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For an entire transcendental function f and a sequence (A,) of positive numbers increa-
sing to +oo a series A(z) = Y 07 anf(A,2) in the system {f(A,2)} is said to be regularly
convergent in C if M(r, A) = > |an|Ms(rA,) < +oc for all r € (0,+00), where My(r) =
max{|f(z)|: |z| = r}. Conditions are found on (A,) and f, under which In9i(r, A) ~ In u(r, A)
as 7 — 400, where pu(r, A) = max{|a,|My(rA,): n > 1} is the maximal term of the series.
A formula for finding the lower generalized order

oy @30 4)
Aa,ﬁ[A] - rlﬁoo 5(7")

is obtained, where the functions o and g are positive, continuous and increasing to +oo.
The open problems are formulated.

1. Introduction. Let

fz) =) fiz" (1)

be an entire transcendental function, M(r) = max{|f(z)|: |z| = r} and A = (\,,) be a
sequence of positive numbers increasing to +o00. Suppose that the series

A(2) =) anf(An2) (2)
n=1
in the system f(\,z) regularly convergent in C, that is

M(r, A) := Z lan|M¢(rA,) < +o0 for all r € [0, +00).
n=1
It is clear that many functional series arising in various sections of the analysis can be written
as series by a system of functions { f(\,z)}. In particular, for example, in articles [1-4] B.V.
Vinnitskii investigated under the most general conditions on a function f itself and on the
sequence (A, ), both the basicity of this system of functions and the properties of series on this
system. In [5, 6] there were obtained the conditions under which, for series of the form (2),
as well as integrals of the form f0+oo a(t) f(tx)v(dt) that are a generalization of such series,
the Borel-type asymptotic relation holds outside some set of finite Lebesgue measure, where
f is a positive functions on (0,+o00) such that the function In f(x) is convex on (0, +00).
In [7], the Borel-type relation was considered for more general positive integrals of the form
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MAXIMAL TERM OF SERIES IN SYSTEMS OF FUNCTIONS 47
0+°° a(t) f(tx+5(t)7(x))v(dt), which are, in particular, generalizations of series of the Taylor-
Dirichlet type. In the end, modern e-search systems will allow the reader to easily find both
other articles about the series on this general system of functions, and on the specific systems
of functions, such as the Mittag-Leffler functions, the Bessel functions, and many others. This
article continues the study of the properties series of form (2), which was started by the first
author in articles [8-10].
Let pu(r, A) = max{|a,|M¢(r\,): n > 1} be the maximal term of series (1) and v(r, A) =
max{n > 1: |a,|Ms(rX,) = pu(r, A)} be its central index.
Since function (1) is transcendental, the function In M(r) is logarithmically convex and,

thus, dn M (r
Le(r) = —dlnj;( ) 400, 1= 400,

(at points where the derivative does not exist, under M) eans right-hand side deri-

vative). The function I'¢(r) plays an important role in the study of the properties of series
in system of functions. For example, in [9] it is proved that the functions In u(r, A), Ay(r.a)
and v(r, A) are non-decreasing and

"Te(th,
In p(r, A) — In u(ro, A) = / Mdt, 0 < 1o < r < 40,
T0

Here we will study the conditions for the equivalence of the logarithms of the functions
M(r, A) and pu(r, A), a behavior of u(r, A) and v(r, A) in the case when I'f(r) 1 +o00 and

apply the results obtained to finding formulas for lower generalized orders.

2. Equivalence of InM(r, A) and Inu(r, A). Let h be a positive continuous function on
[0,400) increasing to +oo and Sp(f,A) be a class of the function A such that
lan| M (Auh(An)) — 0 as n — +oo, whence |a,| < 1/M;(Ah(\,)) for n > n°. For simplicity,
we will assume that n® = 1.
Let ng(r) = min{n: h(\,) > qr}, ¢ > e. Then
no(r)—1

