C is of bounded L-index in

the direction b € C" if and only if there exist numbers r1 and r9, 0 <11 <1 <19 < 3, and
Py > 1 such that for every z° € D" and ty € Do inequality (14) holds.

Theorem 7. Let L € Qyn(D"), F be a function analytic in D"™. If there exist r; and 7o,
0<r <ry<B,and P, > 1 such that for all z° € D" inequality (14) is satisfied, then the
function F' is of bounded L-index in the direction b.

Proof. Inequality (14) for 0 < r < ry < 8 implies

2ry 11419 2ry T+
F(z°+tb)| : |t| = <P F(z°+tb)|: |t| = :
mx { [P0+ b)) o = 2222 2k < P ([P0 4 b)) s = 2P

Putting L*(z) = fﬂz, we obtain

max {|F(z° +tb)| : |t| = 2" }<P maX{|F(ZO +tb)|: |t| = 2y }
T ) L) f T ) (0 [
(22)

2r 2r 253 * _ 2L(2) 23 1b;]
where 0 < = < 1 < =2 < =2 Clearly, L*(2) = 7550 > 0y MaX1<j<n G5y
i.e., L* satisfies (1) and belongs to the class Qp(D") with mew instead (. From validity

of inequality (22) we get that by Theorem 6 the function F' has bounded L*-index in the
direction b. And by Theorem 2 the function F' has bounded L-index in the direction b. [

The following theorem gives an estimate of the maximum modulus by the minimum
modulus.
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Theorem 8. Let L € Qn(D"). An analytic function F' : D" — C is of bounded L-index in
the direction b if and only if for every R, 0 < R < (3, there exist numbers P,(R) > 1 and
n(R) € (0, R) such that for each z° € D™ and some r = r(2°) € [n(R), R]

max{|F(zO +tb)|: |t| = r/L(zO)} < Py min{|F(zO +th)|: |t| = r/L(zO)}. (23)

Proof. Necessity. Let Ny(F,L) = N < 400 and R > 0. We put

R _leN

0TS TgRTL)y YT N Y

1
ry = gR](j = 1,2,...,N).
Let 2° € D", and Ny = Np(2° L, F) be the L-index in the direction b of the function F
at the point 2°, i.e. Ny(2° L, F) be the least number my, for which inequality (2) holds
with z = 2° The maximum on the right-hand side of (2) is attained at mg. Obviously,
0 < Ny < N. For 2% € D" we develop F(2° + tb) in a series by powers ¢

e.) mF
F(2"+tb) =Y b ()™, by(2) = 8T(')‘
m=0 ’

We put a,,(2°) = |z’§f(zz?)‘ = ‘Zﬁi((z:o))'. For any m € Z, the inequality ay,(2°) > a,(2°) =

Roa,,,(2°) holds. There exists the least number ng € {0,1,..., Ny} such that for all m € Z,
g (2°) > am(2°) Rng—no- Thus, an,(2°) > an,(2°)Ryy—n, and a;(2°) < an,(2°)Ry,—; for
J < no, because if a;,(2°) > an,(2°)Ry,—j, for some jo < ng, then a;,(2°) > @, (z) Ryy—jo
for all m € Z, and it contradicts the choice of ng. In view of a;(2%) < an,(2°)Rny—j (j < no)

and a,,(2°) < an, (2°) (m > ng) for t € Do and |t| = O)T’NO ny We have
|F(2° +tb)| = O+ b (2™ | = [bag (O = Y b ()t =
m#no m#no
:anO 7n]\f() no Z am 7,]\f()fno :ano TN(] no Z a] TNO*TLO - Z am(z[)),r]ﬂ\}ofno Z
m7#0 j<ng m>ng
ZCLN()(ZO)RNO_”OTR%—TLO - Z a/NO(ZO)RNO_jT?Vo—TLO_ Z aNO (ZO)Txofno Z
7j<ng m>ng
1
> aNo(ZO)RNo—norXf[:)—no - nOaNo(ZO)RNo—no+1 - aNo(ZO)r]Tif(:)—Hnol— =
T'No—no
0 0 N TN
= an,(2") (RNo—noT%_no = v [tNo=noTNo—no ~ TNo— ”O#NZOM) >
1 1
2aNo(ZO> (RNonorR%no_ZRNonor;\b%no - ZRNOnOTK%nO) :iaNo (ZO)RNO*TLOT%—M'
(24)
For t € D,o we also have
. 0 0 — an (2°) 8 0
m m m _ 0
|F(2°+1b) |<Z [ (2°)1[2] mzjoam(z )T Ny < ANy (2 )W;)TNMO—TMS;@NO(Z ).
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From (24) and (25) we obtain

