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This paper explores the topological properties of irresolute topological groups, their quotient
maps, and the role of topology in normal subgroups. It provides a detailed analysis
using examples and counterexamples. The study focuses on the essential features of irresolute
topological groups and their quotient groups, for understanding the topological aspects of
isotropy groups. For a transformation group (H,Y,%) and a point y € Y, the set

Hy={heH: hy=y}
consisting of elements of H that fix y, is called the isotropy group at y.

The paper highlights the distinct topological characteristics of isotropy groups in transfor-
mation group structure. It demonstrates that if (H,Y, %) is an Irr*-topological transformati-
on group, then (H/Ker 1,Y,) forms an effective Irr*-topological transformation group. By
investigating both irresolute topological groups and isotropy groups, the study provides a clear
understanding of their topological features. This research improves our understanding of these
groups by offering clear examples and counterexamples, leading to a thorough conclusion about
their different topological features.

1. Introduction. Investigating continuous algebraic operations emerges as a natural appro-
ach for the study of topological group. The examination of sets characterized by both
algebraic and topological structures prompts a thorough investigation into the interplay
between these two domains. Noteworthy contributions by mathematicians like Andrew Glea-
son, Deane Montgomery, and Leo Zippin have significantly advanced our understanding of
the structure and properties of topological groups. In the framework of topological group
structures, algebraic operations endowed with weaker forms of continuity have led to the
exploration of semi-topological groups, paratopological groups, and quasi-topological groups
between 1930s and 1950s [1, 14, 18]. Diverse topological groups, including S-topological
groups [2], irresolute topological groups [11], almost topological groups [17], and p-topological
groups [19], have also been studied.

The mid-20th century witnessed the formalization and systematic development of the
theory of topological transformation groups. This field continues to evolve with ongoing
advancements in mathematics, as researchers examines deep connections with other areas
such as geometry, algebraic topology, and functional analysis. Gleason’s introduction of
topological transformation groups [7] serves as a bridge between algebraic and topologi-
cal structures. When a topological group acts continuously on a topological space, it gives
rise to a topological transformation group.
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The concept of semi open sets, a generalization of open sets in topology, emerged as part
of the broader development of topology in the early 20th century. In 1963, Levine [9] populari-
zed the term “semi open"by incorporating closure and interior operators. Properties related
to semi open sets have been studied by researchers such as Sterling Gene Crossley [6], C.
Dorsett [5], Maheswari [10], among others. C. Rajapandiyan et al., [15] have contributed
significantly to the establishment of a structure for S-topological transformation groups
through the exploration of semi open sets in the context of topological transformation groups.
Additionally, the definition of fixed points within S-topological transformation groups and
their fundamental properties are explored [16]. Similarly, Keerthana Dhanasekar et al. [§]
introduced a novel structure for topological transformation groups, which includes irresolute
actions on Irr-topological groups and irresolute topological groups. Isotropy groups have
proven the importance in the study of homogeneous spaces. The isotropy group at a point
comprises all transformations that fixes the point. Isotropy group has gained prominence in
differential geometry and topology.

The paper is structured as follows, section 2 provides the necessary preliminaries essenti-
al for the development of the primary outcomes. In Section 3, an in-depth exploration is
conducted on topological characteristics associated with an irresolute topological groups
and its quotient groups. Section 4 is dedicated to topological aspects of isotropy groups. The
section further investigates the properties by relevant examples and counterexamples.

2. Preliminaries. This section provides the essential definition for constructing the theoreti-
cal framework pertaining to irresolute functions and exploring the topological aspects of
transformation groups. The presented definition serves as a foundational element, enabling
the development of a comprehensive theory that examines the irresolute functions and the
transformation groups within the topological context. (Y, 7y) denotes the topological space.
For B C Y, B¢ denotes the complement of B, Cl(B) denotes the closure of B and Int(B)
denotes the interior of B.

Definition 1 ([9]). A set B C Y is semi open <= B C Cl(Int(B)). The class of all semi
open sets in Y is denoted by SO(Y).

Definition 2 ([6]). A set B C Y is semi closed set <= Int(CIl(B)) C B. The class of all
semi closed sets in Y is denoted by SC(Y).

Definition 3 ([6]). A function g: Y — Z is said to be irresolute <= for any D, € SO(Z),
gil<D1) S SO(Y)

Definition 4 ([10]). Let Y be a topological space then

1. Y is semi-Ty if Yy, # y2 of Y, there exist Dy, Dy € SO(Y) containing y; and ys, containing
one but not the other respectively.

