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ON CERTAIN CLASSES OF DIRICHLET SERIES WITH REAL
COEFFICIENTS ABSOLUTELY CONVERGENT IN A HALF-PLANE

M. M. Sheremeta. On certain classes of Dirichlet series with real coefficients absolute conver-
gent in a half-plane, Mat. Stud. 61 (2024), 35-50.

For h > 0, « € [0, h) and p € R denote by SDj,(u, ) a class of absolutely convergent in the
half-plane Iy = {s : Res < 0} Dirichlet series F(s) = e*" + 377, fx exp{sA} such that
(u=1)F'(s)=pF"(s)/h
Re{ (“Ikl)F(z)iLF,(S/h } > o for all s € I,
and let XDy, (u, @) be a class of absolutely convergent in half-plane ITy Dirichlet series F(s) =
e sh + 37 | frexp{sAx} such that
(u=1)F'(s)+puF"(s)/h
Re{ Fﬂ_l)F(3)+ZF/(S)/h } < —a for all s € II,.
Then SDy(0,«) consists of pseudostarlike functions of order o and SDjp(1,«) consists of
pseudoconvex functions of order a.

For functions from the classes SDp,(u, ) and XDy, (u, «), estimates for the coefficients and
growth estimates are obtained. In particular, it is proved the following statements: 1) In order
that function F(s) = e + 327, fr exp{sAx} belongs to SDy(u, «), it is sufficient, and in the
case when fi(uAp/h —p+1) <0 for all k£ > 1, it is necessary that

kZ | fe(2% — i+ 1) |\ — @) <h —a,
=1

where h > 0, € [0, h) (The(;lrem 1).
2) In order that function F(s) = e *"+3"7° | fi exp{sA,} belongs to XDy, (i, @), it is sufficient,
and in the case when fi(uAp/h+p—1) <0 for all k > 1, it is necessary that

kz |fe(BE + = 1)|(A + @) <h —a,
=1

where h > 0, € [0, h) (Thegrem 2). Neighborhoods of such functions are investigated. Ordi-
nary Hadamard compositions and Hadamard compositions of the genus m were also studied.

1. Introduction and definitions. Let & > 0, (\z) be an increasing to +o0o sequence of
positive numbers (A\; > h) and SD}, be the class of Dirichlet series

F(s) =e" + Z frexp{sh} (s=o0+it) (1)
k=1
absolutely convergent in the half-plane TIy = {s: Re s < 0} and either (Vk > 1): fi <0 or
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It is known [1], [2, p.135] that each function F' € SDj, is non-univalent in Ily, but there
exist functions F' € SD conformal in Ily, that is conformal at every point z, € Ilp; if
Y reo Akl fi] < h then function F is conformal in II;. A conformal function F' in Il is said
to be pseudostarlike of order o € [0, h) if

Re{F'(s)/F(s)} > a (s €I)
and is said to be pseudoconvez of order o € [0, h) if
Re{F"(s)/F'(s)} > a (s € Ily).

It is known [3] that if > 7~ (A\x — @)|fi] < h —« then F is pseudostarlike of the order «,
and if Y77 Me(Ax — )| fi] < h(h — «) then F is pseudoconvex of the order a. To combine
the concepts of pseudostarlikeness and pseudoconvexity, we introduce the class SDy,(u, «) of
Dirichlet series from the class S D;, such that

I%{W—lﬁﬂ) pE"(s)/h
(b= 1)F(s) = puF(s)/h
Remark, the class SDj, (0, ) coincides with the class of pseudostarlike functions of order «

and SDy(1, ) coincides with the class of pseudoconvex functions of order a.
In addition to the class SD;, we consider the class ¥ D;, of Dirichlet series

} >a (sel). (2)

F(s)=e ™+ 3 feexplsh} (s=o+it) 3)
k=1
absolutely convergent in Il; and either (Vk > 1): f, <0or (Vk > 1): f > 0.
By XDy (i, «) we denote a class of functions F' € XDy, such that

. (w—1)F"(s) + puF"(s)/h o (s
K {(u—l)F() T uF(s >/h}< (s € o) @)

Hence for p = 0 it follows that Re{F'(s)/F(s)} < —a (s € Ily), ie. F is [3]
Y-pseudostarlike function of order a. If y = 1 then (4) implies Re{F"(s)/F'(s)} < —a
(s € Ily), i.e. F is [3] E-pseudoconvex function of order «.

It is known [3] that if Y ,-  (Ax + @)|fi] < h — « then F' is X-pseudostarlike of order «,
and if Y72 A(Ag + @)| fe] < h(h — @) then F' is ¥-pseudoconvex of order a.