Mr, A) < D lanMp(rha) + 3 Mp(rhn)/MpAah(n) <
n=1 n=no(r)
< (no(r) — Z My(Anh(An)/a) [ My(Anh(An))-
n=no(r)
Since f h(/\’\") s(x)dInz > T'p(Ah(N,)/q) Ing, we have
My(Ah(Xn)/q) )
]\gf()\nh( ) = exp{ - /nh()\n)/q Ff(x)dlnm} <exp{-Tr(Ah(N,)/q) Ing}
and o0
M(r, A) < (no(r) — Dp(r, A) + Y exp {=T(h(A)) Ing}, (3)

provided A, > ¢. Suppose that Inn < pI'f(h(A,)) for all n > 1. Then for ¢ > e” we obtain

o0

Zexp{—Ff( (A 1nq}<Zexp{—71nn} = Ki(q) < +o0.

n=1
Therefore, (3) implies M(r, A) < (no(r) — )u(r, A) + Ki(q) and, thus,
In p(r, A) 1< In(ng(r) —1)  Inu(r, A)
In9M(r,A) = = InM(r, A) InM(r, A)
Now, by E we denote a class of entire functions (1) such that r = O(In My(r)) and

In M¢(r) = O(I'f(r)) as r — 4o00. Then for f € E, In Ms(r) = o(InM(r, A)) as r — +o0.

+o(1), r— 4o0. (4)
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Indeed, M(r, A) > |a,|Ms(rA,) implies InMi(r, A) > In|a,| + In My(rA,). On the other
hand, since I'y(r) /In My(r) > n > 0 for all r, we get

In M¢(r),) A dnIn M (r) /”n T'(r)
—— — 11 = — I 1 >
In My(r) exp{/r dlnr d nr} eXp{ ., lan('r)d nr} .

rAn
Zexp{/ ndlnr} =exp{nln\,} = \!

for all n. In view of the arbitrariness of A, we get In M;(r)) = o(In M¢(rA,,)), i.e. In My(r)) =
= o(InM(r, A)) as r — +oo.

Finally, suppose that Inn = O(h(\,)) as n — oco. Then Inn = O(T'f(h(\,))) as n — o0
and, since h(A,y)—1) < qr, we get In(ng(r) — 1) = O(r) = O(In M¢(r)) = o(InM(r, A)) as
r — +00. Therefore, from (4) it follows that InMt(r, A) ~ In pu(r, A) as r — +o0.

Thus, the following theorem is true.

Theorem 1. Let h be a positive continuous function on [0,+00) increasing to +oo.
If Inn = O(h(\,)) as n — oo then In9M(r, A) ~ Inpu(r,A) as r — +oo for every functi-
ons A€ S,(f,A) and f € E.

Condition Inn = O(h(A,)) as n — oo in Theorem 1 cannot be relaxed; this is shown by
the following statement.

Proposition 1. Let h be a positive continuous function on [0,+00) increasing to +oc.
For any positive continuous function « on [0,+00), slowly increasing to +oo, there exist
functions f € E and A € Su(f,A) such that Inn = O(a(\,)h(\,)) as n — oo and the
relation In M (r, A) ~ In u(r, A) as r — +o0o is not satisfied.

Indeed, the function f(z) = e* belongs to E, and then A(z) = > °7  a,e** is an entire
Dirichlet series. For such function A this proposition is prowed in [11].

Theorem 1 is supplemented by the following assertion.

Proposition 2. Let h be a positive continuous function on [0,+00) increasing to +oo. If
Inr = O(I'y(r)) as r — +oo and Inn = O(In h(A,)) as n — oo then InM(r, A) ~ In pu(r, A)
as r — oo for every function A € S,(f,A).

Indeed, since Inn = O(Inh(\,)) = O(I'y(h(X\,))) as n — oo, from (3) we obtain again
(4). Also Inh(Ayy-1) < In(gr) and, thus, In(ng(r) — 1) = O(Inh(Ayymy-1)) = O(lnr) =
o(In M¢(r)) = o(InM(r, A)) as r — +oo. Therefore, from (4) it follows that InMi(r, A) ~
In p(r, A) as r — +o0.

