
Математичнi Студiї. Т.63, №1 Matematychni Studii. V.63, No.1

B. Dhara

ACTION OF MULTIPLICATIVE (GENERALIZED)-DERIVATIONS AND

RELATED MAPS ON SQUARE CLOSED LIE IDEALS IN PRIME RINGS

B. Dhara. Action of multiplicative (generalized)-derivations and related maps on square closed
Lie ideals in prime rings, Mat. Stud. 63 (2025), 3–13.

LetR be a prime ring andL a nonzero square closed Lie ideal of R. Suppose F,G,H : R → R
are three multiplicative (generalized)-derivations associated with the maps δ, g, h : R → R
respectively which are not necessarily additive or derivations. Assume that E, T : R → R be
any two maps (not necessarily additive).

Let d : R → R be a nonzero derivation of R. In the present article, following identities are
studied
(1) d(x)F (y)+G(y)d(x)±(E(x)y+yT (u)) = 0, (2) H(xy)+G(y)F (x)±(E(y)x+xT (y)) = 0,
(3) T (xy) +G(x)y ± (yx+ xy) = 0, (4) F (x)F (y) + T (x)y ± yx = 0,
(5) d(x)d(y) + T (x)y + F (yx) = 0, for all x, y ∈ L.

1. Introduction. Throughout this paper R will be a prime ring with its center Z(R).
As usual we denote by [ξ, η] the commutator operator for ξ, η ∈ R and by ξ ◦ η the anti-
commutator operator for ξ, η ∈ R, which are defined as [ξ, η] = ξη− ηξ and ξ ◦ η = ξη+ ηξ.
An ideal L is said to be a Lie ideal of R if L is an additive subgroup of R and [L,R] ⊆ L.
The Lie ideal L is said to be a square closed, if u2 ∈ L for all u ∈ L.

A linear map F : R → R is said to be a generalized derivation of R, if there exists
a derivation d : R → R such that F (xy) = F (x)y+xd(y) holds for all x, y ∈ R. Generalized
derivation generalizes the concept of derivation.

In the literature, several authors investigated many identities in prime and semiprime
rings admitting derivations and generalized derivations and obtained commutativity of rings.
For example, we refer to [4, 12–14,19,24], where further references can be found.

Suppose that F,G denote generalized derivations, d denotes nonzero derivation, I denotes
nonzero two-sided ideal, U denotes nonzero right ideal and L denotes square closed Lie ideal
of R. In the prime ring R, Ashraf et al. [4] have studied the following situations:
(i) F (ξη)− ξη ∈ Z(R), (ii) F (ξη) + ξη ∈ Z(R), (iii) F (ξη)− ηξ ∈ Z(R), (iv) F (ξη) + ηξ ∈
Z(R), (v) F (ξ)F (η)− ξη ∈ Z(R), (vi) F (ξ)F (η) + ξη ∈ Z(R), for all ξ, η ∈ I, and obtained
the commutativity of prime ring R.

Dhara et al. [14] studied the situations
(i) F (ξ)F (η)− ηξ ∈ Z(R) and (ii) F (ξ)F (η) + ηξ ∈ Z(R) for all ξ, η in L.

Recently, Tiwari et al. [24] considered the identities taking three items together, that is,

(i) G(ξη)± F (ξ)F (η)± ξη ∈ Z(R), (ii) G(ξη)± F (ξ)F (η)± ηξ ∈ Z(R),

(iii) G(ξη)± F (η)F (ξ)± ξη ∈ Z(R), (iv) G(ξη)± F (η)F (ξ)± ηξ ∈ Z(R),

(v) G(ξη)± F (η)F (ξ)± [ξ, η] ∈ Z(R), (vi)G(ξη)± F (ξ)F (η)± [α(ξ), η] ∈ Z(R),
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for all ξ, η ∈ I, where α : R → R is any mapping and obtained commutativity of prime rings.
It is also interesting to consider identities with commutator and anti-commutator operator.
In [6], Bell and Daif proved for semiprime ring R that if [d(ξ), d(η)] = [ξ, η] for all ξ, η ∈ U ,
then U ⊆ Z(R). In [5], Ashraf et al. examined the identities: (i) d(ξ) ◦ F (η) = 0, (ii)
[d(ξ), F (η)] = 0, (iii) d(ξ) ◦F (η) = ξ ◦ η, (iv) d(ξ) ◦F (η)+ ξ ◦ η = 0, (v) [d(ξ), F (η)] = [ξ, η],
(vi) [d(ξ), F (η)]+ [ξ, η] = 0, (vii) d(ξ)F (η)± ξη ∈ Z(R) for all ξ, η ∈ I, where d is associated
to F . Huang [16] examined the above identities in L and obtained that L ⊆ Z(R). Then
Dhara et al. [15] investigated the same identities in semiprime ring.