By the way, let us draw reader’s attention to the paper [13|, in which pseudostarlike and
pseudoconvexe on the direction of multiple Dirichlet series are considered.

In the present article, we will study the properties of functions from the classes SDj, (1, a)

and XDy (p, ).

2. Coefficient inequalities in the class SDy(u, ). The following theorem is true.

Theorem 1. Let h > 0 and « € [0, h). In order that function (1) belongs to SDy(p, ), it
is sufficient, and in the case when fi,(uAg/h — p+1) <0 for all k > 1, it is necessary that

‘fk(u—)\k—ﬂ+ )‘()\k—@)ﬁh—a- (5)

Proof. Since the inequality \w — h| < |w—(2ac— h)]| holds if and only if Rew > « for a < h,
condition (2) holds if and only if

=P Bk ) = DPW o,y
(11— DF(s) — uF"(s)/h (= DF(s) — uF"(5)/h

(s € Ip).  (6)
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In view of (1)
(h=DF'(s) = ZF"(s) = h (= V)F(s) = £F'(5)) =
= — Z (Ak — h) fi (N—)\k — -+ 1) exp{sAc},
(1~ 1)F'(s) — %F"( $) = (2a =) ((u=DF(s) = £F(s)) =

oo

= 2(a — h)e" — Z()\k —2a+ h) fi ('LLT)\’C —p+ 1) exp{sAr} (s € llp).
k=1

Therefore, (6) holds if and only if

‘ —Z (A — h) fr ('MT)% —p+ 1> exp{s)\k}‘—

—[2(a — h)eh® — Z()\k —2a+ h) fi ('LLT/\]C —p+ 1) exp{s)\k}‘ <0 (sellp), (1)

1.e.

kf: (A — (— —p+ 1) exp{s(\x — h)}‘_

o0

)= > (A — 200+ h) fk<——,u+ )GXP{S(Ak—h)}‘<O-

k=1

—|e|
Since —|a + b| < —a + |b| for a > 0, the last inequality holds if

‘ Z (A — fk<u—>\k —p+ 1> exp{s(\ — h)}‘—l—

+]Z k—2a+h)fk<— —M+1) exp{s()\k—h)}‘ —2h—a) <0
ie. ifforalloc <0
>0 = 1] (15 =+ 1) [expfotn - 1)+
k=1
+Z A — 2+ h) (MT_ ) exp{o(\y — h)} <2(h — «)
Therefore, (7) holds if
> (2 = 2a) | fi( “—A’“— p+1)| <2(h—a),

k=1
that is, if (5) holds. The sufficiency of condition (5) is proved.
Let now fi(uXg/h —p+1) <0 for all £ > 1 and (2) holds. Then (7) holds, i.e.

‘ Z (A — ‘fk<'u—)\k —,u—i—l)‘exp{s)\k}‘

9

20— @)et = 5= = 20+ W (U — 1) explon)
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whence \
5 O = [ (155 =t 1) [expon)
Re { b=l /\ } <1
2(h — a)ehs — Z (A —2a+h) | fi (M -+ 1) exp{s\ }
k=1
for all s € Ily. In particular we get for all 0 <0
A
Z (Ar — ‘fk(u —p+ 1) ’ exp{oAx}
k=1
1.
2(h — a)eho — Z()\k —2a+h) ’fk<— e )( exploAe}
k=
Letting o 1 0 we arrive at the 1nequahty
oy
Z)\k_ ‘fk( M+1>’
=1 <1
Ah—a) =3 (e — 20 + 1) ‘fk<——u—|—1>‘
k=1
which is equivalent to the inequality (5). O

Remark 1. If g > 0 then pA,/h—p+1 >0, and if u < —h/(A; —h) then pAy/h—p+1 <0
for all k& > 1. Therefore, the condition fy(uAx/h —p+ 1) < 0 for all £ > 1 holds if either
fr<Oforallk>1land p>0or fy >0forall k> 1and p < —h/(\ — h).

