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Let [0,00) be the set of all non-negative real numbers. The set By ) = [0,00) x [0, 00)
with the following binary operation (a,b)(c,d) = (a + ¢ — min{b,c},b + d — min{b,c}) is a
bisimple inverse semigroup. In the paper we study Hausdorff locally compact shift-continuous
topologies on the semigroup By o) with an adjoined compact ideal of the following tree types.
The semigroup By ) with the induced usual topology 7, from R2?, with the topology 7, which
is generated by the natural partial order on the inverse semigroup Bg o), and the discrete
topology are denoted by B[lopo), B[QOVOO), and B[Dopo)7 respectively. We show that if S{ (S1)
is a Hausdorff locally compact semitopological semigroup B[lo,oo) (B[Qoyoo)) with an adjoined
compact ideal I then either I is an open subset of S¥ (S%) or the topological space S (S%) is
compact. As a corollary we obtain that the topological space of a Hausdorff locally compact
shift-continuous topology on S§ = B[loyoo) U {0} (resp. S2 = B[zoyoo) U {0}) with an adjoined
zero 0 is either homeomorphic to the one-point Alexandroff compactification of the topological
space B[lo’oo) (resp. B[QO’OO)) or zero is an isolated point of S§ (resp. S3). Also, we proved that if
S! is a Hausdorff locally compact semitopological semigroup Bfo,oo) with an adjoined compact
ideal I then I is an open subset of Si.

1. Introduction and preliminaries. In this paper we shall follow the terminology of
[13, 14, 15, 16, 18, 32, 35].

A semigroup S is called inverse if for any element z € S there exists a unique z=! € S
such that zz 'z = z and 27 'zz~! = 27!, The element z~! is called the inverse of x € S. If
S is an inverse semigroup, then the function inv: S — S which assigns to every element x of
S its inverse element 2! is called the inversion. On an inverse semigroup S the semigroup
operation determines the following partial order x: s < ¢ if and only if there exists e € E(5)
such that s = te. This partial order is called the natural partial order on S.

Remark 1. For arbitrary elements s,¢ of an inverse semigroup S the following conditions
are equivalent (see [32, Chap. 3|):
(a) s<xt; (B)s=sst; (v)s=tsls
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A topological space X is called locally compact if every poin x of X has an open nei-
ghbourhood with the compact closure.

A (semi)topological semigroup is a topological space with a (separately) continuous semi-
group operation. An inverse topological semigroup with continuous inversion is called a
topological inverse semigroup.

A topology 7 on a semigroup S is called:

e a semigroup topology if (S5, 7) is a topological semigroup;

e an inverse semigroup topology if (S, 7) is a topological inverse semigroup;

e a shift-continuous topology if (S, 7) is a semitopological semigroup.

The bicyclic monoid € (p,q) is the semigroup with the identity 1 generated by two

elements p and ¢ subjected only to the condition pg = 1. The semigroup operation on
% (p,q) is determined as follows:
qkpl . qmpn — qk+m7min{l,m}pl+n7min{l,m}'

It is well known that the bicyclic monoid %(p, q) is a bisimple (and hence simple) combi-
natorial E-unitary inverse semigroup and every non-trivial congruence on %(p, q) is a group
congruence [15].

The bicyclic monoid admits only the discrete semigroup Hausdorff topology [17]. Bertman
and West in [12] extended this result for the case of Hausdorff semitopological semigroups. If
a Hausdorff (semi)topological semigroup 7" contains the bicyclic monoid 4'(p, q) as a dense
proper semigroup then 7'\ € (p, q) is a closed ideal of T' [17, 23]. Moreover, the closure of
% (p,q) in a locally compact topological inverse semigroup can be obtained (up to isomorphi-
sm) from € (p, q) by adjoining the additive group of integers in a suitable way [17].

Stable and I'-compact topological semigroups do not contain the bicyclic monoid |5, 30,
31]. The problem of embedding the bicyclic monoid into compact-like topological semigroups
was studied in [6, 7, 11, 29].