2.Y is semi-T} if Vy; # yo of Y, there exist Dy, Dy € SO(Y) containing y; but not y, and ys
but not y; respectively.

3.Y is semi-T; if Vy; # yo of Y, there exist Dy, Dy € SO(Y) and D; N Dy = @ containing y;
and 19, respectively.

Definition 5 ([21]). A space Y is called extremally disconnected if the closure of each open
subset of Y is open.

Definition 6 ([6]). A function g: Y — Z is said to be pre semi open <= for all B €
SO(Y), ¢g(B) € SO(Z).
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Definition 7 ([9]). Let g: Y — Z be a function such that V D; € Tz, g7*(Dy) € SO(Y),
then g is said to be semi-continuous.

Definition 8 ([5]). A space Y is called semi compact if every semi open cover of Y has a
finite subcover. A subset B C Y is said to be semi compact if it retains this property when
viewed as a subspace.

Definition 9 ([4]). Two non empty subsets B, C of a topological space Y are said to be semi
separated <= BN sCIl(C) =sCl(B)NC = 2.

Definition 10 ([4]). In topological space Y, a set B is said to be a semi connected set if it
cannot be expressed as the union of two semi separated sets.

Definition 11 ([20]). Let Y be a topological space and y € Y. The semi component of y is
the union of all semi connected subsets of Y containing y. Further if E C Y and if y € E,
then the union of all semi connected sets containing y and contained in E is called the semi
component of Y corresponding to y.

Definition 12 ([6]). Let Y and Z be a topological spaces. Y and Z are said to be semi
homeomorphic <= there exists a function g: Y — Z, such that ¢ is irresolute, pre semi
open, one to one and onto. Such an function g is called a semi homeomorphism.

Definition 13 ([3]). Let (H, *) be a group and, T be a topology on H. Then (H, % ,7;) is
said to be a topological group if both the multiplication map m: H x H — H and the inverse
map i: H — H are continuous.

Definition 14 ([11]). Let (H, %) be a group and, 75 be a topology on H. Then (H, % , 7j)
is said to be an Irr-topological group if both the multiplication map m: H x H — H and the
inverse map i: H — H are irresolute.

Definition 15 ([11]). Let (H, %) be a group and, 75 be a topology on H. Then (H, % | 7y)
is said to be an irresolute topological group if for each hy,hy € H and each D3 € SO(H)
containing h; % hy* there exist D; € SO(H) containing h; and Dy € SO(H) containing hs
such that D, % D;! C Ds.

Definition 16 ([3]). Let (H, %) be a group and Y be a set. Then a map ¢: HxY — Y such
that:

1. ¥(e,y) =y, ¥y €Y, where e is the identity of H;

2. Y(ho,¥(hy,y)) = ¥(hohy,y) for all hy,hy € Hand y € Y.
The triple (H,Y, %) is called a transformation group or H-action on Y, and Y is called a
H-set.

Definition 17 ([3]). A triplet (H,Y, ) is called a topological transformation group (TTG)
in which H is a topological group, Y is a topological space, and 1): HXY — Y is a continuous
map satisfying the following conditions,

1. ¢¥(e,y) =y, for all y € Y, where e is the identity element of H.

2. Y(ha, (h1,y)) = ¥(hahy,y), for every hy,hy € H and y € Y The space Y, along with a
given action v of H, is called a H-space.
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Theorem 1 ([12]). Let (H,%, Tn) be an extremally disconnected irresolute topological group,
K its normal subgroup. Then (H/K, %, s7q) is an irresolute topological group.

Lemma 1 ([11]). Let (H, %, Ty) be an irresolute topological group, A,B C H. If A € SO(H)
then A % B, B % A € SO(H).

Lemma 2 (|3|). Ker ¢ is a normal subgroup of H.

Definition 18 ([3]). A transformation group (H,Y, ) is said to be effective if (| H, = {e}.

yeY
Theorem 2 ([13]). Let (H, % ,74) be an irresolute topological group and K be a semi
connected component of H, then K is semi closed, and a normal subgroup of H.

3. Topological properties of irresolute topological groups and their quotient
groups. In this section, a comprehensive examination of the topological characteristics
inherent in an irresolute topological groups, as well as the corresponding properties of their
quotient groups are investigated. This investigation helps to study the topological aspects of
isotropy group in detail.