"No—no | _ 8 16,7
F(2°+tb)|: [t|=—2 b <= 0) <
s {6+ ) =5 < a4 < = 2
x min { |F (2" +tb)| : [t| = MNo—no | o =2 161 — Y min {|F(2° +tb)| : [t| =r JL(z")}
L(z0 [ = TRy N ' No=mo ’
: 16
i.e. (23) holds with Py(R) = TRt n(R)=rn = B and 7 = TNy —n,-

Sufficiency. In view of Theorem 6 it is sufficient to prove that there exists number P,
such that for every z° € D»

0 1] — p+1 0 ] — p-1
Let R = . Then there exist Py = P» (R) and n:n(ﬁ) € (0, ﬁ) that for every 2° € D»

and some r E [7], R} the following inequality is valid

max {|F(=" + tb)]  [1] — ﬁ}gp; min {|F(z° + tb)| : |t|:L(ZO)}.

Put L —max(L(:" + ) 1] S B/ po=(3=/USL), i = o + kL | € 2o
Hence < £ s BEL_ Therefore, there exists n* € N independent of 2° and ¢,

) Ln* 4BL(z ) L(z0) ~— 2L(z0)
such that p,_; < % < pp < % for some p = p(2°) < n*.

Let ¢, = {t € C: [t| = pi.}, |F(2° + t5*b)| = max{|F(z° + tb)| : t € ¢;} and ¢} be the
intersection point of the segment [0, ¢;*] with the circle ¢;—;. Then for every r > 1 one has
[t —tx] =n/L* <r/L(2° + t;b). Hence, for some r € [, R] we deduce

|F(2° + ;D) < max {|F(z° + tb)| : |t — t;| = r/L(z" + t;b) } <
< Py min {|F(2°+tb)| : [t — t;|=r/L(z" + t;b) } < Py max{|F(z° + tb)| : t € ¢4_1}.

Therefore, we get inequality (26) with Py = (Py)™

1
max{|F(zO +b)| - [t = fL(tO)} <

<max{|F(2° +tb)| : t € ¢,} <Pymax{|F(z" +tb)|:t €c, 1} < ... <

< (P max{|F(=* + tb)| : 1 € ¢o} < (P3)" max {|F<z° Fib)f: i = 4§L_(zlo) } |

Theorem 8 is proved. O

Theorem 9. Let L € Qn(D"), F' : D* — C be an analytic function. If there exists
R € (0,8/2) (or if there exists R € [3/2,0) and (Vz € D") : L(z) > 2f maxi<j<n 1“’ | |)
and there exist Py, > 1, n € (0, R) such that for all 2° € D" and some r = r(z") € [n,R]
inequality (23) holds, then the function F' has bounded L-index in the direction b.

Proof. In view of Theorem 7 we need to show existence P, such that for all 2° € D

max {|F (2" +tb)| : |t| = (8 — R)/L(z°)} < Prmax {|F(" + tb)| : [t| = R/L(z")}. (27)
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Assume that there exist R € (0,3/2), P, > 1 and 5 € (0, R) such that for every 2° € D"
and some r = r(2°) € [n, R] we have

max {|F(z" 4+ tb)| : |t| = r/L(2° } < Pomin {|F(z° +tb)| : [t| = r/L(z")}.