3. Coefficient inequalities in the class Y.D;(u, «). The following analog of Theorem 1
is true.

Theorem 2. Let h > 0 and « € [0, h). In order that function (3) belongs to XDy (u, ), it
is sufficient, and in the case when fy,(uAy/h+ p—1) <0 for all k > 1, it is necessary that

Z‘fk<ﬂ/\k 1)ty <h-a (8)

Proof. Since the inequality |w + h| < |w + 2« — h| holds if and only if Rew < —a for a < h,
condition (4) holds if and only if

(4= VF'(s) + uF"(s)/
(b= 1DF(s) + pk"(s)/h
In view of (3)

(1= VF'(s) + pF"(s)/h
(n— VF(s) + uF(s)/h

+h‘<‘ +2a—h‘ (s€Il). (9)

(1= V() + 2P () + (0= )F(s) + £ P (s)) =

=> ()i (% + = 1) exp{sc},
m—1v%@+%F%@+@a—m(m—1nuw+%wwn:
=2(h —a)e ™™ + Z (Mg + 20— h) fi (i +pu— 1) exp{sAr} (s €Ip).
Therefore, (9) holds if and only if

‘ i e +h fk<i + - 1) exp{s)\k.}’—
k=1
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(g + 2a — )fk(/i—)\lg+u—1>exp{s)\k})<0 (s € Iy),

K

—‘Q(h —a)e M —

B
Il

1

As in the proof of Theorem 1, it is possible to show that () holds if

= UK
Z(/\k + a)l fx (— +p— 1> ‘exp{a()\;C +h)}<h—a (oc<0).
k=1
The last inequality follows from (8). The sufficiency of (8) is proved.
On the other hand, if fi(uAx/h 4+ —1) <0 for all £ > 1 then from () as in the proof of

Theorem 1 it follows that

ki:: )\k+h‘fk<—+u—1>)exp{s)\k} }

Re
{Q(h —a)ehs — Z (A + 20 — ‘fk (— + - 1) ’ exp{sA; }

k=1
for all s € Ily. In particular we get for all o < 0

k;l (Ak + h) ‘fk<_ + - 1) ’ exp{oA}

2(h — a)e=ho — Z (A +2a — ‘fk (M—Ak e 1) ’ exp{oA} )
k=1

Letting o 1 0 we arrive at the inequality

i(xﬁh ‘fk<—+u—1)‘ (h—oz)—i()\kJrQa—h)‘fk(uT/\knLu—1)’,

which is equivalent to inequality (8). O

Remark 2. If 4 < 0 then puAy/h+p—1 <0, and if u > h/(A; + h) then pAy/h+p—1>0
for all k& > 1. Therefore, the condition fy(uAx/h+ p — 1) < 0 for all £ > 1 holds if either
fr>0forallk>1and pu<Oor f, <Oforall k>1and u>h/(\ +h).

Remark 3. By M,(u, o) denote the class of functions f of the form f(z) = %—l— io: frk,
fr € R, p € N, such that )
MECIERRILS
(b= 1) f(2) + pzf'(2)
In [4] it is proved that if f, <0 and g > 1/(p+ 1) then f € M,(u, @) if and only if
S (ko) (ke + = DIl < 1-a
Let us make the substitutio];:z; = ¢®. Then f(e®) = F(s), where F' is represented by series

(3) with h = 1 and A\; = p, and condition (10) is equivalent to condition (4). Therefore,
Theorem 2 implies the following statement that refines the result cited above from [4].

} >a€l0,1). (10)

Corollary 1. Let o € [0, 1). In order that the function f(z) = %%— S fedk, fr €R, peN,
k_

=p
belongs to the class M,(f, «) it is sufficient and in the case when either f;, <0 (Vk > 1) and
w>1/(p+1)or fr >0 (Vk > > 1) and p < 0 it is necessary that

Z \felkp+p—1D|(k+a)<1—a.

=p
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4. Estimates of Dirichlet series. Let us start with functions from the class SDy,(p, ). If
fr <0and p >0 then u > —h/(N —h), prp/h—p+1> pri/h—p+1>0 and, thus, by
Theorem 1 in view of Remark 1 we get

(B 1) 3 |<Z|fk (B —pr )22 <,
1.€. o h(h_a)
;'f’“’ S n i) b

Therefore, for o<0
ka exp{s)\k}‘ Z | fulexp{oAn} < Z il < (A —hh()h;hc;i)\l — )

and, thus

eho_ h(h_a/) < |F(S)| < 6h0+ h(h_a/)

(1(Ar = h) + h)(A — a) (1(Ar = h) +h)(A — a)

If fo > 0 and g < —h/(n — h) then o < 0, [uhe/h — i+ 1] = | — O — ) — hl/h >
> (|p|(A — h) — h)/h > (|p,|()\1 h)—h)/h>1 provided u < —2h/(A\; — h) and, thus,

)\k—Oé
< <1
| Z|fk <L
whence > 7 [ fi] < ( )/()\1 — ) < 1 and as above
h —
ho

e J—

(s €M) (11)

h_
< |F(s)] < M
Fls)| < e+ 5

e Ily). 12
N (s 0) (12)
Thus, the following statement is correct.