In [1] Ahre considered the following semigroup. Let [0, 00) be the set of all non-negative
real numbers. The set By ) = [0,00) x [0,00) with the following binary operation

(a+c—0b,d), ifb<cg
(a,b)(c,d) = (a + ¢ —min{b, c},b+ d — min{b, c}) = < (a, d), if b=
(a,b+d—rc), ifb>c
is a bisimple inverse semigroup. The semigroup By and the bicyclic monoid € (p, q) are
partial cases of bicyclic extensions of linearly ordered groups which are presented in [19,
20, 21, 28]. It is obvious that semigroup By is isomorphic to the semigroup of partial
bijections, namely as the semigroup of shifts of closed rays in the half-line (see [28]). This
representation shows the closed relation of the semigroup Bp ) to the bicyclic semigroup,
which also has a similar representation by shifts of rays in the set of positive integers.
1 By B[lo,oo) we denote the semigroup B with the usual topology. It is obvious that
B
[

0.00) 18 @ locally compact topological inverse semigroup [1]. In [2, 3] it is shown that the

closure of B [10700) in a locally compact topological inverse semigroup can be obtained (up to
isomorphism) from B [10700) by adjoining the additive group of reals in a suitable way.
For any non-negative real number o we denote the following subsets in Bg :
LY ={(z,z+«a): x >0} and L, ={(z+a,z): z > 0}.
It obvious that B ) = | |ooo L Ul l4so L and Ly = Ly . Put 7, be a topology on Bjg,)
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which is generating by the bases

B(z,z+a)={U.(z,z+a)={(z+y,z+y+a)e L}: |y <e}:e>0}
and

B(x+a,z) ={Uc(z+a,z) ={(x+y+a,x+y) € L,: |yl <e}:e>0}
at any points (z,z+a) € LT and (z+a, x) € L, respectively, for arbitrary o € [0, 400). The
semigroup By .y with the topology 77, is denoted by B[QO’OO). The definitions of the topology
7z, and the natural partial order on By ) imply that 77, is generated by the natural partial
order of Bjy ) (see [22]). We observe that B[QO’OO) is a Hausdorff locally compact topological
inverse semigroup [4]. Moreover for any non-negative real number «, L} and L are open-
and-closed subsets of B [20700) which are homeomorphic to [0, +00) with the usual topology, i.e.,

B, =Priepr..
a=0 a>0

The closure of the topological inverse semigroup B[QO’OO) in (locally compact) topological
semigroups is studied in [4].

By B[OO,oo) we denote the semigroup B with the discrete topology. It is obvious that
B?O,oo) is a locally compact topological inverse semigroup.

In the paper [23] it is proved that every Hausdorff locally compact shift-continuous
topology on the bicyclic monoid with adjoined zero is either compact or discrete. This result
was extended by Bardyla onto the a polycyclic monoid [8] and graph inverse semigroups [9],
and by Mokrytskyi onto the monoid of order isomorphisms between principal filters of N”
with adjoined zero [34]. In [24] the results of the paper 23] were extended to the monoid
IN,, of all partial cofinite isometries of positive integers with adjoined zero. In [27] the si-
milar dichotomy was proved for so called bicyclic extensions Bf’ when a family .% consists
of inductive non-empty subsets of w. Algebraic properties on a group G such that if the
discrete group G has these properties then every locally compact shift continuous topology
on G with adjoined zero is either compact or discrete studied in [33]. Also, in [26] it is proved
that the extended bicyclic semigroup %y with adjoined zero admits continuum many shift-
continuous topologies, however every Hausdorff locally compact semigroup topology on 6 is
discrete. In [10] Bardyla proved that a Hausdorff locally compact semitopological McAlister
semigroup M is either compact or discrete. However, this dichotomy does not hold for the
McAlister semigroup My and moreover, My admits continuum many different Hausdorft
locally compact inverse semigroup topologies [10].

In this paper we extend the results of paper [23] onto the topological monoids B [10’00) and
0,00

B% )- In particular we show that if ST (S%) is a Hausdorff locally compact semitopological

semigroup B [10700) (B[Zo,oo)) with an adjoined compact ideal I then either I is an open subset
of ST (S%) or the semigroup S7 (S%) is compact. Also, we proved that if SI is a Hausdorff
locally compact semitopological semigroup B?O,oo) with an adjoined compact ideal I then [

is an open subset of SY.

2. A locally compact semigroup B[10,OO) with an adjoined compact ideal. Later in
this section by S! we denote a Hausdorff locally compact semitopological semigroup which
is the semigroup B[lopo) with an adjoined non-open compact ideal I.