Denote L* = max {L(z" +tb) : |t| < 2}, po = R/L(Z°), pr = po+ kn/L*, k € Z..
We obtain —TL < R < L(R) = L([Z 0 E(R) Therefore, there exists n* € N, independent of

2% and such that pp 1 < ﬁ( 0 <pp < L(zo for some p = p(z°) < n*. It is possible because
L € Qp(D™). At first, one has

(%z%"”“)/%):(ﬁnzggf*:ﬁfm”‘{% 't'—szO)} G

Therefore, n* = [ﬂ;—R)\b(ﬁ)] , where [a] is the entire part of number a € R. Let |F(z° +

t7*b)| = max{|F(z° + tb)| : t € ¢k}, cx = {t € C: |t| = px}, and ¢} be the intersection point
of the segment [0, t;*] with the circle ¢,_;. Hence, for every r > n and for each k < n* we get
the inequality [t;* —t;| = 7% Thus, for some r = r(2° + ¢;b) € [n, R] we deduce

T
L(z0+t;b)"

|F(2° + )| <max {|F(z° +tb)| : |t — t;| = r/L(z° + t;b)} <
< Pmin {|F(2°+tb)| : [t — t;| =r/L(z° + t;b)} <
< Pmin {|F(2°+tb)| : [t — t;] = r/L(z° + t;b), |t — to| < pr_1} <
< Pymax{|F(2° +tb)|:t € cs_1}.

Hence,

max {|F(z" +tb)| : |t| = (8 — R)/L(z°)} <
<max{|F(z° +tb)| : t € ¢,} < Pomax{|F(z° +tb)|:t € ¢, 1} <
<. < (PP max{|F(z° +tb)| : t € o} < (P)" max {|F(z° +tb)| : |t| = R/L(2")} .

We get (27) with P, = (P,)"™". Thus, for R € (0, 3/2) Theorem 9 is proved.
Now, suppose that R € [3/2,5) and (Vz € D) : L(z) > 25|‘b|| Then inequality (23) can
be rewritten as

r/2

rnax{yp120+-%-zb)| 421 = 7

>}ggmm@m£+;mmyw| 7%}

Denoting t' = t/2, one has

0 i T2 - 0 gy T/2
max{|F(z +t'-2b)|: || = L(zo)} < P2m1n{|F(z +t'-2b)|: || = TEIlg
Since r < R € [(/2,3), we have r/2 < R € [5/4,3/2) C (0, 3/2). Therefore, as shown above
the function F' has bounded L-index in the direction 2b, but by Theorem 3 the function is
also of bounded L-index in the direction b. O

5. Logarithmic derivative and zeros. Below we prove another criterion of L-index
boundedness in direction that describes behavior of the directional logarithmic derivative
and distribution of zeros.
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We need some additional denotations.
Denote g.o(t) := F(2° + tb) for a given 2 € D". If one has g.o(t) # 0 for all t € Do,
then GP(F, 2°) := &; if g,o(t) = 0, then GP(F,2%) := {2° +tb: t € D,o}. If f g,o(t) # 0 and

a? are zeros of g.o(t), then

b(F 20 = O L tb: [t —al] < —— .
G (F,z") L];J 27 +th: |t ak|_L(z0+a2b) , r>0

Let
ch(F) = |J GO(F2). (28)

20eDn
By n(r,z2% 1/F) = ng i< 1 we denote the counting function of zeros (a?) of the function
F(z° 4+ tb) in the disk {t € C: [t| < r}.
Theorem 10. Let F(z) be an analytic function in D", L € Qu(D") and D"\ G3(F) # @.
F(z) is of bounded L-index in the direction b if and only if
1) for every r € (0, 8] there exists P = P(r) > 0 that for each = € D"\GP(F)
O F(2)
F(z)

< PL(2); (29)

2) foreveryr € (0, 8] there existsn(r) € Z, such that for each z° € D" with F(:°+tb) # 0,
n(r/L(z"),2°,1/F) <n(r). (30)

Proof. Necessity. First, we prove that if the function F(z) is of bounded L-index in the
direction b, then for every 2 € D"\GP(F) (r € (0,3]) and for every a* = 2° + alb the
following inequality
r[bl

2L(Z°) A2 (2%, 7)
holds. On the contrary, we assume that there exist 2 € D"\GP(F) and a* = 2° + alb

/b bl b
(2)AZ (2%,r) = 2L(2°) ~ L(2°)

the following estimate L(a*) < AP (2%,7) L(2°) holds and |2° —@*| = |b| - |a}] < %, i.e.