3. Maximal term and central index of some class of series in the system of
functions. Now, we suppose that I'f(r) T 400 as  — +o00. Then for all n > 1

)\n+1
/ Li(rz)dnz 1+ +o0, r — 400,
An

and as above

My (TAnt1)

'r')\n+1 )\n+l
—ZGXP{/ r xdlnx}zexp{/ L(ra dlnx}T+oo, r — +00.
Mf<r)‘n) An f( ) An f( )

If all a,, # 0 then from hence it follows that the equation My (rA, 1)/ Ms(rA,) = |an|/|an+1]
has unique solution r = ,, i.e.

|a’n|/|an+1| = Mf(%n)\nJrl)/Mf(%n)\n)
Let s, /400 and j < n. Then
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laj| laj]  |an—]
ajiillajia]  an|
My (sen\j1) My(360\j12) M (50 Mn)
My(3en ;) Mp(seu)ji1)  Myp(stAn1)

|| M¢(s0,);) = |an||

< |an|

If 7 > n then

laj| faj—1|  |ani]
|a;| My (32,);) = |ag|— M (50,) =

a1l laj-2| " an]
My (561 Xj—1) My(s650Xj—2)  My(560An)
My(sj1;) My(s620i1)  Mp(samAnia)
Thus, p(s,, A) = |a,| M (3,\,) for all n > 1.
Now, let s, T 400 and 3¢, 1 <7 < s,. Then for j < n as above
4| Mp(rdy) _ Myp(GeiAjen) — My(oeadn) My(rd) - My(oam—1An) My(r);)
|an|Mp(ran) — My(sgh;)  Myp(sea1dn-1) Mp(rAn) = Myp(se-1A;) My(rA,)
and for j >n
4| My(rdy) _ My(eiiAi—n) — MpGad) [My(rdy) o MyGada) [Me(rd;)
|an|My(rAn) — My(sgoa;)  My(adnar) My(rAn) = My(saA;) Mp(ran) —
and, thus, p(r,A) = |a,|M¢(r),) and v(r, A) = n. Therefore, the following theorem is
correct.

= |an] My (56025) < fan| My (560 n).

<1

Theorem 2. If s, / +oo as n — +oo then p(s,, A) = |a,|M(se,M\,). If 32, T 400 as
n — +oo then pu(r, A) = |a,|Ms(r),) and v(r,A) = n for all v € [36,_1, 5,) and all n > 1.

4. Lover generalized order. As in [12| by L we denote a class of continuous non-negative
on (—oo, +00) functions a such that a(x) = a(zg) > 0 for x < ¢ and a(x) T +oo as
rg < x — +oo. We say that a € L% if @« € L and o((1 + o(1))z) = (1 + o(1))a(z) as
x — 4o00. Finally, a € Ly, if « € L and a(cz) = (1 4+ o(1))a(x) as © — +oo for each
c € (0, +00), i.e. a is a slowly increasing function. Clearly, L, C L°.
For a € L and 8 € L quantity
— a(lnM(r, A))
wglAl = 00N = 1 —_—
OaplA] = 0apM] = lim B0
is called [9] generalized («, 3)-order of the entire function A.
Suppose that a(e®) € L°, B(z) € L® and —2——~ — 0 as r — +oo for each ¢ €

a~1(cB(r))
(0, 400). If Inn = o(I'y(A\,)) as n — oo, Imn My (r) = O(LI'y(r)) and I's(r) = O(r) as r — +o0
then [9] _ a(An)

ol = 0 ST ) )

Here we define a lower generalized (o, 3)-order

. a(lnMm(r, A))
AaplA] = Ao M = lim —————
o] = Aaglo] = lim S
and prove the same formula for A, g[A].
We need the following lemma [9].