Lemma 3. Let H be an irresolute topological group and K be its semi closed subgroup, then
the quotient space H/K is semi-Ty and the projection map p: H — H/K is irresolute and pre
semi open.

Proof. The projection map p is irresolute in nature. Since p~!(p(D)) is semi open if D is semi
open. Hence p(D) is semi open in H/K by definition. To prove H/K is semi-Ts, suppose that
hiK # hoK for hy, hy € H. Then h;'hy ¢ K. Since K is semi closed, there exist D; € SO(H)
containing h; 'hy with D; NK = @. The map g: H x H x H — H defined by g(hy, ke, hs) =
h1hshg, inverse image any semi open set Dy of H is product of semi open sets Dy, Dy, D3 of
H, since g(hi, ho, hs) = m(hy, m(hy, h3)). From the map g at (e, by *hs, €), there exists Dy €
SO(H) containing e with Dok 'hyDy C Dy, there is a symmetric semi open set D3 containing
e with D3 C DQ. Since Dghl_thDg C Dl, D3h1_1h2D3 NK = @. Thus hl_thDgK N D3K =O
which implies that hoD3K N h1D3K = @. Since K is a subgroup of H, hoDsK N h1DsK = @.
Thus there exist disjoint semi open sets h;D3K and hyD3K in H/K containing 71K and hoK,
respectively. O

Proposition 1. H/K is an irresolute topological group for any semi-closed normal subgroup
K of an irresolute topological group H.

Proof. H/K is a group, since K is a normal subgroup of H. Let the map m: H/KxH/K — H/K
be defined by m(h1K, hoK) = hy % h;'K. To prove H/K is an irresolute topological group,
its enough to prove that for each hiK, hoK € H/K and each D3 € SO(H/K) containing h;
% hy 'K, there exist D; € SO(H/K) containing h;K and Dy € SO(H/K) containing hyK such
that D; % D,' C D3. Consider the commutative diagram,

HxH-—"—H

™ X T ™

H/K x H/K ——— H/K
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since T is surjective, X 7 is surjective. Since 7 is pre semi open, V D; € SO(H/K), m '(D,) =
(mxm)o(mxm) to(m *(D;)) = (mxm)o((rom)~1(D;)). Since inverse image of any semi open
of H/K is product of semi open sets of H under mom and VD1, Dy € SO(H), 3E;, E; € SO(H/K)
such that (7 x 7)(Dy x Dy) C E; x Ey. Therefore m~*(D;) is the product of semi open subsets
of H/K which implies that H/K is an irresolute topological group. H

Corollary 1. Let Hy be the semi component of an irresolute topological group H containing
identity then H/Hy is an irresolute topological group.

Proof. The proof follows from Proposition 1 and Theorem 2 O]

Let H and H be an irresolute topological groups. Then a map ¢: H — H' is called
a homomorphism of an irresolute topological groups when % is irresolute as well as a
homomorphism of groups. If ¥ is a semi homeomorphism as well as an isomorphism of
groups, 1 is called an isomorphism of an irresolute topological groups.

Proposition 2. Ifi): H — H' is a homomorphism of an semi-T} irresolute topological groups,
then Ker ¢ = {h € H: (h) = € : the identity of H'} is a semi closed normal subgroup of
H. In particular the induced map v: H/Ker ) — H' is irresolute as well as an isomorphism
of groups if 1 is surjective. Likewise 1) is an isomorphism of an irresolute topological groups,
if H is semi compact or ) is pre semi open.

Proof. Ker 1 is a normal subgroup of H. Since the identity € of H' is semi closed, it follows
from irresoluteness of that Ker ¢ = ¢~*(¢’) is semi closed. Consider the following commutati-
ve diagram H

H/Ker vy ——— '
(8
where 7 is the natural projection. Since H/Ker 1 is endowed with the quotient topology and
1 is irresolute then V D; € SO(H'), the set W*I(E_l(Dl)) = 1~1(Dy) is semi open. Thus
@_I(Dl) is semi open from the definition of the quotient topology. Thus ) is irresolute. If v
is surjective, then v is an isomorphism of groups. Suppose H is semi compact. Then its image
H/Ker 1 is also semi compact. This, together with the fact that H' is semi-T5, implies that v
is a semi closed map. Hence 1) is a semi homeomorphism, and this gives an isomorphism of
an irresolute topological groups. Similarly if ¢ is a pre semi open map, 1 is also a pre semi
open map. Hence v is a semi homeomorphism and this gives an isomorphism of an irresolute
topological groups. O]

Remark 1. If H,H' is an irresolute topological groups, then Proposition 2 need not be true.