120 — @] > (31)

. Hence, |a}] < 7o7. But for A

h that |20 — ax] <
such that |z ak|_2L

la?] < ﬁ It contradicts z° € C*"\GP(F). In fact, in (31) instead of A? (2°,7) we can
a
take A2 (1).

We choose in Theorem 8 R = "

20D (r)
for every z° € D™ and some r* € [n, R] inequality (23) holds with 7* instead of r. Therefore,
by Cauchy’s inequality

. Then there exist P, > 1 and n € (0, R) such that

,r‘*

L(zo)}
(32)

L(2Y)

/r.*

|0 F(2%)] <

0 T PL(z%) . 0 o
max{|F(z +tb) : |t]_L(ZO)} < S S min|F ()] b=
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In view of (31) the set {z +itb: |t < W} does not contain zeros of the function
F(2° + tb) for every z° € D"\GP(F). Therefore, applying the maximum principle to 1/F,
as a function of ¢, we have

|F(2°)] > min {|F(2° + tb)| : [¢t| = r*/L(z°)} . (33)

Inequalities (32) and (33) imply (29) with P = Py /n.
Now we prove that if F'is of bounded L-index in the direction b, then there exists P3 > 0
such that for every 2° € D" (F(2° 4 tb) £ 0), r € (0,1]

r

L(29)

b < Pymax {|F (0 4 tb)] : [1] = ! L

n(r/L(z°), 2°, 1/ F) min{]F(zO—i—tb)] |t = 9E)
(34)

By Cauchy’s inequality and Theorem 5 for all ¢ € Do such that [t| = 1/L(z") we have

01" +1b)| < g(foi max {|[F(0)] : [0—1] = %} <
< g(foi maxc {|F (2" + tb)] : |t] = L(i@) b< P;(i’ ?L(zO) max {\F(z°+tb)\ ) = Léo()g}@
If F(= + th) # 0 on a circle {t € Dy : [t| = r/L(:")}, then
() - #/ L e
max { |0, F (2 + tb)| - |Lt(|2): r/L(zD)} . )

min {|F (20 + tb)| : [t| =r/L(z°)} L(z°)
From (35) and (36) we have

n (r/L(z"),2°,1/F) min {|F(2° + tb)| : |t| = r/L(2°)} <

Smmax{|8bF(zo+tb)| ] = r/L(z")} <

1
_L( )max{|8bFz +tb)| : [t| = 1/L(2°)} <
< Py(1, 8)/(5 — 1) max {|F(=* + tb)| : |t| = 1/L(=")} .
Thus, we obtain (34) with Py = Pi(1,3)/(8 — 1). If the function F(z° + tb) has zeros on
the circle {t € D3 : |t| = r/L(z°)} then inequality (34) is obvious.
Now we put R =1 in Theorem 8. Then there exists P, = P»(1) > 1 and n € (0,1) such
that for each 2% € D" and some r* = r*(2%) € [n, 1]

max { |F(2+tb)]| : [t| = } < Pymin {]F(z0+tb)] [t = — } .

L(z°) L(z°)
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Moreover, by Theorem 5 there exists P, > 1 such that for all 2 € D

max {|F(z" + tb)| : |t| = 1/L(2°)} <
Py(L ) max {|F(0 + b)) 1] = n/L(=")}
Pi(1,n) max {|F(z° + tb)| : |t| = r*/L(z")}
Pi(1,n)P,min {|F(z° 4+ tb)| : |t| = r*/L(z°)

IAIAIA

}

Taking into account (34), we have

n (r*/L(z°),2° 1/F) min {|F(z° + tb)| : |t| = r*/L(z")} <
< P3Pi(1,n)Pymin {|F(2° + tb)| : |t| =r*/L(z")},

ie. n( - %) < Pi(1,7n) Py Ps. Hence,

Pi(1,n)P(1)P(1,7 + 1).

r* o 1
_— — | <P, =P((1.nBP =
n( Z’F)_4 1(,77)23 ,

L(20)’

If r € (0,n] then property (30) is proved.
Let r € (n, 5] and L* = max {L(zo + tb) |t] = zO)} . Using properties of Q}, we have

L* < AP(r)L(2°). Put p = Tegy 1t = 7y We can cover every set K = {+tb: |t| < R}
by a finite number m = m(r) of closed sets = {z%+tb: [t—t;| < p}, where t; € K. Since

W < A& < L(Z+tjb) in each K there are at most [Py] zeros of functlon F(2° + tb).