In a recent paper, Dhara et al. [19] have studied more general situations involving three
items, that is: (i) F (ξ) ◦ η ± d(ξ) ◦ F (η)± ξ ◦ η = 0; (ii) [F (ξ), η]± [d(ξ), F (η)]± [ξ, η] = 0;
(iii) F ([ξ, η])± [d(ξ), F (η)]± [ξ, η] = 0, (iv) F (ξ ◦η)± [d(ξ), F (η)]±ξ ◦η = 0, (v) F (ξ)G(η)±
d(ξ)F (η)±ξη ∈ Z(R), (vi) G(ξη)±d(ξ)F (η)±F (ηξ) = 0, (vii) F (ξv)±F (η)F (ξ)±ξη ∈ Z(R)
for all ξ, η ∈ L, where d is associated to F .

There is also ongoing interest to investigate the above situation replacing generalized
derivations F,G with multiplicative (generalized)-derivations. The concept of multiplicati-
ve (generalized)-derivation was introduced by Dhara and Ali in [21]. The multiplicative
(generalized)-derivation is a mapping F : R → R (not necessarily additive) such that
F (ξη) = F (ξ)η + ξg(η) holds for all ξ, η ∈ R, where g is any mapping. Thus multiplicati-
ve (generalized)-derivation covers all the concepts of derivation and generalized derivations
maps. We refer the articles [1], [2], [3], [10], [11], [20], [21], [23]; where maps considered are
multiplicative (generalized)-derivations in prime ring R. In [21], Dhara and Ali studied the
following identities in semiprime rings: (1) F (ξη)± ξη ∈ Z(R), (2) F (ξη)± ηξ ∈ Z(R), (4)
F (ξ)F (η)± ξη ∈ Z(R), (6) F (ξ)F (η)± ηξ ∈ Z(R) for all ξ, η ∈ λ; where λ is a nonzero left
ideal in a semiprime ring R and F is a multiplicative (generalized)-derivation of R.

Recently, in [10], Dhara et al. studied the following identities in semiprime rings:
(1) [d(ξ), F (η)] = ±[ξ, η], (2) [d(ξ), F (η)] = ±ξ ◦ y, (3) [d(ξ), F (η)] = 0, (4) F ([ξ, η]) ±
[δ(ξ), δ(η)]± [ξ, η] = 0, (5) d′([ξ, η])± [δ(ξ), δ(η)]± [ξ, η] = 0, (6) d′([ξ, η])± [δ(ξ), δ(η)] = 0,
(7) F (ξ◦η)±δ(ξ)◦δ(η)±ξ◦η = 0, (8) d′(ξ◦η)±δ(ξ)◦δ(η)±ξ◦η = 0, (9) d′(ξ◦η)±δ(ξ)◦δ(η) = 0,
for all ξ, η ∈ λ, where λ is a nonzero left ideal in R and F is a multiplicative (generalized)-
derivation of R associated to the map d, and δ, d′ are multiplicative derivations of R.

In a recent paper, Dhara et al. [20] have studied the following identities in semiprime
rings:

(1) F ([ξ, η])+G(ηξ)+d(ξ)F (η)+ξη ∈ Z(R), (2) F (ξ ◦η)+G(ηξ)+d(ξ)F (η)+ξη ∈ Z(R),
(3) F (ξη)+G(ηξ)+d(ξ)F (η)±[ξ, η] ∈ Z(R), (4) F ([ξ, η])+G(ξη)+d(ξ)F (η)+ηξ ∈ Z(R),
(5) F (ξ◦η)+G(ξη)+d(ξ)F (η)+ηξ ∈ Z(R), (6) F ([ξ, η])+G(ηξ)+d(η)F (ξ)−ξη ∈ Z(R),
(7) F (ξ)F (η)−G(ηξ)− ξη + ηξ ∈ Z(R),

for all ξ, η ∈ λ, where λ is a nonzero left ideal of R and F,G are multiplicative (generalized)-
derivations of R associated to the maps d and g respectively.