Proposition 1. Let a € [0,h) and F € SDy(p, o). If f, < 0 for all k > 1 and p > 0 then
(11) hods. If fr, > 0 for all k > 1 and p < —2h /(A — h) then (12) holds.

Let’s move on to the functions from the class XDy (u, ). If fr, < 0 and p > h/(A + h)
then puAg/h+p—1> pA/h+ p—1 >0 and, thus, by Theorem 2 in view of Remark 2 we

get
A A \ \
CE = WIS SIIC- SR !
whence .7 | fi] < h(h — )/(( ()\1 —|— h) — h)()\l + a)) < 1 provided p > 2h/(A; + h), and

as above

hlo h(h‘_a) hlo ( Oé)
S vy vy R L o7 vy ey vy

If f >0 and p <0 then |u)\k/h—|—u - 1| ]u\()\k/h—i- 1) +1> |u|(AM/h+1)+1 and, thus,
/\1 /fJ)\k k
2L < 2or

(1 (32 +1) +1) 3= | Zm per |3
whence Y oo [ fu] < h(h — )/((|u|(>\1 —i— h) + h)()\l + a)) < 1 and as above

Bl h(h — @) h(h — «)
(Il (A + h) + R) (A + a) (Il (A1 +h) +h) (A + a)

e

(s € Tp). (13)

-«
<1,
—«

e < |F(s)] < eel 4

(s € Ip).

(14)
Thus, the following statement is correct.
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Proposition 2. Let o € [0, h) and F € XDy, (u, ). If f, < 0 forallk > 1 and u > 2h/(A\1+h)
then (13) hods. If fi, > 0 for all k > 1 and p < 0 then (14) holds.

5. Neighborhoods of the functions from SD; (i, «) and XDy (p, ). Let A denote the
class of analytic in the unit disk D = {z : |z| < 1} functions f(z) = 2z + > oo, fx2". For
f € A, following A.W. Goodman [5] and S. Ruscheweyh [6], a set

No(f) = {o() = 2+ > et € A > kg — fil <5}
k=2 k=2

is called its neighborhood. For certain classes of Dirichlet series absolutely convergent in the
half-plane Ty, the concept of neighborhoods was introduced and studied in [7] and [8]. When
studying neighborhoods of functions of the form (1) or (3), we will distinguish the cases of
negative and positive coefficients. In other words, let us say that F' € SD; if F € SD), and
fr > 0forall k > 1and F € SD, if F' € SDj, and f; < 0 for all £ > 1. Define classes
SD; (u, ), SD;, (1, ), XD;", XD, , ¥D;f (1, @) and XD, (p, @) in the same way.
For 0 > 0 we define the neighborgoood of F € SD; as follovgos
O;4(F) = {G(s) =M 4 ng exp{s\.} € SD; : Zx\i!gk — fil < (5} (15)
k=1 k=1
and similarly we define O ¢(F) for F' € SD, .
For F' € ¥D; let

Of 5 (F) = {G(s) — e 13 geexp{sh} €SDF 0 Y Mg — fil < 5} (16)
k=1 k=1
and similarly we define O;y,(F) for F' € XD, .

Theorem 3. Let h >0 and 0 < <a <h. Ifup >0, F € SD; (u, o) and G € O54(F) with

W8 [ M- A)ha)
0=0= (1 <A1—a><h—5>)

gt 1
then G € SD; (u, ). If p < —=h/(M — h), F € SD} (u, ) and G € Oy ¢(F) with

o _hh=8)(, M=pB)h—-a)
=% =" (1 <A1—a><h—5>)

then G € SD/ (u, 8).
On the contrary, if u > 0, F' € SD; (u, ) and G € SD; (p, 8) then G € Oy ¢(F) with

_ 2
§ = 6y = % If w < —h/(\M — h), F € SD;(u,e) and G € SD;j (u,3) then

. B L 2h(h—p)\?
G e O;S(F) with 6 = 4 := (\#\(Alfh)*hD(l)q*a)'

Proof. If p >0, F e SD, ( and G € Oy 4(F) with 0 = 6, then by Theorem 1

1, @)
Zlgkl(’%’“—uH)(Ak—ﬂ) <

k=1

< S IRI(EE - )= D S = (B - e ) e ) <
k=1
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)\1—5 1 W\ A\ —
< ~ § 22 e <