Lemma 1. Let S be a Hausdorff locally compact semitopological semigroup with a compact
ideal I. Then for any open neighbourhood U(I) of the ideal I and any x € S there exists
an open neighbourhood V' (I) of I with the compact closure V(1) such that x -V (I) C U(I)
and V(I)-x CU(I).
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Proof. Fix an arbitrary open neighbourhood U(I) of the ideal I and any x € S. Since [
is an ideal of S, for any o € I there exists § € I such that x -« = (3. Since U(I) is an
open neighbourhood of 8, separate continuity of the semigroup operation in S implies that
there exists an open neighbourhood V(«) of v in S such that = - V(a) C U([I). The local
compactness of the space S implies that without loss of generality we may assume that the
neighbourhood V'(«) has the compact closure V(«). Then the family {V(a): a € I} is an
open cover of /. Since [ is compact, I C V(ag)U... UV («,) for finitely many oy, ..., a, € 1.
Put Vi(1) = V(ap)U...UV(aw,). Then Vi(I) = V(o) U...UV(ay,) is a compact subset of S
such that = - Vi(I) C U(I). Similarly we get that there exists an open neighbourhood V5 (I)
of I with the compact closure V5(I) such that Vo(I)-x C U(I). Put V(1) = Vi(I) N Va(1).
Then V(I) is an open neighbourhood of I with the compact closure V(1) = Vi(I) N V(1)
such that - V(I) CU(I) and V(I) -z C U(I). O

A subset A of By, is called unbounded if for any positive real number a there exist
(x,y) € A such that > a and y > a.

Lemma 2. For any open neighbourhood U(I) of the ideal I in S{ the set U(I) N Bjy ) is
unbounded.

Proof. Suppose to the contrary that there exists a positive real number m such that z < m
or y < m for any (x,y) € U(/) N Bjpx). Lemma 1 implies that there exists an open
neighbourhood V(I) C U(I) of I such that V(I) - (0,2m) C U([). Again, by Lemma 1,
there exists an open neighbourhood W (I) C V(I) of I such that (2m,0) - W(I) C V(I).
Then choose any (z,y) € W(I) \ I and observe that (a,b) = (2m,0)(z,y)(0,2m) has the
desired property: min{a, b} > m. The obtained contradiction implies the statement of the
lemma. ]

Proposition 1. For any open neighbourhood U (1) of the ideal I in SI there exists a compact
subset A, = [0, a] x [0, a] in B[l()’oo) such that S} \ U(I) C A,.

Proof. Suppose to the contrary that there exists an open neighbourhood U([I) of the ideal

I'in S{ such that S} \ U(I) € A, for any positive integer n. By Lemma 1 without loss of
generality we may assume that the closure U(I) is a compact subset of S{. By Lemma 2 the
set U (1) N B, is unbounded in Big . Since B[lojoo) NU(I) is an open subset in B[lopo), the
assumption of the proposition implies that for any positive integer n there exists an element
(Zn,yn) € U(I) \ U(I) such that (x,,y,) ¢ A,. This implies that the set U(I) \ U(I) is
unbounded in Bjg ). But U(I)\ U(I) is a compact subspace of the metric space B[lopo), a
contradiction. O

Proposition 1 implies the following theorem.

Theorem 1. Let S be a Hausdorff locally compact semitopological semigroup B[lo,oo) with
an adjoined compact ideal I. Then either I is an open subset of S{ or the space S} is compact.

Example 1 and Proposition 2 show that if the ideal I of the semigroup ST is trivial,
i.e., the ideal I is a singleton, then the semigroup ST admits the unique Hausdorff compact
shift-continuous topology.
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Example 1. Let S? be the semigroup B[lopo) with an adjoined zero 0. We extend the

topology of B ) up to a compact topology Ta. on S? in the following way. We define

OO

Br.(0) = {U,(0) = {0} U{(z,y): 2 >nory>n}:necN}

is the system of open neighbourhoods of zero in 7.

Proposition 2. (59,7} ) is a compact Hausdorff semitopological semigroup with continuous
inversion.

Proof. By |2, 3], B[10 ~0) 18 a topological inverse semigroup, and hence it sufficient to show
that the semigroup operation on (S, 74 ) is separately continuous at zero.

It is obvious that 0 - U,(0) = U,(0) - 0 = {0} C U,(0) for any positive integer n.

Next we shall show that (z,y)-Us,(0) C U,(0) for any positive integer n > max{x,y}+1.
We consider the possible cases.