Thus, n (ﬁ, 20, 1/F> < n(r) = [Py m(r) and property (30) is proved.
Sufficiency. On the contrary, suppose that conditions (29) and (30) hold. By condition (30)
for every R € (0, 3] there exists 7n(R) € Z, such that in each set K = {ZO +tbh:|t| < %}
the number of zeros of F/(2° + tb) does not exceed n(r).

We put a = a(R) = RAP(R) By condition (29) there exists P = P(a) = P(R) > 1 such

2(n(R)+1)"
that ‘8‘1;1?25)2) (2) for all z € D"\GP, that is for all z € K lying outside the sets

bpy={z"+1tb: |t—a)| <a(R)/L(z"+ a}b)},

where a) € K are zeros of the function F(z° + tb) # 0. By the definition of AP we have
AP(RYL(2°) < AP(R,2°)L(2°) < L(z° + a?b). Therefore, |‘f“’bF | < PL(z) for all z € D",
lying outside the sets

a(R) B R } |

0 0 0 =
=<z +tb t—ap| < 2 R [ L

Obviously, the sum of diameters of sets ¢} does not exceed (]f;ﬁf)( 5 < L(]jo). Therefore,

there exist a set ¢° {z +tb:|t| = )} where g7y )+1) =n(R) < r < R, such that for
all z € & the following inequality is Vahd

abF(Z)
F(z)

< PL(2) < PA2(r)L(2°) < PAY (R) L(z").
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For any points z; = 2° 4+ t;b and 2z, = 2° 4 tob from & we have

F(2° +t;b) 210, F(2° + tb) b
I |22 FUb)E —’dt<P)\ R) L(2°
H‘F(z0+t2b) _/1 F(20+ tb) jdt] < PA; (R) L(z)

Hence, we get

max{]F(zo+tb)| ) = ﬁ} SPQmin{\F(zo +tb)| : [t|= L&]) } ,

where P, = exp {2R P(R)AY (R)} . Thus, by Theorem 8 the function F(z) is of bounded
L-index in the direction b. Theorem 10 is proved. O

Theorem 11. Let L € Qy(D"), D"\ G}(F) # @, F : D" — C be an analytic function. If
the following conditions are satisfied
1) there exists 7, € (0,3/2) (or there exists r € [8/2,) and (Vz € D") : L(z) > 224
such that n(ry) € [—1;00);
2) there exist ry € (0,3), P > 0 such that 2ry-n(ry) < r1/Ap(r1) and for all z € D"\G,,(F)
inequality (29) is true;
then the function F' has bounded L-index in the direction b.

Proof. Suppose that conditions 1) and 2) are true.
At first, we consider the case n(r1) € {—1;0}. Then in the best case the function F' can
only identically equals zero on the complex line z*+tb for some 2* € D", i.e., F(z*+tb) = 0.
For all points lying on such complex lines inequality (23) is obvious.
Let 2° € D"\ G,,. For any points ¢; and ¢3 such that |¢;] =

0 t
0 F(Z + th) < / 2
F(ZO + tlb) o t

J € {1,2}, one has

o
L(z0)’

0bF(z0 + tb) t2 0
———||dt| < P L tb)|dt| < mraPA
F(20 + tb) ‘| | < /t1 (27 + tb)|di] < mra Py ()

(we also use that L € Q,(D™)). Hence,

max{|F(zO+tb)| |t = %}SPQmin{|F(zo+tb)| |t = LZ;O)}’

where P, = exp {mry Py (r2)} . Therefore, by Theorem 9 the function F' has bounded L-
index in the direction b.