)\1 M+1 A —f p+1
<5 h—a +Z)\|gk — < —(h—a)+4 —h— 3,

ie. G e SD, (i, pB).
If u < —h/(\ —h), Fe SD*(,u, a) and G € Oy ¢(F) with § = 0, then as above

ng‘M—Mle) A — ) <

k=1
—Al_isz’@_ﬂ+1) Ak — ) +Z|gk—fk]”—A’“—u+1‘ M — B
Sii:i(h—a +;|gk_fk|‘ M)\kJru—l’ A, —B) <
= ii:§<h—a>+;Ai!gk—fk\'“'“kh;k@—’Mxﬁ -
Sf\\iii(h_a)ﬂL’%’%:h—ﬂ,

ie. G € SDy(u, B).
On the contrary, if © > 0, F' € SD, (1, ) and G € SD, (i, 5) then

> Y h\2
;Akwk_fk Z|9k Jrl (-k—th )O‘ _a)()\k—a)(u()\k—h)+h) =

00 h)\2
kZ’gk_fk< _N+1><)‘k_ @) (/\k—Oé)(/\k—h)S

< M(M_’SEAI_h)(Z\fky(%—u+1)<xk—a>+i|gk|(“%’f—u+1)(xk—5>) <

k=1
hA2 2h(h — B2
2h —a— ) <
W= =R T S i =
ie. G € O54(F) with § = d3.
If u<—h/(\M —h), FeSD;(u,a)and G € SD; (i, 3) then as above

PNk hA;
Z/\klgk fk|<Z|gk_fk|’__:u+1‘ |,u|()\k )_th(/\k_a) S

= 637

= TulOn —h)hi%hn(xl —a)éf’“"%k—““\(A’f‘a”ggklﬂ%—u+1\<Ak—5>) <

hA2
< 2h — o — <4y,
= (el = h) = R (M _a)( @ B)) < 44
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For the class ¥Dp,(u, ), the following theorem is true.

Theorem 4. Let h >0 and 0 < S < a < h. If p > h/(M + h), F € £D; (i, ) and G €

a— 2 _
Opu(F) with & = 6 = gt then G € Dy (uB). If p < 0,
. a—BIN2
F € SD/ (p,a) and G € Of(F) with § = 0 := s ihing then G € SD;f (u, B).

On the contrary, if p > 1, F' € D, (1, @) and G € XD, (i, B) then G € O;,(F) with

o hh—a) (=B +a)
b=on= (”(h—a)(mﬁ))‘

If p <0, F € XD} (p, ) and G € XD (, f) then G € Oy,(F) with

o hh—a) (,  (h=B)(u+a)
0=% = (H(h—a)(Aﬁﬁ))'

Proof. It > h/(M +h), F € ZD’(M, a) and G € Oy (F) with § = 05 then by Theorem 2
Z‘gk<—+ﬂ— 1)‘(Ak+ﬂ) <

o0

Z (Iu_)\k+:u_1)()‘k+a)+2|gk—fk|M()\k+ﬁ) <

~ h
u( 4 h) — h X +
<h‘O‘+ZAlgk—fk kmk) '“Akﬁﬁ

(A1 +h) (A + 5)55

<h—oa+ A%

:h_ﬁ>

ie. G € XD, (1, ).
If u <0, Fe€XD(pn,a) and G e 052(F) with § = dg then as above

ng +M_1(>\k+ﬁ)

[l (A + ) +h A+
Sh_a‘i‘Z)‘z’gk_fkl . S

k=1
+‘M|(>\1+h)+h)\1+ﬁ5<h_a+(w+1)()\l+h))\1+55_h 3,

<h-—
= h\ SV h\ A\

ie. G € ZD; (i, B).
On the contrary, if 4> 1> h/(\ +h), F € ¥D, (i, ) and G € £D, (p, §) then

00 ) B 00 N/\k h>\2
ZA“g’f_f’“'_;|gk—f’“|<7+M_1>(Ak+a)()\k+a)(u(/\Z+h)—h) <

k=1

<
Ak + (= 1)h

(Zm (B3 1) O ) +Z|gk|(—+u—1)<xk+5>§’;jg) <

< o= Al (B 1)t @)
k=1
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h )\14‘0& B
g;(h—a+(h—ﬁ))\l+5>—57a

ie. G € Oy(F) with 8 = or.
Finally, if p < 0, F € D} (u, ) and G € XD; (i, 8) then as above
h\2
<
(A +@)|p(A +h) = Rh| =

Z)‘k|gk_fk|—2|gk fk|’ +,u—1‘>\k+oz)

- Y Rk
< — —_— —1|(A <
_’;ng fk|‘ P ‘(k+a)|_#()\k+h)+h|_
h [~ AR Ak +
< —1‘)\ i —1‘)\ <
—w<k1f\ T Bt Q) +ng Lt (wﬁ)AHﬁ)
h )\1—|-Oé
< (h—a+(h- = 0,
< (h=P)5y5) = s
ie. G € Ofy(F) with 6 = ds. O