In all the above results, authors considered some particular type maps. It is natural to
ask if we replace any maps in place of some particular type maps, then what will happen.
This question motivate us to consider identities with blended maps, that is, multiplicative
(generalized)-derivations, derivations and any maps acting on a square closed Lie ideal in
prime rings. Let F,G,H : R → R be three multiplicative (generalized)-derivations associated
with the maps δ, g, h : R → R (not necessarily additive nor derivation) respectively and
E, T : R → R be any two maps. Let d : R → R be a nonzero derivation of R. In the present
article, following identities are studied
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(1) d(ξ)F (η)+G(η)d(ξ)±(E(ξ)η+ηT (ξ)) = 0, (2) H(ξη)+G(η)F (ξ)±(E(η)ξ+ξT (η)) = 0,
(3) T (ξη) +G(ξ)η ± (ηξ + ξη) = 0, (4) F (ξ)F (η) + T (ξ)η ± ηξ = 0;
(5) d(ξ)d(η) + T (ξ)η + F (ηξ) = 0,
for all ξ, η ∈ L. We also present an example at the end of the paper to show that the
primeness hypothesis is essential.

2. Preliminaries. We shall use frequently the following basic commutator and anti-commu-
tator identities:
1. [ξη, ζ] = ξ[η, ζ] + [ξ, ζ]η, 2. [ξ, ηζ] = η[ξ, ζ] + [ξ, η]ζ,
3. (ξ ◦ ηζ) = (ξ ◦ η)ζ − η[ξ, ζ] = η(ξ ◦ ζ) + [ξ, η]ζ,
4. (ξη ◦ ζ) = ξ(η ◦ ζ)− [ξ, ζ]η = (ξ ◦ ζ)η + ξ[η, ζ]

for all ξ, η, ζ ∈ R.
To prove our Theorems, we need the following Facts. Unless specifically stated, we assume

in all that follows that R be a prime ring of char(R) ̸= 2, Z(R) be its center, L a nonzero
Lie ideal of R and d a nonzero derivation of R.

Fact 1. If L be a square closed Lie ideal, that is, u2 ∈ L for all u ∈ L, then for any
u, v ∈ L, uv+ vu = (u+ v)2−u2− v2 ∈ L. Moreover, we know by definition of Lie ideal that
[u, v] = uv − vu ∈ L. Adding these two relation, we have 2uv ∈ L for all u, v ∈ L.

Fact 2 ([8], Lemma 4). If L ̸⊆ Z(R) such that aLb = 0 for some a, b ∈ R, then either a = 0
or b = 0.

Fact 3 ([8], Lemma 5). If d(L) = (0), then L ⊆ Z(R).

Fact 4 ([18], Theorem 5). If [u, d(u)] ∈ Z(R) for all u ∈ L, then L ⊆ Z(R).

Fact 5 ([9], Theorem 1). If u[d(u), u] = 0 for all u ∈ L, then L ⊆ Z(R).

Fact 6 ( [22], Lemma 1). Let R be a 2-torsion free semiprime ring. If [L,L] = 0, then
L ⊆ Z(R).

Fact 7 ([14], Lemma 2.5). Assume the set V = {u ∈ L | d(u) ∈ L}. Then V is also a nonzero
Lie ideal of R. Moreover, if L is noncentral, then V is also noncentral.

Fact 8. If L is square closed and for some fixed a, b ∈ L, aub+ bua = 0 holds for all u ∈ L,
then either a = 0 or b = 0.

Proof. Given that aub = −bua for all u ∈ L and for some fixed a, b ∈ L. Therefore, for any
u,w ∈ L, we have

4aubwaub = −4buawaub = {−b(4uaw)a}ub. (1)

Since 2ua ∈ L, 4uaw ∈ L. Thus again by using the equality aub = −bua, the relation (1)
can be written as

4aubwaub = {a(4uaw)b}ub = 4au(awb)ub. (2)

Again by the equalities aub = −bua, (2) we get 4aubwaub = −4au(bwa)ub which gives
8aubwaub = 0 for all u,w ∈ L. Since char(R) ̸= 2, by Fact 2, aub = 0 for all u ∈ L. Again
by Fact 2, either a = 0 or b = 0.