1. Suppose that a > 2n. Then for any b € R the equality

(x —y+a,b), ify<a;
(z,y)(a,b) = § (z,0), if y =a; (1)
(

r,y—a+b), ify>a,

implies that (z,y)(a,b) = (r —y + a,b). By the assumptions n > max{z,y} + 1 and a > 2n,
we get that z —y +a > —n + 2n = n, and hence (x — y + a,b) € U,(0).

2. Suppose that n < a < 2n and b > 2n. By (1) we have that (z,y)(a,b) = (z —y +a,b).
The assumption n > max{z,y} + 1 implies that x — y +a > —n + n = 0. Since b > 2n we
get that (x —y +a,b) € U,(0).

3. Suppose that 0 < a < n and b > 2n. By (1) we have that

(z,y)(a,b) = (x —y + a,b) € U,(0)

in the case when y < a, and if y > a then y — a + b > 2n, and hence (z,y — a + b) € U,(0).
Similar arguments and the equality

(a—b+wzy), ifb<ux;

(CL, b)(l’,y) = (aay)7 if b= T,
(a,b—z+vy), ifb>x,

imply that for any positive integer n > max{z,y} + 1 the inclusion Us,(0) - (z,y) C U,(0)
holds. The above inclusions imply that the semigroup operation on (S?,74.) is separate
continuous.

Since (U,(0))" = Un(O) for any n € N the inversion on (S, 74.) is continuous.

It is obvious that 74 is a compact Hausdorff topology on S?. Moreover (S?,741.) is the

one-point Alexandroff compactification of the locally compact space B[O sy Such that the
singleton set {0} which consists of the zero of SY is its remainder. O

Theorem 1 and Proposition 2 imply the following theorem.

Theorem 2. Let S? be a Hausdorfl locally compact semitopological semigroup B[o o0y With
an adjomed zero 0. Then either 0 is an isolated point of S? or the topology of S? coincides
with 7.
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Since the bicyclic monoid does not embeds into any Hausdorff compact topological semi-
group [5] and the semigroup contains many isomorphic copies of the bicyclic semigroup,
Theorems 1 and 2 imply the following corollaries.

Corollary 1. Let S{ be a Hausdorff locally compact topological semigroup B[lo,oo) with an
adjoined compact ideal I. Then I is an open subset of ST.

Corollary 2. Let S? be a Hausdorff locally compact topological semigroup B[o ) With an
adjoined zero 0. Then 0 is an isolated point of S?.

3. A locally compact semigroup B[Om) with an adjoined compact ideal. Later in

this section by SI we denote a Hausdorff locally compact semitopological semigroup which
is the semigroup B[QO’OO) with an adjoined non-open compact ideal I.
The proof of Lemma 3 is similar to Lemma 2.

Lemma 3. For any open neighbourhood U(I) of the ideal I in S{ the set U(I) N Bjy ) is
unbounded.

Lemma 4. Let U(I) be any open neighbourhood of the ideal I in S} with the compact
closure U(I). Then there exist finite subsets B and C' of non-negative real numbers such

that
Sss\U) < | |Liu| | L.
aEB aeC

Proof. Since U(I)\ U(I) is compact subset in SI, U(I)\ U(I) is compact subset in B[zopo).
The equality B[O x0) = @ae[0,+oo) Ll_@@%m#o@) L, implies the statement of the lemma. [

Lemma 5. For any non-negative real number « the sets LT U I and L, U I are compact.

Proof. First we show that there exists a non-negative real number «g such that the sets
LY UI and L, UI are compact. We fix an arbitrary open neighbourhood U([) of the ideal
I'in S}, By Lemma 4 LT UL, C U(I) for almost all but finitely many « € [0, +00). Without
loss of generality we may assume that the closure U(I) of U(I) is a compact subset of SI.
Fix ap € [0,400) such that LY UL, C U(I). Since L} and L are open subsets of S5, we
get that

L;LUI:S§\< U L;FUUL;) and L;ufzsg\(ULgu U L;)

apgFa=0 a>0 a>0 ap#a=0

are closed subsets of U([), and hence they are compact.
We observe that

(x, 2+ ap) - (v, @) = (z, 2 + ) and (o, ) - (x + g, x) = (x 4+ o, x)

in Bjy ) for any non-negative real numbers «, a and x. This implies that p(a07a)(L;rO) =L}
and A(a,a0)(La,) = Ly, where piaga): S5 — S5 and A(a,a): S5 — S3 are right and left shifts
on elements (040, «) and (o, ), respectively. Since SI is a semitopological semigroup, the
sets Plagsa) (L, UT)UT = L UT and Xg,a0)(Ly, UI)UI = L, UI are compact. O

Lemma 6. Let U(I) be any open neighbourhood of the ideal I in S} with compact closure
U(I). Then for any non-negative real number « the sets LY\U(I) and L \U(I) are compact.
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Proof. By Lemma 5 for any non-negative real number « the sets LT U T and L, U I are
compact. Since L} \ U(I) and L, \ U(I) are closed subsets of LT U T and L U I, they are
compact. ]

Lemmas 3, 4, 5, and 6 imply the following theorem.