Example 1. Let H = {0, 1,2, 3} be the group and Ty = {@, H, {0,2},{1,3}} be the topolgy
on H. (H,7y) forms an irresolute topological group but {0} is not semi closed.

4. Topological properties of isotropy groups within transformation groups. In
this section, the topological characteristics exhibited by isotropy groups within transforma-
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tion groups are explored. Essential examples and counterexamples are provided for indepth
understanding of the topological properties.

Definition 19 ([8]). A transformation group (H,Y,%) on Y is said to be an Irr-topological
transformation group (Irr-TTG) if H is an Irr-topological group, Y is a topological space,
and the map ¥: H X Y — Y is irresolute.

Example 2. Let H = {1, 3,5, 7} be a group under multiplication modulo 8, and the topology
on Hbe Ty = {@,H, {1},{1,3,5}}, H acting on itself forms an Irr-topological transformation

group.
Definition 20. A transformation group (H,Y, ) on Y is said to be an Irr*-topological trans-
formation group (Irr*-TTG) if H is an Irr-topological group, Y is a topological space, and
the map ©: HxY — Y such that V h € H,y € Y,V semi open set D3 containing gy € Y,
there exist semi open sets D; and D, containing A and y respectively such that D;D, C Dg.

Example 3. Let H = {I, A, B,C} be a group under matrix multiplication, where

10 1 0 -1 0 -1 0
[_{O 11,14_{0 _J,B_[O 11,0_[0 _J,andthetopologyonge

T = {@,H,{I}.{I, A,B}} and Y = {a,b,c,d}, where a — H b= {‘01} o= {0}

d = {(1)] , Ty = {9,Y} such that (H,7y) forms an Irr-topological group and (Y, 7v) forms

a topological space and ¥: H x Y — Y such that ¢(M,y) = My forms an Irr*-topological
transformation group.

Definition 21. A transformation group (H,Y, 1) on Y is said to be a I*-topological transfor-
mation group (I'-TTG) if H is a irresolute topological group, Y is a topological space, and
the map ¢¥: H XY — Y is irresolute.

Example 4. Let H = {e, (12)(34), (13)(24), (14)(23)} be a group under composition, and
the topology on H be

Tn = {9, H,{e}, {e,(12)(34),(13)(24)}} and Y = {1,2,3,4}, Ty = {2, Y, {1,2},{3,4}}
such that (H,75) forms an Irr-topological group and (Y, 7y) forms a topological space and
: HxY — Y such that ¥(o,y) = o(y) forms a I*-TTG.

Definition 22. A transformation group (H,Y,1) on Y is said to be an I-topological trans-
formation group (I-TTG) if H is an irresolute topological group, Y is a topological space,
and the map ¥: H XY — Y such that V h € H,y € Y,V semi open set D3 containing hy € Y,
there exist a semi open sets D; and Dy containing h and y respectively such that D;Dy C Ds.

Example 5. Let H be an irresolute topological group and K be a subgroup of H. Let the
map 1p: H x H/K — H/K defines a G-action ¢(h’, hK) = h'hK, for any topology, H acts on

H/K v

HxH-————H

oY

id X 7 T

Hx H/K ——— H/K
(G
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Hence 7 is surjective and pre semi open. td X 7 is surjective and pre-semi open. From the
above commutative diagram inverse image of any semi open set D; of H/K is the product of
semi open sets Dy and D3 of H and H/K respectively under 1.

Definition 23. Let (H,Y,¢) be a transformation group then for y € Y, the set
H, = {h € H: hy = y} of elements of H leaving y fixed is called the isotropy group at y.

Example 6. Let H = {¢,1,7,ij: i* = e,j> = e,ij = ji} be a group, H acting on H/K =
{eK, jK},K = {e, i} be the cosets, forms a transformation group. The isotropy group of eK
and jK be Hex = Hjx = {e, i}.

Lemma 4. Ker ¢y = [ H,.

yeY
Indeed,
heKery <= ¢(h,y)=hy=y VyeY) <= heH,VyeY < he [H,

yey

Lemma 5. Let (H,Y,1) be an Irr*-topological transformation group, fix y € Y, a map
i: H— HxY such that i(h) = (h,y), thenVh € H,y € Y, (h,y) € D1 x Dy, Dy € SO(H), D, €
SO(Y),i"}(Dy x Dg) € D; € SO(H) and H—H, =i~ ' (¢~ 1(Y — {y})).