Fact 9. Let R be a semiprime ring. If F : R → R is a multiplicative (generalized)-derivation
of R associated to the map d of R, then d must be multiplicative derivation.
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Proof. For any ξ, η, ζ ∈ R,

F (ξηζ) = F ((ξη)ζ) = F (ξη)ζ + ξηd(ζ) = F (ξ)ηζ + ξd(η)ζ + ξηd(ζ)

and F (ξηζ) = F (ξ(ηζ)) = F (ξ)ηζ + ξd(ηζ), hence, ξ{d(ηζ)− d(η)ζ − ηd(ζ)} = 0.
Since R is semiprime ring, it yields d(ηζ)− d(η)ζ − ηd(ζ) = 0 implying d(ηζ) = d(η)ζ +

ηd(ζ) for all η, ζ ∈ R. Therefore, d is a multiplicative derivation.

Fact 10. Let R be a ring and d : R → R be a multiplicative derivation of R. Then
d(Z(R)) ⊆ Z(R).

Proof. For any ξ ∈ R and ζ ∈ Z(R),

0 = d(ζξ)− d(ξζ) = d(ζ)ξ + ζd(ξ)− d(ξ)ζ − ξd(ζ) = [d(ζ), ξ].

This implies d(Z(R)) ⊆ Z(R).

3. Results on square closed Lie ideals.

Theorem 1. Let R be a prime ring of char(R) ̸= 2 and L a nonzero square closed Lie ideal
of R. Let F,G : R → R be two multiplicative (generalized)-derivations of R associated to the
maps δ, g : R → R (not necessarily additive nor derivation) respectively and H,T : R → R
be any two maps. If d : R → R be a nonzero derivation of R such that

d(x)F (y) +G(y)d(x)± (H(x)y + yT (x)) = 0

for all x, y ∈ L, then either L ⊆ Z(R) or δ(2L) = (0) and F (2uv) = F (u)2v, G(2uv) =
2uG(v) for all u, v ∈ L.

Proof. We assume that L ̸⊆ Z(R). By assumption

d(x)F (y) +G(y)d(x)± (H(x)y + yT (x)) = 0, ∀ x, y ∈ L. (3)

Substituting 2yt for y in (3), where t ∈ L, and then using F (2yt) = F (y2t) = F (y)2t +
yδ(2t), we get{
d(x){2F (y)t+yδ(2t)}+{2G(y)t+yg(2t)}d(x)± (2H(x)yt+2ytT (x))

}
= 0, ∀ x, y, t ∈ L.

(4)
Post multiplying (3) by 2t and then subtracting from (4), we get

d(x)yδ(2t) + 2G(y)[t, d(x)] + yg(2t)d(x)± 2y[t, T (x)] = 0, ∀ x, y, t ∈ L. (5)

Writing 2uy in place of y in (5), we have

2d(x)uyδ(2t) + 2G(2uy)[t, d(x)] + 2uyg(2t)d(x)± 4uy[t, T (x)] = 0, ∀ x, y, t, u ∈ L. (6)

Pre-multiplying (5) by 2u and then subtracting from (6), one can see that

2[d(x), u]yδ(2t) + 2(G(2uy)− 2uG(y))[t, d(x)] = 0, ∀ x, y, t, u ∈ L. (7)
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Replacing t by 2tw in (7), we observe that

2[d(x), u]y(2δ(2t)w + 2tδ(2w)) + 4(G(2uy)− 2uG(y))[t, d(x)]w +

+4(G(2uy)− 2uG(y))t[w, d(x)] = 0, ∀ x, y, t, u, w ∈ L. (8)

Post multiplying (7) by 2w and then subtracting from (8), we get

4[d(x), u]ytδ(2w) + 4(G(2uy)− 2uG(y))t[w, d(x)] = 0, ∀ x, y, t, u, w ∈ L. (9)

For p ∈ L, [p, d(v)] ∈ L and hence as above 2[p, d(v)]t ∈ L. Thus we put t = 2[p, d(v)]t
in (9) and get

8(G(2uy)−2uG(y))[p, d(v)]t[w, d(x)]+8[d(x), u]y[p, d(v)]tδ(2w) = 0, ∀ x, y, p, t, u, v, w ∈ L.