6. Hadamard compositions. For power series f;(2) = Y 7o fr;2" (7 = 1,2) the series ( f1*
f2)(2) = 02 frnfr22" is called the Hadamard composition (product) [9]. Properties of this
composition obtained by J. Hadamard find applications [10, 11] in the theory of the analytic
continuation of functions represented by power series. Many authors have used Hadamard
compositions to study various properties of entire and analytic in the unit disc of functions.
For absolutely convergent in the half-plane Iy Dirichlet series Hadamard compositions were
used in [3, §].
Suppose that F; € SD, (j =1,2), i.e

o0

Fi(s)=e" = fryexp{sh},  fr; >0. (17)

k=1
Then the Hadamard composition of F} and F3 is defined by

[e.9]

(Fix Fy)(s) = €™ = frafraexp{sh}. (18)
k=1
If Fj € SD) (j =1,2), ie.
Fi(s) =™+ frjexp{shc},  fu; >0, (19)

k=1

then the Hadamard composition of F} and Fj is defined by
(Fix Fy)(s) = e+ frafraexp{sh}. (20)
k=1

The definitions of the Hadamard composition in the classes XD, and LD} are similar.
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Theorem 5. If F; € SD, (pj,a;)(j = 1,2), where pj > 0 and 0 < «; < h then
(Fy = Fy) € SD; (p, ), where p = min{uy, 1o} and

o = A = )M = a) (A — az) = Ai(h — ai)(h — ay)
()\1 h)()\l —041)<)\1 —042) —h(h—al)(h—ﬂg) '

(21)
If F; € SDf (uj, ;) (7 = 1,2), where p < —h/(A — h) and 0 < «; < h then (Fy x Fy) €
SDj (u, o), where p = max{u, u2} and

_ o Upld = h) = h)) (M — a1) (M — az) = Mk — ad)(h — ag)
(lel(Aa = h) = h) (A — n)) (M — a2) = h(h — a1)(h — az)

Proof. If F; € SD, (u;, ;) and p = min{p, 2} then by Theorem 1

k=1 J k= J
and by Cauchy-Schwarz inequality we have
(O = h) F ) —a1) (O = h) +B) (A — as)
; h(h—Oél) fkl h(h—Oég) fk,ZS

< i (A — —I—_h)()\k - al)fk,l i (A — h) -f—_h)O\k - oz2)fk72 -
k=1 1) — h(h — o)
" = (=) ) [ a0~
kX:; h \/ (Z_al)(hk_a) \/M<1 (2?))
whence
(LA —h) +h) [N — 1) (A — an)
h \/(h—al)(h—a2)m<1

h (h —a1)(h — as)
Viedle S G0 ") \/ O —an) v — )

Therefore,
; (M —hh) +h A}f__c(jfk,lfk,z _ ; ey hh) +h )\k %fk T <
M —a | (h—a1)(h—a)
S;h—a\/(/\k—al)(Ak—oz)vfklfm (24)

From (21) it follows that
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and, since £ (/\A’“k__ho)fh > b E\’;’c__ah) > b ()\All__ah), we have
e — < (A —h)+h) (A —aq)(Ag — ag)
h—a — h (h—ai)(h—ag) ’
ie.

)\k—a\/ (h—an(h—as) _ (u()\k—h)—l—h)\/()\k—al)()\k—ag)
h—a\ (A —a)e —az) — h (h—ay)(h—ag) ’

and in view of (24) and (23) we get

o~ s = h) + h A — (O —h) +h) [ = a) (A — an)
Z : h h— o fklfk2_z £ A \/(Z—oq)(hk—az) VIkafe2 < L

k=1 k=1

Thus, by Theorem 1 (F} * F) € SD, (i, ). The first part of Theorem 5 is proved.
Let us prove the second part. Since u < —h/(Ay — h), we have

1Ak = h) + hl = | = p(Ae = h) = h[ = [[ul (A = h) = h] = || (A = h) = h.