Theorem 3. Let S be a Hausdorff locally compact semitopological semigroup B[Qoyoo) with
an adjoined compact ideal I. Then either I is an open subset of S1 or the space S is compact.

Next we need some notions for the further construction. For the natural partial order <
on the semigroup By ) and any (a,b) € Bjy ) we denote

€ Bjooy: (a,D) < (x,y)};
S B[O,oo): (%,y) <a7b)} ;

N

The following statement describes the natural partial order < on the semigroup Big o)
and it follows from Lemma 1 of [25].

Lemma 7. Let (a,b) and (c,d) be arbitrary elements of the semigroup By ). Then the
following statements are equivalent:

(1) (a,b) < (¢, d);
(i1) azcanda—b=c—d;
(tii) b>danda—b=c—d.
Lemma 7 implies that for any non-negative real number « the set LI coincides with
all elements of By ) which are comparable with (0, «), and the set L7 coincides with all
elements of Bjy ) which are comparable with (a,0) with the respact to the natural partial

order < on the semigroup Bl ). Hence we have that L} = |4(0,a) and L, = |<(«,0).
Simple calculations and routine verifications show the following proposition.

Proposition 3. Let o and 3 be non-negative real numbers. Then the following statements

hold:
(i) Li-Ly =L}

a+ﬁ;
(1) Ly - L,E = L;Jrﬁ;
+ - )
(iii) Lt Ly = | ceer 2D
@ Lg_a, if a < ;
Lt if o > f;
iv) Ly - LF = o) C T -

Lemma 8. For arbitrary (ag, by), (a1,b1) € Bjy) there exists (c,d) € Bl such that
(ag,bo) - (¢,d) < (a,b1) [(¢,d) - (ao,bo) < (a1,b1)].
MOI"GOVGI', ((10, bO) : (ZL’, y) < ((1,1, bl) [(‘7;7 y) ' (CL(), bO) % (ab bl)] fOI" any (LL’, y) % (Cv d) in B[O,oo)-
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Proof. We assume that ¢ > a1 +ag+by and d = ag+c—by—ay +b;. The semigroup operation
of Bjy ) implies that

(ao,bo)-(c,d):(ao,bo)-(c,a0+c—b0—a1+b1):(ao—bo+c,a0+c—bo—a1—l—bl).
Then ag — by + ¢ > a1 and
(ao—b0+c)—(a0+c—b0—a1—|—bl):ao—bo—l—c—ao—c+bo+a1—b1:al—bl,

and hence by Lemma 7 we get that (ag, by) - (¢, d) < (a1,b1). The last statement of the lemma
follows from Proposition 1.4.7 of [32]. The proof of the dual statement is similar. O

Lemma 8 implies the following proposition.
Proposition 4. If (ag, by) - }<(co, do) C J<(a1,b1) [{<(co,do) - (ao,bo) C J<(a1,b1)] for some
(ao, bo), (al, bl), (Co, do) c B[O,oo); then
(a0, bo) - 12 (co, do) € 2 (a1, b1) [1%(co, do) - (a0, bo) C 12 (ar,br)].

Example 2. Let S? be the semigroup B[20,oo) with an adjoined zero 0. We extend the
topology of B[20,oo) up to a compact topology Ta. on the semigroup S? in the following way.
For any (a1, b1),..., (ag, bg) € B[lopo) we put

Uo[(a1,b1), ..., (ak, b)) = S5\ (T<(ar,br) U+ Ut (ak, bi))
and define

%XC(O) = {Uo[(al,bl), ceey (ak,bk)]: (al,bl), ceey (ak,bk) S B[O,oo)yk € N}

is the system of open neighbourhoods of zero in 73,.

Proposition 5. (S2,73.) is a compact Hausdorff semitopological semigroup with continuous

inversion.