Proof. Let h € H — H, which 1mphes w oi(h) = ¥(h,y) #y. Let h € i ' (v~ (Y — {y})).

Thus H —H, € i~ (=LY — {u}), ¥ 0 i(h) = w(hy) € Y — {u). Honce p(h3) # y, which
impheshEH—Hy. Thus H — H, D (¢ (Y — {y})). O

Theorem 3. The isotropy group H, at any point y of Y is semi-closed if Y is semi-T}.

Proof. By assumption, Y — {y} is open. It follows from Lemma 5 that H — H,, is semi open,
and hence H, is semi closed. O]

Example 7. Let H = {e,1,5,ij: i* = e,j? = e,ij = ji} be the group,

Ta ={9,H,{e,i},{j,ij}}; (H, Ti) forms an irresolute topological group and H acting H/K =
{eK, jK}, K = {e,i} be the cosets, forms an I-TTG. The isotropy group of eK and jK be
H.x = H,;k = {e, i} which is semi closed, since H/K is semi-T}.

Example 8. In Example 7, if H acting on itself. The istropy group of any element y be
H, = {e} which is not semi closed, since H is not semi-T}.

Corollary 2. Ker 9 is a closed subgroup of H if Y is semi-T}.

Proof. Corollary 2 follows from Theorem 3 Lemma 4.
Corollary 3. H/Ker v is an irresolute topological group if Y is semi-T;.

Proof. From Lemma 2 and Corollary 2, Ker 1 is a semi closed normal subgroup of H . Hence
Proposition 1 yields Corollary 3. ]

Theorem 4. IfH is a extremely disconnected space then H/Ker v is an irresolute topological
group.

Proof. Since Ker 9 is a normal subgroup of H. From Theorem 1, H/Ker ¢ is an irresolute
topological group. O]

Theorem 5. An Irr*-topological transformation group (H,Y,%) induces an effective Irr*-
topological transformation group (H/Ker ¢,Y ) if Y is semi-T;.
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Proof. Define : H/Ker ¢ x Y — Y by ¢(hKer v, y) = ¥(h,y). It is easily verified that
1 is well defined and satisfies the conditions (1) and (2) of group action (Definition 16).
Hence it is enough to check inverse image of any semi open set of Y is product of semi
open sets of H/Ker ¢ and Y under ¢ . The natural projection 7: H — H/Ker 1 is pre semi
open, ™ X id: HxY — H/Ker ¢ x Y is also pre semi open. From commutative diagram, the
inverse image of any semi open of Y is product of semi open sets of H/Ker ¢ and Y under
1. Evidently the action 1 is effective
HxY —> Y

Y.

H/Ker ¢ x Y O
Corollary 4. IfY is semi-Ty, then there exists a semi continuous injective group homomor-
phism V: G — Semi — Homeo(Y) then the following diagram commutes

H *> Semi — Homeo(Y)

\/

H/Ker ¢

Proof. The proof follows from Theorem 5.
Let H be an irresolute topological group and K a semi closed subgroup of H. Let

= (K,
heH
then Ky is a semi closed normal subgroup of H. Moreover K, is the maximum subgroup

among the normal subgroups of H contained in K.

Proposition 3. Let (H,H/K ) be the H-action defined on Example 5, then the equality
Ker ¢ = Ky holds.

Proof. For any k € Ky and h € H, khK = h(h~'kh)K = hK. Hence Ky acts trivially on H/K.
That is, Ko C Ker 1. Conversely, suppose that hohK = hK for all h € H. Then hy € hKh™!
for all h € H. That is, hg € Ky, which implies that Kqg D Ker . O]

Corollary 5. H/K acts effectively on H/K.

Proof. Proof follows from Theorem 5 and Proposition 3. -

5. Conclusion. In this paper the topological properties associated with an irresolute topolo-
gical groups and their quotient groups are investigated. Additionally, the investigation exten-
ded to the topological properties of isotropy groups within transformation groups, supported
by pertinent examples and counterexamples. Through these explorations, the valuable insi-
ghts into the topological characterization of an irresolute topological groups and isotropy
groups are gained. The illustrative examples and counterexamples has enriched our under-
standing, contributing to a comprehensive conclusion regarding the diverse topological
aspects present in both irresolute topological groups and isotropy groups within transforma-
tion groups.
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