Therefore, if F; € SD/ (u;,a;) and p = max{p, u2} then |p| = min{|u1], |pua|} and by
Theorem 1

> ()00 ) 55 Gl )= Ou )y
) J k=1 /

This inequality differs from inequality (22) only in that now instead of u(A\y — h) + h there
is |p|(Ax — h) — h. We note that now ‘“l( ) > ‘“‘(:\\1 M= Therefore, repeating the proof
of the first part, we arrive to the Vahdlty of the second part. The proof of Theorem 5 is
complete. O

The following theorem is an analog of Theorem 5 for the classes XD, and YD}

Theorem 6. If F; € XD, (1, ;) (j = 1,2), where u; > 1 and 0 < a; < h then
(Fy * Fy) € ¥D, (i, o), where 1 = min{p, o} and

)\1(>\1 + Oél)(>\1 + 052) — /\1(h — Oél)(h — ag)

=h MM+ ar) (M + ag) + h(h —a1)(h —az)

(25)

If F; € D} (uj,a;) (5 = 1,2), where p; < —1 < 0 and 0 < a; < h then (Fy x Fy) €
YD, (u, ), where u = max{uy, u2} and

. _ (h—Oq)(h—Oég)
o= (1 [l (A1 + ) (M +042)) '

Proof. If F; € ¥D, (uj, a;) and p = min{yy, o} then by Theorem 2 and Remark 2

i Ak+h h)()\k+0z] ZuJAkJrh h)( Ak + ;)

k=1 - &J) O{])

frj <1 (26)
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and by Cauchy-Schwarz inequality we obtain as above

> Ol [l e i < v
k=1

whence

Ak 4 1) (Ak + a2)

h (h—a1)(h — as)
V ki fre < %t h) = h\/( .

Therefore, we get as above

ZILL()\,C —|—hh h)\k+afklfk2_z)‘k+o‘ (h —an)(h — ))\/fklfk2 (28)

k=1 (A +a1) (M +

From (25) it follows that
)\1 —+ « . ﬁ()\l +Oél)<)\1 —|—Oég)
h—a h (h—a)(h—ay)’
(Mg +h) —h > Ak > A1
Ak + T hta T ANt

)\k + « < M()\k +h) - h(/\k +041)()\k+a2)
h—a — h (h—ay)(h—ag)

and, since , we have

Therefore, in view of (28) and (27) we get

o0

(Mg +h) —h A + o M+ h) —h) [+ )Mk + az)
k; h h—af’“’lf’“’ﬁ,; h \/ (h—an)(h—ay) V12 =1

and, thus, by Theorem 2 (Fy % Fy) € XD, (i, o). The first part of Theorem 6 is proved.
Let us prove its second part. Since p < 0, we have

| Ae + h) — h| =] — (A, + h) + b = |p|(A + h) + A

Therefore, if F; € XD;(uj, ;) and p = max{uy, p2} then |p| = min{|usl, ||} and by
Theorem 2

(|l Ok + h) +Rh) (A + a il + h) 4+ h) (A + @
Z\ul )+ h)( ) Zlu )+ h)( )

h(h — ay) h(h — a;) frg =1

=1

This inequality differs from inequality (22) only in that now instead of p(A; + h) — h there is
||(A + h) + h. We remark that now |u|(Ax + k) + h > || Ar + . Therefore, repeating the
proof of the first part, we arrive to the validity of the second part. n

7. Hadamard compositions of the genus m. Let m € N and P(z4,...,x,) be a homoge-
neous polynomial of degree m, that is P(txy, ..., tz,) = t"™ P (21, ..., z,) for all ¢ from the field
above that a polynomial is defined.

Dirichlet series (1) is called [12] a Hadamard composition of genus m of Dirichlet series

Fi(s) = e+ 507 friexp{sh} (1 <4 <p)if fr = P(fx1, ... frp) for all k > 1, where
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P(xy,...,x,) = Z Chyo iy Th e x’;”.
ki+--+kp=m
is a homogeneous polynomial of degree m > 1. We remark that the usual Hadamard composi-
tion is a special case of the Hadamard composition of the genus m = 2.
Suppose that all ¢, ., > 0 and F; € SD, for all 1 < j < p, that is (17) holds for all j.
If the function F' € SD, is Hadamard composition of genus m > 1 of the functions F; then

fr = Z Cly...kp k;l - f (29>

k1t kp=m
In the class SD, the following theorem is true.

Theorem 7. Let all ¢, 1, > 0, Zk1+~~-+kp:m Chy.ky = C <00 and 0 < a; < h. If p >0,
Sore (Mg —h)"2 < h2u/C and F; € SD;, (p, o) for all 1 < j < p then Hadamard composi-
tion F' of genus m > 2 of the functions F; belongs to SD, (u, ), where o = min{a; : 1 <
j < p}.

If < <20/ 0 = 1), 35 (O = Bl = 1) = W)™ < 172/C and F} € SD ()
for all 1 < j < p then Hadamard composition F' of genus m > 2 of the functions F; belongs
to SD;f (u, «), where « = min{c; : 1 < j < p}.