By using (7), above relation yields

−8[d(v), u]yδ(2p)t[d(x), w]− 8[d(x), u]y[d(v), p]tδ(2w) = 0, ∀ x, y, p, t, u, v, w ∈ L. (10)

Let V = {u ∈ L | d(u) ∈ L}. By Fact 7, V is also noncentral Lie ideal of R such that
V ⊆ L. Then for v ∈ V , d(v) ∈ L. Thus for u, d(v) ∈ L, we have 2d(v)u ∈ L. Hence replacing
u with 2d(v)u in (10) and then using (10), we get

8[d(x), d(v)]uy[d(v), p]tδ(2w) = 0, ∀ x, y, u, w, p, t ∈ L, v ∈ V. (11)

Above expression yields by Fact 2 that either δ(2L) = (0) or 8[d(x), d(v)]uy[d(v), p] = 0
for all x, y, u, p ∈ L, v ∈ V . Again by using char(R) ̸= 2 and Fact 2, last expression yields
that for each v ∈ V , either [d(x), d(v)] = 0 for all x ∈ L or [d(v), p] = 0 for all p ∈ L. Since
the sets T1 = {v ∈ V |[d(x), d(v)] = 0∀x ∈ L} and T2 = {v ∈ V |[d(v), p] = 0∀p ∈ L} forms
two additive subgroup of V such that T1

⋃
T2 = V . Since a group can not be union of its

two proper subgroups, either T1 = V or T2 = V , that is, either [d(x), d(v)] = 0 for all x ∈ L
and v ∈ V or [d(v), p] = 0 for all p ∈ L and v ∈ V . Now [d(v), p] = 0 for all p ∈ L and v ∈ V
implies [d(v), v] = 0 for all v ∈ V . Then by Fact 4, V is central. This is a contradiction. Thus
we are to consider the following two cases:

Case-1: δ(2L) = (0).
By (9), we have

4(G(2uy)− 2uG(y))t[w, d(x)] = 0, ∀ x, y, t, u, w ∈ L. (12)

By Fact 2, above expression yields either 4(G(2uy) − 2uG(y)) = 0 for all u, y ∈ L or
[w, d(x)] = 0 for all w, x ∈ L. By Fact 4, last expression yields d = 0. It is a contradiction.
Thus by using char(R) ̸= 2, we have G(2uy)− 2uG(y) = 0 for all u, y ∈ L.

Case-2: [d(x), d(v)] = 0 for all x ∈ L and v ∈ V .
Replacing x with 2wv, where w ∈ L, v ∈ V , we have

2[d(w)v + wd(v), d(v)] = 0 (13)

for all w ∈ L and v ∈ V which gives

2d(w)[v, d(v)] + 2[w, d(v)]d(v) = 0 (14)
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for all w ∈ L and v ∈ V . Replacing w with 2pw in (14), where p ∈ L and then using it, we
have

4(d(p)w[v, d(v)] + [p, d(v)]wd(v)) = 0 (15)

for all p, w ∈ L and v ∈ V . In particular, for p = v ∈ V , we have by using char(R) ̸= 2 that

d(v)w[v, d(v)] + [v, d(v)]wd(v) = 0 (16)

for all w ∈ L and v ∈ V . By Fact 8, this implies d(v)w[v, d(v)] = 0 for all v ∈ V and w ∈ U .
Again by Fact 2, d(v) = 0 or [v, d(v)] = 0. In any case we have [v, d(v)] = 0 for all v ∈ V .
By Fact 4, V ⊆ Z(R). It is a contradiction.

Corollary 1. Let R be a prime ring of char(R) ̸= 2 and L a nonzero square closed Lie
ideal of R. Let F : R → R be a multiplicative (generalized)-derivation of R associated to
the map δ : R → R (not necessarily additive nor derivation). If δ(2L) ̸= (0) and there exists
a nonzero derivation d : R → R such that any one of the following holds:

(1) [d(x), F (y)]± [x, y] = 0 for all x, y ∈ L;
(2) (d(x) ◦ F (y))± (x ◦ y) = 0 for all x, y ∈ L;
then L ⊆ Z(R).