Proof. 1t is obvious that 72, is a compact Hausdorff topology on S9. Moreover (S9,72.) is
the one-point Alexandroff compactification of the locally compact space B%o,oo) such that the
singleton set {0} which consists of the zero of S9 is its remainder.

By [4], B[Qoyoo) is a topological inverse semigroup, and hence it sufficient to show that the
the semigroup operation on (S9,72.) is separately continuous at zero.

Fix an arbitrary Up[(ay,b;), ..., (ax, br)] € $2.(0).

It is obvious that

0-Uol(ar,b1),. .., (ag, br)] = Uol(a1,b1), ..., (ax,br)] - 0 = {0} C Up[(as, b1),..., (ak, bx)]-

By Lemma 8 for an arbitrary (a,b) € B ) there exist
(Ch d1)7 SR (Ck’v dk)? (xhyl)a SO (xlmyk) S B[O,OO)
such that (a,b) - (¢;, d;) < (a;,b;) and (z;, ;) - (a,b) X (a;,b;) forall i = 1,... k. By Proposi-
tion 4 we have that (a,b) - {2(c;,d;) € 1%(as,b;) and 2 (25, 1:) - (a,b) C [2(ay, b;) for all
t=1,..., k. This and Proposition 3 imply that

(a,b) - Ug[(c1,dr), ..., (ck,dr)] € Uol(ar,b1),..., (ag, bx)]

and
UO[('Tlu yl)? ) (xkyyk)] ' (CL, b) g U0[<a17 bl)ﬂ ) (ak’ bk)]?

and hence the semigroup operation on (S9,72.) is separately continuous.

Since (Uo[(a1,b1), - .., (ar, be)]) " = Uo[(br, a1), - - ., (bg, ax) for any (aq,by), ..., (ax, by) €
By~ the inversion on (S9,73.) is continuous. O
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Theorem 3 and Proposition 5 imply the following theorem.

Theorem 4. Let S? be a Hausdorfl locally compact semitopological semigroup B[Qoyoo) with
an adjoined zero 0. Then either 0 is an isolated point of S or the topology of S coincides
with 73..

Since the bicyclic monoid does not embeds into any Hausdorff compact topological semi-
group [5] and the semigroup By ) contains many isomorphic copies of the bicyclic semi-
group, Theorems 3 and 4 imply the following corollaries.

Corollary 3. Let S be a Hausdorff locally compact topological semigroup B[Qopo) with an
adjoined compact ideal I. Then I is an open subset of Si.

Corollary 4. Let S? be a Hausdorff locally compact topological semigroup B[207oo) with an
adjoined zero 0. Then 0 is an isolated point of 5.

4. A locally compact semigroup B?O,oo) with an adjoined compact ideal. Later in
this section by S? we denote a Hausdorff locally compact semitopological semigroup which
is the semigroup B?O,oo) with an adjoined zero 0.

Lemma 9. Let U(0) be an open neighbourhood of zero with the compact closure U(0) in
SY. Then for any (a,b) € By ) the set 14(a,b) NU(0) is finite.

Proof. Suppose to the contrary that there exists an open neighbourhood of zero with the
compact closure U(0) in S? such that the set t<(a,b) N U(0) is infinite. By Remark 1 we
have that

T<(a7b) = {(a:,y) € B[O,oo): (CL?a)(x?y) = (CL?b)}v

and hence the Hausdorffness of SY and separate continuity of the semigroup operation on
S? imply that 1<(a,b) is a closed subset of S?. Hence, t<(a,b) N U(0) is a compact infinite
discrete space, a contradiction. The obtained contradiction implies the statement of the
lemma. O

We observe that since B?O,oo) is a discrete subspace of S, any open neighbourhood of

zero U(0) is closed. Lemma 9 implies the following corollary.

Corollary 5. For any open compact neighbourhood U(0) of zero in SY and any real number
a € [0,00) theset LTNU(0) (L, NU(0)) either contains a maximal elements (with the respect
to the natural partial order on By ) or is empty.

Lemma 10. If S? admits the structure of a Hausdorff locally compact semitopological
semigroup with a nonisolated zero, then there exists no open compact neighbourhood U (0)
of zero in SP such that the sets LT NU(0) and L} NU(0) are finite for all a € [0, 00).

