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There is considered an interpolation problem f(\,) = b, in the class of holomorphic in the
unit disk U(0;1) = {z € C: |z| < 1} functions of finite 7-type, i.e such that

(34> 0)(¥z € U(0;1): | f(2)] < exp (An(lAM))7

where 7: [1;4+00) — [0;+00) is an increasing convex function with respect to Int¢ and Int =
o(n(t)) (t — 4o0). There were received sufficient conditions of the interpolation problem
solvability in terms of the counting functions

r + " (n o+
N(T):/O Mdt and NA”(T):/O Wdt'

Earlier, in 2004, necessary conditions were obtained (Ukr. Math. J., 56 (2004), Ne3) in these
terms. For the moderate growth of f (when the majorant n = 1) satisfies the condition v (2x) =
O (W (x)), * — 4o00) that problem was solved in J. Math. Anal. Appl., 414 (2014), Nel.
In this paper, we remove any restrictions on the growth of 1 and construct an interpolation

function f such that

(34" > 0)(Vz € U(0;1)):  [f(2)] < exp ((1 _?;)3/2"@ 14/|z|))'

1. Introduction and main results. Let n: [1;+
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— [0; +00) be an increasing function

00
convex in Int and Int = o(n(t)) as t — +oo; A = (\,) be a non-zero sequence of different

complex numbers such that 0 < [A\,| 71 ;

N(r) :/OT Mdt; NC (7") :/OT Mdt;

t t

where
n(t) = (5 A) = 30 Lo () =g (654) = S e L
|An|<t
are the counting functions, z* := max{0; z}.
Consider an interpolation problem
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in the class of holomorphic functions in the unit disk U(0;1) = {z € C: |z| < 1} such that
A
(34> 0)(v= € U0:1)): ()] < exp {An(1=77) } (2)
(which are called functions of finite n-type).
In 2004 prof. B.V. Vynnyt’skyi and author obtained [1] conditions of the solvability of

the interpolation problem (1). The next assertion was proved.

Theorem A ([1]). In order that for every sequence (b,) of complex numbers with the
property

A
(3A; > 0)(Vn € N): |b,| < exp <A177 <1 — |1)\ |)> (3)
interpolation problem (1) have a solution from the class (2) it is necessary that
A
(A5 > 0)(Vr € (0;1)): N(r) < Aap (1 —27“> (4)
A
(A5 > 0)(Vd € (0;1))(Vn): Ny, (6(1 — |A\n]) < Asn (1_—’?’)\‘) (5)

are it is sufficient that there exists a holomorphic function L from class (2) with simple zeros
in (\,) and for some Ay > 0 and for all n € N:

(1= DO = ~un (557 6)

In this theorem, the necessary and sufficient conditions are different. The problem arises:
to deduce sufficient conditions in terms of the counting functions N(r) and Ny, (7).

We note that interpolation problem in various subclasses of functions holomorphic in
the unit disk was considered by a number of mathematicians. Carleson [12] and Jones [13]
obtained results for bounded functions. K. Seip [14], A. Hartmann and X. Massaneda [15]
studied interpolation sequences in the class of power functions. Spreading Seip’s idea of
construction peak function, A. Borichev, R. Dhuez and K. Kellay [16], solved an interpolation
problem in the class of functions of arbitrary growth in the unit disc. But those results has
lower limit of growth. In that case the majorant grows faster than lnl—ir (more detailed
analysis see in [2]).

In 2014, I. Chyzhykov and author [2| solved an interpolation problem (1) for the moderate
growth of f. There was proved the next assertion

Theorem B ([2]). Let ¢: [1,+00) — R, be a function such that ¢ (2z) = O (¢ (x)), * —
+oo0. If

(vn € N): an(l _QM) = w<1 —1|An|>’

then for any sequence (b,) satisfying
~ 1

1 bn < PR R N7

il <3 () e
there exists an analytic function f in U(0;1) with the properties (1) and

~ 1
In M(r, f) < Cai <—> :
1—7r

where Cy > 0,4 () = [7 YWt

1 ¢
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Theorem B solves the shortcomings of results from [16], but the majorant 1 grows not
faster than (1 —7)=?,p > 0.

The aim of the paper is finding conditions of the solvability problem (1) in the class of
finite n-type for arbitrary growth of majorante n by the method of construction interpolation
series as in [1, 2, 3]. For the goal we need to prove the existence such a finite 7-type function
L satisfying (6). We need to use the next results from [4].

Theorem C ([4]). If conditions (4) and

1 1 AQ BQ AQ 1 B2
L P PR Y - T 7
‘2]{: Z el = r’fn<1—r1)+r§ max{ 7]{31H0'2}n(1—0'27’2) 0

ri<|Av|<re

are fulfilled for some Ay > 0 and By > 0 and all k € N;r; € (0;1),75 € (11;1),02 € (1;1/r9),
then there exists a holomorphic in U(0; 1) function L for which (\,) is a sequence of zeros

and
(i/jw n|L(re') | ) " < Agn( Bs ) (1 + WE) (8)

2T 1—o0r vlIno
for some positive constants A3 > 0, By > 0 and all r € (0;1),0 € (1;1/r) .