Theorem 2. Let R be a prime ring of char(R) ̸= 2 and L a nonzero square closed Lie
ideal of R. Let F,G,H : R → R be a multiplicative (generalized)-derivations of R associ-
ated to the maps d, d, δ : R → R (not necessarily additive nor derivation) respectively and
E, T : R → R be any two maps. If

H(xy) +G(y)F (x)± (T (y)x+ xE(y)) = 0

for all x, y ∈ L, then x[d(x), x] = 0 for all x ∈ 2L.

Proof. If L ⊆ Z(R), the conclusion holds trivially. Therefore, we assume that L ̸⊆ Z(R).
By assumption

H(xy) +G(y)F (x)± (T (y)x+ xE(y)) = 0 (17)

for all x, y ∈ L. Replacing x with 2xz, where z ∈ L in the above relation, we have

H(2xzy) +G(y)(2F (x)z + xd(2z))± (2T (y)xz + 2xzE(y)) = 0 (18)

for all x, y, z ∈ L. Right multiplying (17) by 2z and then subtracting from (18), we have

H(2xzy)− 2H(xy)z +G(y)xd(2z)± 2x[z, E(y)] = 0 (19)

for all x, y, z ∈ L. Putting y = 2yz and x = 2zx respectively in the above relation, we have
the following two relations

H(4xzyz)− 2H(2xyz)z + (2G(y)z + yd(2z))xd(2z)± 2x[z, E(2yz)] = 0 (20)

for all x, y, z ∈ L and

H(4zxzy)− 2H(2zxy)z + 2G(y)zxd(2z)± 4zx[z, E(y)] = 0 (21)
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for all x, y, z ∈ L. Subtracting (21) from (20), we get

H(4xzyz)− 2H(2xyz)z −H(4zxzy) + 2H(2zxy)z + yd(2z)xd(2z)

±(2x[z, E(2yz)]− 4zx[z, E(y)]) = 0 (22)

for all x, y, z ∈ L. In particular, for y = z, we have

H(4xz3)− 2H(2xz2)z −H(4zxz2) + 2H(2zxz)z + zd(2z)xd(2z)

±(2x[z, E(2z2)]− 4zx[z, E(z)]) = 0 (23)

that is

2xz2δ(2z)− 2zxzδ(2z) + zd(2z)xd(2z)± (2x[z, E(2z2)]− 4zx[z, E(z)]) = 0 (24)

for all x, z ∈ L. Putting x = 2zx, above relation yields

4zxz2δ(2z)− 4z2xzδ(2z) + 2zd(2z)zxd(2z)± 4z(x[z, E(2z2)]− 2zx[z, E(z)]) = 0 (25)

for all x, z ∈ L. Left multiplying (24) by 2z and then subtracting from (25), we get

2z[d(2z), z]xd(2z) = 0 (26)

for all x, z ∈ L. This implies 2z[d(2z), 2z]x2z[d(2z), 2z] = 0 for all x, z ∈ L. By Fact 2, it
yields 2z[d(2z), 2z] = 0 for all z ∈ L.

Corollary 2. Let R be a prime ring of char(R) ̸= 2 and L a nonzero square closed Lie ideal
of R. Let H : R → R be a multiplicative (generalized)-derivation of R associated to the map
δ : R → R (not necessarily additive nor derivation). If there exists a nonzero derivation d of
R such that any one of the following equalities holds:
(1) H(xy) + d(y)d(x) + yx = 0, (2) H(xy) + d(y)d(x) + xy = 0,
(3) H(xy) + d(y)d(x) + [x, y] = 0, (4) H(xy) + d(y)d(x) + (x ◦ y) = 0

for all x, y ∈ L, then L ⊆ Z(R).

Proof. By Theorem 2, we have x[d(2x), x] = 0 for all x ∈ L. Since d is additive and char(R) ̸=
2, x[d(x), x] = 0 for all x ∈ L. Then by Fact 5, conclusion follows.