Proof. Suppose to the contrary that there exists an open compact neighbourhood U(0) of
zero in SY such that the sets LT NU(0) and L NTU(0) are finite for all a € [0, 00). Separate
continuity of the semigroup operation in S? implies that there exists an open compact
neighbourhood V(0) C U(0) of zero in S? such that (1,0) - V(0) - (0,1) € U(0). This
inclusion implies that U(0) \ V'(0) is an infinite subsets of isolated points, which contradicts
the compactness of U(0). The obtained contradiction implies the statement of the lemma. [
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Lemma 11. If S9 admits the structure of a Hausdorff locally compact semitopological
semigroup with a nonisolated zero, then for any open compact neighbourhood U (0) of zero
in SQ the sets LY NU(0) and L, NU(0) are infinite for all a € [0, 00).

Proof. By Lemma 10 there exists ag € [0, 00) such that at least one of the sets L} N U(0)
or L, NU(0) is infinite. Without loss of generality we may assume that the set LY N U(0)
is infinite. Separate continuity of the semigroup operation of S? implies that there exists an
open compact neighbourhood V(0) C U(0) of zero in S? such that V(0) - (ag,0) C U(0).
Since BY ) is a discrete subspace of Sy and U(0) is compact, the set Ly NU(0) is infinite. By
the similar way we get that for any Sy € (0, 00) there exists an open compact neighbourhood
W(0) C U(0) such that (8y,0) - W(0) C U(0) and W(0) - (0,3,) C U(0). Since W(0) and
U(0) are compact, Lg MW (0) is an infinite set, and hence the sets L NU(0) and Ly NU(0)
are infinite. []

Lemma 12. If S? admits the structure of a Hausdorff locally compact semitopological
semigroup with a nonisolated zero, then there exists an open compact neighbourhood U (0)
of zero in SQ such that L§ NU(0) = @.

Proof. By Lemma 11 for any compact open neighbourhood U(0) of zero in S? the set L§ N
U(0) is infinite. For any positive integer ny by Lemma 9 the set 14(ng, no)NU(0) is finite. This
implies that the set L§ N U(0) is countable. Let Ly NU(0) = {(ai, a;): a; € B o), i € w}.
Put M ={a; —a;: i,j € w,i < j}. The set M is countable as a countable union of a family of
countable sets. Then there exists o € (0, 00)\ M. Then for any open compact neighbourhood
V(0) C U(0) of zero in S? the following inclusion (c,0) - V(0) - (0,a) C U(0) does not hold,
because (a,0) - Ly - (0,a) C L. This contradicts the separate continuity of the semigroup
operation of S?. The obtained contradiction implies the statement of the lemma. O

If we assume that S? admits the structure of a Hausdorff locally compact semitopological
semigroup with a nonisolated zero, then we get Lemma 12 and Lemma 11. But the statement
of Lemma 12 contradicts to Lemma 11. Hence the following theorem holds.

Theorem 5. Let SY be a Hausdorff locally compact semitopological semigroup which is the
semigroup B, ) with an adjoined zero 0. Then 0 is an isolated point of Sy.

Later we need the following trivial lemma, which follows from separate continuity of the
semigroup operation in semitopological semigroups.

Lemma 13. Let S be a Hausdorff semitopological semigroup and I be a compact ideal
in S. Then the Rees-quotient semigroup S/I with the quotient topology is a Hausdorff
semitopological semigroup.

Theorem 6. Let S} = Bf, ., U1 be a Hausdorff locally compact semitopological semigroup
which is the semigroup B?O,oo) with an adjoined compact ideal I. Then I is an open subset
of SI.

Proof. Suppose to the contrary that I is not open SI. By Lemma 13 the Rees-quotient
semigroup S /I with the quotient topology 7, is a semitopological semigroup. Let 7: SI —
SI/I be the natural homomorphism which is a quotient map. It is obvious that the Rees-
quotient semigroup S{/I is isomorphic to the semigroup S, and hence without loss of
generality we may assume that 7(S{) = S? and the image 7 (I) is zero of S?.
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By Lemma 3.16 of [24] there exists an open neighbourhood U(I) of the ideal I with the

compact closure U(I). Since every point of B, . is isolated in S; we have that U(I) =

U(I) and its image m(U([)) is a compact-and-open neighbourhood of zero in S?. Hence

S? is Hausdorff locally compact space. By Theorem 5, 0 is an isolated point of SY. Since
m: ST — SI/I is a quotient map, I is an open subset of SY. O
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