Let r; > 0 be a such that n(ry) € [1;00) and 2n(r)re < r1/Ap(r1). Put ¢ = o —
n(ry) > 0. Clearly, ro=11/(2(n(r1)+c)Ap(r1)).

Under condition 1) each set K = {zo—l—tb |t < %} has at most n(ry) zeros of the

function F, where F(z" + tb) # 0.

Under condition 2) there exists P > 0 such that |61;71?Z()z )| < PL(z) for every z € D"\G,,,

i.e., for all z € K, lying outside the sets {zo +itb: [t—d)| < m} , where af) € K are
k

zeros of the slice function F'(z° +tb) # 0. By the definition of A, we obtain L(2%)/Ap(r1) <

L(2° + ab). Then |8?,I?Z()Z )| < PL(2) for every point z € D", lying outside the union of the

sets

cgz{zo—i—tb:hﬁ—ag\g

7”2>\b(7”1) _ (A1 }
L(z%) 2(n(ry) +¢)L(2°) |
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: 0 rin(ri) 1
The total sum of diameters of the sets ¢, does not exceed the value TOLED) < Ty

Hence, there exists a set ¢&® = {20 +tb: |t = ﬁ}, where 2mintlel — o« p - guch

2(n(r1)+c)
that for all z € &@

< PL(2) < PA\p(r)L(2°) < Py, (1) L(2°).

For any points z; = 2° + t;b and 2, = 2° 4 t,b with ¢ one has

F (2" + tsb) 210, F(2° + tb) o\ 7T
— 1 < ——||dt| < PA L < P A
! ‘ F(z0+tb)| — /t F(2° + tb) ] 2(r1) Lz )L(ZO) < w1 P(ra)As (1)
Therefore,
0 T . 0 ) _ T

where Py = exp{mr; P(r2)\p (r1)}. If F(2Y + tb) = 0, then inequality (37) is obvious.
By Theorem 9 the function F'(z) has bounded L-index in the direction b. Theorem 11 is
proved. [

6. Hayman’s Theorem. It is an analog of Hayman’s Theorem [16]. The theorem helps to
investigate boundedness L-index in direction of analytic solutions of differential equations.
At the end of the paper, we will present a scheme of this application.

Theorem 12. Let L € Qy(D™). An analytic function F : D" — C is of bounded L-index in
the direction b if and only if there exist p € Z, and C' > 0 such that for every z € D"

SC’maX{

Proof. Using some additional propositions, we will prove the theorem. The auxiliary state-
ments are proved in the next sections. They describe local behavior of analytic function of
bounded L-index in direction.

Necessity. If N,(F, L) < +o0, then by the definition of L-index boundedness in direction
we obtain inequality (38) with p = Ny(F, L) and C = (Np(F, L) +1)!

Sufficiency. Let inequality (38) holds, z° € D" and K = {t € C: |[t| < 1/L(z°)}. Thus,
L € Qp(D™) and (38) imply that for every t € K

M (2)
LP+1(z)

OpF(2)
L¥(2)

:ogkgp}. (38)

I/\

(A3 (1))
LrH1(20) Lri(z0 + th) — 2 Lr (20 + th) =

P+ |8]’;F(z0 +tb)| .
(3(1) { LF(=0 1 tb) 'nggp}g

b1+ L(z0) \"|05F(=" + tb)|
< C(AF(1))P" max { (L(ZO + tb)) Lk(20)

0P F(20 + tb)] < 20 —ktb >p+1|5w+1 (20 + tb)| 0P F(20 + tb)
C

IA

:Oékép}é

< 0P+ max {BEE B ry * o0 <k <p < Boatn, 29
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where B = C(A2(1))P*1(A\P(1))~P and

|5’l;Z (ZO tb)|
g0 —=max 0 < < .
z (t) { [k,’(z()) — k p

We write v = {t eC:|t|= m}, Yo = {t eC: |t = )}. We choose arbitrary
points t; € v, ty € 79 and join them by an analytic curve v = {t =t(s) : 0 < s < T}, such
that g.o(t) # 0 for t € 7. We choose the curve 7 such that its length |y| does not exceed
26% +1
BL(z°)