Theorem 3. Let R be a prime ring of char(R) ̸= 2 and L a nonzero square closed Lie ideal
of R. Let G : R → R be a multiplicative (generalized)-derivation of R associated to the map
d : R → R (not necessarily additive nor derivation) and T : R → R be any map. If

T (xy) +G(x)y ± (yx+ xy) = 0

for all x, y ∈ L, then L ⊆ Z(R) and d(2L) = (0), G(2uv) = 2G(u)v for all u, v ∈ L.

Proof. By assumption
H(xy) +G(x)y ± (yx+ xy) = 0 (27)

for all x, y ∈ L. Replacing x with 2xz, where z ∈ L in the above relation, we have

H(2xzy) + 2G(x)zy + xd(2z)y ± 2(yxz + xzy) = 0 (28)
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for all x, y, z ∈ L. Replacing y with 2zy in (27), we have

H(2xzy) + 2G(x)zy ± 2(zyx+ xzy) = 0 (29)

for all x, y ∈ L. Subtracting (29) from (28), we get

xd(2z)y ± 2[yx, z] = 0 (30)

for all x, y, z ∈ L. Replacing x with 2zx in (30) and then using (30), we obtain the relation
4[[y, z]x, z] = 0 for all x, y, z ∈ L. Putting x = 2xy in above relation we obtain 8[y, z]x[y, z] =
0 for all x, y, z ∈ L.

Since char(R) ̸= 2, we have [y, z]x[y, z] = 0 for all x, y, z ∈ L. If L ̸⊆ Z(R), then by
Fact 2, it yields [L,L] = (0). It implies L ⊆ Z(R) by Fact 6. This is a contradiction. Thus
L ⊆ Z(R). Then by (30), one has d(2L) = (0), because the center of a prime ring contains
no divisor of zero. Hence G(2uv) = 2G(u)v for all u, v ∈ L.

By Fact 3, the following corollary is straightforward.

Corollary 3. Let R be a prime ring of char(R) ̸= 2 and L a nonzero square closed Lie ideal
of R. Suppose that R admits a nonzero derivation d : R → R and T : R → R be any map.
If

T (xy) + d(x)y ± (yx+ xy) = 0

for all x, y ∈ L, then L ⊆ Z(R).

Theorem 4. Let R be a prime ring of char(R) ̸= 2 and L a nonzero square closed Lie ideal
of R. Let F : R → R be a multiplicative (generalized)-derivation of R associated to the map
d : R → R (not necessarily additive nor derivation) and T : R → R be any map. If

F (x)F (y) + T (x)y ± yx = 0

for all x, y ∈ L, then L ⊆ Z(R) and d(2L) = (0), F (2uv) = 2F (u)v for all u, v ∈ L.

Proof. By assumption
F (x)F (y) + T (x)y ± yx = 0 (31)

for all x, y ∈ L. Replacing y with 2yz, where z ∈ L in the above relation, we have

F (x)(2F (y)z + yd(2z)) + 2T (x)yz ± 2yzx = 0 (32)

for all x, y, z ∈ L. Right multiplying (31) by 2z and then subtracting from (32), we get

F (x)yd(2z))± 2y[z, x] = 0 (33)

for all x, y, z ∈ L. Replace x with 2xt and y with 2ty respectively, t ∈ L, in above equation
we have the following two equations:

(2F (x)t+ xd(2t))yd(2z))± 4y[z, xt] = 0 (34)

for all x, y, z, t ∈ L and
2F (x)tyd(2z))± 4ty[z, x] = 0 (35)
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for all x, y, z, t ∈ L. Subtracting (35) from (34), we have the following

xd(2t)yd(2z))± 4(y[z, xt]− ty[z, x]) = 0 (36)

for all x, y, z, t ∈ L. Put x = 2ux, where u ∈ L, in (36) and then using (36), we get

8{y[z, uxt]− ty[z, ux]− uy[z, xt] + uty[z, x]} = 0 (37)

for all x, y, z, t ∈ L. Put x = 2xz in (37) and then using (37), we get

16{y[z, uxzt]− uy[z, xzt]− y[z, uxt]z + uy[z, xt]z} = 0 (38)

for all x, y, z, t ∈ L. Put y = 2py, p ∈ L in (38) and then using (38), we get

32{−[u, p]y[z, xzt] + [u, p]y[z, xt]z} = 0 (39)

for all x, y, z, p, t ∈ L. Since char(R) ̸= 2, above equation yields [u, p]y[z, x[z, t]] = 0 for all
x, y, z, p, t ∈ L.