The goal of the paper is proving the next assertion.

Theorem 1. If conditions (4), (5) hold then for each sequence (b,) with the property (3)
interpolation problem (1) has a solution in the class of holomorphic functions f satisfying

s e U0 ): e < e (= (127 )) )

for some A’ > 0.
At first, we will prove following propositions.

Theorem 2. If condition (4) holds for the sequence ()\,), then there exists a function L
holomorphic in the unit disk, satisfying

(V2 € U (0: 1)): <%/02 ln|Z(rei“0)|‘2dgo)l/2§ A n( A ) (10)

1—r
for which (),) is a subsequence of zeros.

Theorem 3. If condition (4) holds for the sequence ()\,), then there exists a function L
holomorphic in the unit disk, satisfying (9), for which ()\,) is zeros subsequence.

2. Proof of the main results.

Proof of Theorem 2. We have to construct a sequence A= (X,,) with the property (4) and
(7). For that we use Beck’s construction (see, for example, [5, 6]). It is an analogue of Miles’s
construction for entire functions [7]. We will repeat this process. We supplement the sequence
A with a sequence A* := (X)) as follows. Put R,,, = 1 —27™, m € N. Let us take those A\,
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from A lying in the annulus {z: R,, < ]z| < Ry41} for some fixed m. These are numbers

=\ e, 0<0, <2, velp p=n(Rni)—n(R,). Define
P o0 '
)= =230 3 (R /M)
v=1 n=1
2pR,,
hn(0) = Re (50(0)) 5 fn(0) i= o (0) + T2

Then |2 (0)] < |sm(8)] < szm and 0 < f,(0) < prm Let I, = [& 0 " fm(#)d), where

la] is the entire part of a. For every k, k € 1,0y, by (6%), k € 1,1, we denote a monotonous
sequence such that ;- fo% fm(0)df = k. We make a sequence A* =, -, A, where A} =
{Rpm_16%%: k € T,I,,}. Then A = A U A*. (Note that if \, coincides with \* we will use
them once). By construction

L < 4pRm _ 4Rm(n(Rm+1> _ n(Rm))
™= 1-R,, 1— R, ’

and therefore (here n*(r) := n(r; A*), a(r) == n(r;]\)),

I

drp (L
n*(r) < —2>
1—7r

consequently 72(r) < (14 %) n (=) Since for every o € (1;1/s)
gs t
N (os) > / #dt > n(s)Inao,

then n(s) < =N(os). So,

- 4 r+1 4142 A2 Al2 AIQ
< N < < 11
n<r>_(1—7’)lna <a 2 >_(1—'r)lna?7(1—a%)_(1—7”)77(1—7’ (11)
it o = 2(’"113T).

In addition, the newly formed sequence satisfies condition (9). Really, let 1, ry be arbi-
trary numbers from (0; 1) and r; < r5. There exist such natural numbers p; and p,, that

Rpl <rm < Rp1+1 < ... < sz <y < Rp2+1,

where R, = 1 — Qk, k € N . The annulus U(0;7;75) is covering by annuli U(0; R,,; Rint1),
where m € [py; p2]. For some positive constant Ay, B there holds

1 1 1 1 1 1 1
Pl owSE 2 mtRl X omt X ottt

<A< Y <A\ |<Rp 42 Y Rp+2<|M|<Rpi+3 7 [Aj|=Rpy+1 Y

1 1 1 1 1 1
+E Z )\_l;+ Z o +E Z )\—ﬁ'f‘ Z /\;.;k +

Rpy—1<| v |<Rpy As|=Rpy—2 =¥ Rpy <|Av|<r2 A5 |=Rpy—1
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22322
k k| =k Ak , Rk N
P‘;ﬂ:RPQ 7’1<‘>‘V|<Rp1+2 j=p1+1 "7 |>\1t|:R:02
+l 3 1. ( p1+2 439 Z —n(Ry,)

k )\’; Tgk ’

Rpy <|Av|<r2 j= p1+1

because as proved in |5, 7],

1 1 32k
Z V—‘r Z )\/k < Rk

1
Ry 45 <|A|<Rpy+j+1 v M |=Rpy+j—1 v P1+7—

Ry, +3 . .
Moreover Ryi2 < Ry, <19, Ryjip < H— < ”23, Ry, < H% and since function
o(t) = tk is decreasing, then

”ZQ1<1+/1’2 dt _i+L/R” dt _
Rk — RE p1+1 (1_(%)15)’“ ri 2 Jp R —1) T

j=p1+1 "7 p1+1

<1+ 1 /T2 dt <31 1
— —1In )
- ’f r’fln2 ) 1—t_r’f 1—nr

If g .= oL >y, then

2%k
71

=" = (1=B)A+B+8>+..+ 7)< (1= B)2k < (1—1r)2k

2

Thereby from (4) and inequality n(r) < =N (1) we obtain

k£ k k ko ok k1 —r krok —
r1<| A |<r2 Ay ! 2 1 1 2
16 ri+7 96 1 2
< —N —1 N <
— ¥ ( 8 ) " rh . 1 - kInoork (02r2) <