Clearly, the function g,0(t(s)) is continuous on [0, 7]. Without loss of generality, we may
assume that the function ¢ = ¢(s) is analytic on [0,7]. First, we prove that the function
g.0(t(s)) is continuously differentiable on [0, 7] except, perhaps a finite set of points. For

: . OFL (20 o2 (20
arbitrary ki, ks, 0 < ky < ko < p, either 1%, i‘kl(jg o) — | IZ(,CQ(J; Dl for s € [0,T] or the
k.
equality % 112(,510(+t58)b)| 1%, Qi(kzo(+t(s 2l holds only for a finite set of points s; € [0,T]. Thus,
we can split the segment [0, 7] on a finite number of segments that on each partial segment
ORF(2°+t(2)b
gzo(t(S)) = | b (Z + (Z) )l
LF(29)

for some k, 0 < k < p. It means that a function g.o(¢(s)) is continuously differentiable except,
perhaps, a finite set of points. In view of (39) we obtain

dg.o(t(s)) d (|5F(z° +t(s)b) .
Bt e s KRR
< max {|Op T F (2% + t(s)b)|[t'(s)|/LF(2°) : 0 < k < p} =
= L2V (s)| max{]@ﬁ“F(zo +t(s)b)|/LF (%) 0<k < p} < Bg.o(t(s))[t'(s)|L(z°).

Hence,

dg.o(t(s)) oy [ e B0 2
/0 gzoa(s))’ BL(=") / [#'(s)lds = BL(z")|y| < 2B(8* + 1)/(8).

If we choose a point ty € 9 such that

|F(2° +tyb)| = maX{|F(20+tb)| st = B/L(ZO)},

then we obtain

max{|F(zO—|—tb)| = 0 52“}.

L(z9) B
Applying Cauchy’s inequality and using t; € v, for all j =1,...,p we get

} < gx0(t2) < gaoth) exp {23

10 F(2°4-t,b)| <j1(28L(2°))’ max {|F(zo+tb) Ct—t| = 5 L } <

gj!(25L(zO))jmax{]F(zo +1tb) : |t —to| =

sy
h
—~~| =
N
=
—
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that is

g.0(t1) < p!(26)P max {lF(ZO +1tb) : |t —to| = 5[/12’0) } )
Thus, (40) implies

[F(* + tyb)] = max {|F(=" + tb)| |t|—B/L )} < galta) <

<g.o(t1)ex 2352 A 1(28)P ex 2362 max < [F(2% + tb)] : [¢] .

0 . . — .
By Theorem 6 we conclude that the function F' is of bounded L-index in the direction b.
Theorem 12 is proved. O

7. Analytic functions in the unit polydisc of bounded value L-distribution in a
direction.

Definition 1. Analytic function F' : D" — C, is said to be of bounded value L-distribution
in a direction b € C™\ {0}, if there exists p € Z, such that for every w € C and for all
20 € D" with F(2° 4 tb) # w the equation F(2° + tb) = w has in the disc {t: [t| < ﬁ}
at most p solutions. In other words, the function F(z° + tb) is p-valent in {t : [t| < ﬁ}

Theorem 13. Let L € Qu(D"). An analytic function F : D™ — C is a function of bounded
value L-distribution in a direction b € C" \ {0} if and only if its directional derivative OpF
has bounded L-index in the same direction b.

Proof. Assume that the function F' is of bounded value L-distribution in a direction b, i.e.
for every 2° € D" such that F/(2° + tb) # const the function F(2° + tb) is p-valent in the
disc {t: |t| < ﬁ}

To prove the theorem we need the following proposition [27, p. 48, Theorem 2.8].