If L ̸⊆ Z(R), then by Fact 2, either [L,L] = (0) or [z, x[z, t]] = 0 for all x, y, z, p, t ∈ L.
Now [L,L] = (0) implies L ⊆ Z(R) by Fact 6. It is a contradiction. In this last expression
again replacing x with 2tx we get [z, t]x[z, t] = 0 for all x, z, t ∈ L. Again by Fact 2, it gives
[L,L] = (0). It implies L ⊆ Z(R) by Fact 6. This is a contradiction.

Therefore, L ⊆ Z(R). Then by (36), we have d(2L) = (0), since center of a prime ring
contains no divisor of zero and d(Z(R)) ⊆ Z(R) (see Fact 10). Hence F (2uv) = 2F (u)v for
all u, v ∈ L.

By Fact 3, following corollary is straightforward.

Corollary 4. Let R be a prime ring of char(R) ̸= 2 and L a nonzero square closed Lie ideal
of R. Suppose that R admits a nonzero derivation d : R → R and T : R → R be any map.
If

d(x)d(y) + T (x)y ± yx = 0

for all x, y ∈ L, then L ⊆ Z(R).

Theorem 5. Let R be a prime ring of char(R) ̸= 2 and L a nonzero square closed Lie ideal
of R. Let F : R → R be a multiplicative (generalized)-derivation of R associated to the map
δ : R → R (not necessarily additive nor derivation) and T : R → R be any map. If there
exists a nonzero derivation d of R such that

d(x)d(y) + T (x)y + F (yx) = 0

for all x, y ∈ L, then L ⊆ Z(R).

Proof. We assume that L ̸⊆ Z(R). By assumption

d(x)d(y) + T (x)y + F (yx) = 0 (40)

for all x, y ∈ L. Replacing y with 2yx in the above relation, we have

2d(x)(d(y)x+ yd(x)) + 2T (x)yx+ 2F (yx)x+ yxδ(2x) = 0 (41)
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for all x, y ∈ L. Right multiplying (40) by 2x and then subtracting from (41), we get

2d(x)yd(x) + yxδ(2x) = 0 (42)

for all x, y ∈ L. Replacing y with 2xy in above equation, we obtain

4d(x)xyd(x) + 2xyxδ(2x) = 0 (43)

for all x, y ∈ L. Pre-multiplying (42) by 2x and then subtracting from (43), we have the
following 4[d(x), x]yd(x) = 0 for all x, y ∈ L. Above relation implies 8[d(x), x]y[d(x), x] = 0
for all x, y ∈ L. By Fact 2 and char(R) ̸= 2, it yields [d(x), x] = 0 for all x ∈ L. By Fact 4,
it gives L ⊆ Z(R). But this is a contradiction.

The following example shows that the primeness hypothesis in the theorems is not
superfluous.

Example 1. Let R =


0 a b
0 0 c
0 0 0

 : a, b, c ∈ Z

 . Since0 0 1
0 0 1
0 0 0

R

0 1 1
0 0 1
0 0 0

 =

0 0 0
0 0 0
0 0 0

 ,

R is not prime. Define the mappings F, d : R → R by

F

0 a b
0 0 c
0 0 0

 =

0 0 b
0 0 c2

0 0 0

 , d

0 a b
0 0 c
0 0 0

 =

0 0 b
0 0 c
0 0 0

 .

Then it is easy to verify that d is a derivation, F is not additive map in R, but F (xy) =
F (x)y + xd(y) holds for all x, y ∈ R. Hence, F is a multiplicative (generalized)-derivation
associated with the map d. Assuming

L =


0 a b
0 0 0
0 0 0

 : a, b ∈ Z

 ,

a nonzero square closed Lie ideal of R, we have [d(x), F (y)]±[x, y] = 0 and d(x)◦F (y)±x◦y =
0 for all x, y ∈ L. Since d(2L) ̸= (0) and L is noncentral, the primeness hypothesis is not
superfluous in Corollary 3.2.
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