Proof. 1f all F; € SD, (i, ;) and p > 0 then by Theorem 1
3 (1(Ae — h) + 1) (A — %‘)fk’j <1,

—1 h(h — Oéj)
h(h—ay) h(h—a : :
whence f;; < O On—ay) < (#(/\k_}th))()\k_a) < 1. Therefore, (29) implies
h(h — «) " h(h — «) )m
< =C
fos 2 <<u<xk —h)+ h) (- a>) <<u<Ak —h)+ W)~ a)

K1+ +hp=m

and, thus, for m > 2

o Ak+h )y —a) o h(h — ) "
> (=) Ji = Z( (Ak—h>+h><Ak—a>) =

k=1

) > h?
SCZ +h)()\k—a)SC;M(Ak—h)(Ak—h)Sl’

ie. F'e SD, (u, a). The first part of Theorem 7 is proved.
If all F; € SD/ (p, ;) and pp < —2h/(A; — h) then p < —h/(A; — h) and as above in

view of Theorem 1 we have

o (1l = 1) = ) (O — )
> h(h — ay) ki

k=1

whence as above for m > 2 we get

. (|M|<)\k_h)_h)()\k—a > h2
; h(h —a) Z (0w =) =)0y —h) =

ie. F € SDyf(u,a). O




DIRICHLET SERIES WITH REAL COEFFICIENTS IN A HALF-PLANE 49

In the class XD, the following theorem is true.

Theorem 8. Let all cx,. .1, > 0, Zkl-l—n-—i-kp:m Chyky = C <00 and 0 < a; < h. If p>1,
ey )\2 < &= and F; € XD, (p, ) for all 1 < j < p then Hadamard composition F' of
genus m > 2 of the functions F; belongs to ¥D, (u, ), where oo = min{e; : 1 < j < p}.

Ifp <0,y L pvs < |”|2 and F; € ©D; (u, o) for all 1 < j < p then Hadamard composition
k=1
F of genus m > 2 of the functions F; belongs to ¥D; (11, a), where a = min{a; : 1 < j < p}.
Proof. If all F; € ¥D, (i1, ;) and p > 1 then p > h/(A + h) and by Theorem 2

f: )\k —|— h h)()\k + Ozj)

k=1 - )

fk,j S 17

h(h—a) h(h—a) m
whence fi.; < o5 TorTey < L and (29) implies f < C( O h) h)(/\ﬁa)) . Thus, for

m > 2 we have

> Ak+h ka+a h(h — a) met
§: — ) 22( Ak +h) — MQk+®> :

k=1 k=

- h(h — a) h?
<L GO e ) SCZW“

i.e. F € ¥D, (p, «). The first part of Theorem 8 is proved.
If all F; € XD (u, ;) and p < 0 then as above in view of Theorem 2 we have

f:WMM+M+WXM+aD

fk,' S ]-7
— h(h — o) !
and as above for m > 2 we get
- W|M+JU+hXM+wx = —a) = A2
<C) —= <L
Zl h(h — «) Z (1| ( )\k+h )+ h)( A+ ) ; 1Y
ie. F € SD;(u,a). O

Finally, we consider Hadamard compositions of genus 1, i.e. case when fj, = Z?zl ¢ frs
where ¢; > 0 and Z?Zl ¢; = 1. It is clear that if fi ;j(uAp/h —p+1) <0 for all £ > 1 and all
1 <j <pthen fi(urr/h —p+1) <0 for all k£ > 1. Therefore, by Theorem 1 the following
statement is true.

Proposition 3. If F; € SDy(u, o) for all j and fy j(ppAe/h—p+1) <0 for all k > 1 and all
J then Hadamard composition F' of genus m = 1 of the functions F; belongs to SDy(u, o),
where o = min{eo; : 1 < j < p}.

Proof. If F; € SDy (1, o;) for all j then using Theorem 1 we have

chfk] (,U)\k M—f—l)

e}

=2

k=

)\k—oz<
h—a —




50 M. M. SHEREMETA

A aj _
fk,](h u+1>‘ _%<ch 1,

i.e. F € SDy(p, ). O

Similarly, if fi j(uAg/h+p—1) < Oforallk > landalll < j < pthen fi(uA/h+p—1) <
< 0 for all £ > 1. Therefore, using Theorem 2, we can similarly prove the following assertion.

Proposition 4. If F; € XDy,(u, o) for all j and fi, ;(uA/h+p—1) <0 for all k > 1 and all
J then Hadamard composition F of genus m = 1 of the functions F; belongs to £Dp(u, o),
where o = min{e; : 1 < j < p}.
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