Theorem 14. [ [27]] Let Dy = {t : |t —ty] < R}, 0 < R < oo. If an analytic function in Dy
is p-valent in Dy then for j > p

(4)
R !
where A = ¥/EE2/8em”.
By Theorem 14 inequality (41) holds with R = for the function F(2° + tb) as a

function of one variable t € C for every given 20 € ]D)” For convenience we will use the

notation g,o(t) = F(z" + tb). Then it is easy to prove that for every m € N the following

equality g(p) (t) = %ﬁ;tb) is valid. Put j =p+ 1 and tg = 0 in Theorem 14. From (41) it
follows
i 1O P (A 0 e { S 0GR 1<)
%S(p+l)!(A(p+l))2pmax{|a§kF(—Zz)‘: 1<k<p}max{ 1<k<p;=
% §L(zo)-(p+1)!A2p(p+1)2pmax{% c0<k—-1<p } =
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0506 F'(27))

T (20) < (p+ 1)!A*(p + 1)* max {

LF1(z ’ak labF( )|:O§k—1§p_1}

Thus, for the functlon mequahty (38) in Theorem 12 is fulfilled with p — 1 instead of
p and with C' = (p+ 1)!A2p(p+ 1)??. In Theorem 14 the constant A > max PE2(8e™ )P (1 — i)

does not depend on 2", because the parameter p is 1ndependent of 2° Hence the quantlty
C=(p+1)A%?(p+ 1)21” also does not depend on 2°. Then by Theorem 12 the function 2 a_b
has bounded L-index in the direction b.

On the contrary, let be an analytic function in the unit polydisc of bounded L-index
in the direction b. By Theorem 12 there exist p € Z, and C' > 1 such that for every z € D"
the following inequality is true

1
Lr+1(2)

|8€+1F(z)‘ SC’maX{L%@mﬁF(z)‘ 01 §k§p}. (42)

Let us consider the disc Ky = {t eC: |t < L)} 2% e D",
Observe that if L € Qp(D"), then for all 2% € D", r € (0, 8], |t| < + 7 the definition of

class Qp(D™) implies
AP(r)L(z") < L(z° + tb) < AB(r)L(2"). (43)

Now inequalities (42) and (43) for z = 2° + tb, t € K, yield

Loarre ) (oot ) <
(p+1)17P CAB(1)L(2%) -
C'p!

P Lok 0 1 k L(zo —i—tb) p+l—k |
Smmw{ﬂ |05 F (2° + tb)] <CA13(1)L(20)) (CAS(l)L(ZO)) 1<k< p} <
—C Lok 0 1 koyq\PH-k
e L e NG E

< max {% |05 F (2° + tb)] (W) c1<k< p} : (44)

To complete the proof of the theorem we will apply the following proposition from [27, p.44,
Theorem 2.7].

Theorem 15. [ [27, p.44, Theorem 2.7], [16]] Let Dy = {t € C: |[t—to| < R}, 0 < R < 400,
and f be an analytic function in Dg. If for all z € D,

R\ P! | FED (1) R k|f(k)(z)|
<§> Wémax{(g) e 1§k§p}, (45)

then f is p-valent in {t € C: |t —ty| < ﬁ;ﬁ}’ i. e. the function f(t) attains each value
at most p times.

Inequality (44) implies estimate (45) with R = ﬁ for ¢ty = 0. By Theorem 15 the

function F'(z° + tb) is p-valent in the disc {t € C: [t| < 7 } p= Wm.
2
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Let t; be an arbitrary point in Ky and K; = {t € C : [t — ;| < Wﬁ} Since by

the definition of the class Qp(D™) one has L(z° + ¢;b) < AX(1)L(2%), i.e. we have that

K; = {t eC:|t—tj| < W} C K. We can repeat the above considerations for the

set {t ceC:t—t] < m} . Respectively, we obtain that the function F(2° + tb) is

p-valent in K. Since K; C K7, the function F(2° + tb) is p-valent in Kj.

Finally, we remark that every closed disc of radius R, can be covered a finite number
m, of closed discs of radius p, < R, with centers in this disc. Moreover, m, < B.(R./p.)?
where B, > 0 is a constant. Hence, we can cover the set Ky by a finite number m of discs
K, where m < 625B*(p + 1)C?(A\5(1))?/4. Since the function F(2° + tb) in K is p-valent,
it is mp-valent in Kj.

In view of arbitrarity of 2°, the theorem is proved. O
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