< AQ BQ i AQ 1 1 BQ
— — max T amm——
- len 1—7"1 T’Qk ,kanQ " 1—0'27”2

The next we use Theorem C for the sequence A. But it should be noted, that in the
proof of theorem C (Theorem 2 in [4]) we, actually, use the condition n(r) < n (£2) (see
Lemmas 3 — 5 from [4]). So, if the sequence A satisfies conditions (7) and (11), there exists a
function L holomorphic in the unit disk, satisfying (10). And (A,) is a subsequence of zeros

of function L. O]

Proof of Theorem 8. There are well known relations for holomorphic function L in the unit
disk (see, for example, [8], [9], p. 84) for some A > 0 and all R € (r;1)

In |L(re'?)| < AM,(R; L)(R —r)~'/?,
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where
1 2 ) 1/p
M,(R; L) = (—/ |ln]L(Rew)|‘pdg0) :
2m Jo

So, for the function L from Theorem 2, when p = 2 and R = % we have

i E0e)] < o2 (122 (12)

Now we prove the next assertion.

Lemma 1. If condition (5) holds for A then it also holds for A.

Proof. Since n}, (t) < ciny, (51) for some ¢; > 0, then for some A} > 0, ¢’ € (6;1) one has

N S0-b > () 1 S0-Ina) - (8) 1
NAn(5(1—|>\n|)):/0 %dt:/{) =L

S(A=Anl) (p* (#) — 1)* A
+/ wdt < Ny, (6(1 = [An]) 4+ 1 Na, (8'(1 = [Ma])) < Aln (1 |3A |).
i - n

]

Proof of Theorem 1. If condition (4) holds then from Theorem 2 we have an existence of the
holomorphic function L in U(0; 1) from class (10) which has simple zeros in (A,). So, from
the Jensen equality for L(\, + z) on a circle OU (A,; 6(1 — |A,|)) for every 6 > 0 there follows

5(1-[Anl) -1 S : [
/ LU / I |+ 0(1 = [Aal)e)ldp — n[3(1 = M) E' ()
0 T Jo

Then by Lemma 1 and inequality

1 27 . ] 1 27 . ) 2 1/2 A A
— In|L(re*)||do < | — In|L(re*)|| d <
= [ e (5 [ mizeenar) < ()
we have such an estimate
- - 1 [ . .
(= DE O] = B, 61 = ) = 5 [ I DO #5601 = ) ldo <
0
Ay Ay
< ) 1
1= |)‘n|7](1_ |/\n|> ( 3>

The next step of the proof is a construction of interpolation function. We will use methods
from [1], [3], [2]. Then

k=1

= b I (1)
f(z)_zz/(xn)(z—xn) (1—)\nz> ’

where (s,,) is a certain sequence of natural numbers which will be choose later.
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Since the function ¢n(t) is convex in Int¢ then from [10] it folllows an existence of the
entire function ¢ such that (cy > 4(As + As+ A1)

In My(t) = (14 o(1))cotn(cot), t — +oo.

Since
pp(t) < My(t) < (1 +1/e) py((L +€)t), >0,
where 11, (t) = max{|i,[t"} and v, = ™ (0)/n!, then
polt) < expeatn(cot)),  m(t) > expl(co/Anlcat/2), 12 o (14)
Let us choose (s,) such, that

1 ~
_ |)\n| < Xsn—&-l(w)a

Xon () <

(here (2) = S22 4h, 2" is the Newton majorant of 4, X, (1)) = [¢n_1/¢n| ). Then [11]

Hap ((1 - |)‘n’)_1) = @an(l - ’)‘nl)_snv Mzb(t) > ésntsn- (15)

So, from (3), (12)—(15) and relation (see, for example, |2])

we get

£ (2)] < exp ((1 Ef)3/2’7 (1 il r)) g (1 yiiﬂﬂ(%ﬂ tﬁ/ﬂ;n())—):
- <o (2 (1) + e (7))~
2o (o (=) + 2 (s —Afm) -2 (2)) <

Sexp((l—Af;)f’)/”’( ))iexp( = (ﬁf’li"‘»g

gexp((1 A/)wn( ))iexp <eXp((1 —A;)?»/?n(lf/r))'

Hence, the function f belongs to the class of holomorphic in the unit disk functions with
property (9). O

Remark 3. We can see that a majorant of the class (9) differs from that’s one of the
class (2) by a multiplier m, but in the case when 7n(t) = o(n(At)), (A > 1), as t —

m does not play a role in the product mn(ﬁ) So, Theorem 1
complements Theorem B in a certain sense.

oo, a multiplier
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Example 1. The function n(t) = ! satisfies given conditions on the majorant . In this
case, class (12) coincides with the class (2).

Example 2. The function 7(t) = t™? satisfies given conditions too, and classes (12) and
(2) coincide.

Acknowledgment. The author thank to prof. I. Chyzhykov for the advice that improved
result and to the referee for valid comments that made it possible to improve the paper.
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