Lemma 1. If Inn = O(I'f(\,)) as n — oo then u(r,A) < M(r,A) < Ku(qr,A),
(K = const > 0) for ¢ > 1 and all r > 1. If Inn = o(I'f(\,)) as n — oo then p(r,A) <
M(r,A) < K(e)pu((L+¢€)r, A), (K(e) > 0) for every € > 0 and all r > 1.
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Lemma 1 implies the following statement.
Proposition 1. Let a(Inz) € Ly,. If either Inn = O(I'y(\,)) as n — oo and f € Ly or
Inn =o(l'f(\,)) asn — oo and 8 € L° then

- = lim M
Ao glA] = Aaplp] = lim Bry

Proof. If Inn = O(I'f(\,)) as n — oo and § € Ly then by Lemma 1

a(In u(r, A)) < lim a(InM(r, A) < lim a(Inp(gr, A) + In K) Tm Blar) _
r—+oo 5(7') ot 5(7”)  r5too B(QT) r=+00 5(7')
a(lnp(r,A)) — Blgr) a(lnp(r, A))

= 1 —_— 7 = 1
e Br) ot B(r) oo B

If Inn = o(I'f(\,)) as n — oo then similarly we obtain
lim a(ln9M(r,A)/B(r) < lim ao(npu(r, A))/B(r) g_in B((1+¢e)r)/B(r).

r—+00 r—+00
It is known [6] that if 3 € L° then @ B((1+e)r)/B(r) N1 as e \ 0. O
r—r+00

Using Theorem 2 and Proposition 3 we prove the following theorem.

Theorem 3. Let a(e®) € L° B(z) € L° M_TW — 0 as r — +oo for each
c € (0, +00). Suppose that I'y(r) < r as r — +oo. If a(Apy1) ~ a(\,), 2, / 400 and
Inn = o(I'¢(\,)) as n — oo then
Nas[A] = 0 5[4] = lim (M)
o,B = Oqg,8 = 11m — .

Proof. At first we remark that 0 < ¢;7 < T'y(r) < cor < 400 for all r.

Suppose that o4 [A] > 0. Then |a,| > 1/M; (A" (a(N,)/0) ) for every o € (0, 04 5[A])
and all n > ng(c). We choose r =, = 87! (a()\,) /o) + 1. Then for r, <r < r,,; we have

Inp(r,A) > Inp(r,, A) > In|a,| +In Ms(r,A,) >
>In My (A, (B (@A) /o +1))) —In My (MBS (a(M) /o)) =
A (B (@00m) o) +1)
/

L 1
_ Ty()dinz > Ty (AS~" (a(M)/o)) In (1 + 5 (Q(An)/g)) >

28 alAn)/o)
> e (a(h) /o) n (1+ =

) =(1+0(1))c1 Ay, n— 0.

1
(@(An)/0)
Therefore, since a € Lg; and 3 € LY,

1 A 1 A
Aa,ﬂ[,u] — h_m Od(n/j(?", )) Z h_m Oé(HILL(T’n, )) Z h_m UCY(Cl)\ﬂ) =0,
r—-+00 B(T) n—o00 ﬁ(rnJrl) n—o00 a<)\n+l)
because o € Lg; and a(A\11) ~ a(Ay,) as n — oco. In view of the arbitrariness of o we obtain
the inequality o, 5[A] < A\aplp] that is obvious if o, g[A] = 0.

Now suppose that o, 3[A] < 4+00. Then for every o > 0, 3[A|) there exists a sequence
(n;) — oo such that |a,,| < 1/My (M, 87" ((An,)/0)). Since 3¢, 7 +o0 as n — 400, by
Theorem 2 we have i(5¢,,, A) = |an,| My (26, An;). Let m € {n;}. Then

p(5m, A) < My(senm) [ My (A (M) /) ) < 11" (30m),
where £*(r) = max{M;(rA,) /M (A~ ((N,)/0)) : n > 1}. Therefore,
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alnp(n,A) _ . a(npGand) _ o allng ()
Aaglp] = lim < lim < lim —————
#lk) r—+00 B(r) m—-+00 B(5m) motoo  B(5m)
In [9] (see the proof of Theorem 4) it is proved that if a(e®) € LY, M‘IIHW — 0asr — 400

for each ¢ € (0, +00) and I'y(r) < cor then

lim _a(Inp*(r))/B(r) < 0.

r—+400

Therefore, in view of the arbitrariness of o we obtain the inequality A\, g[u] < 04 p[A] that is
obvious if 0, g[A] = +00. Thus, A\, 5[] = 045[A] and by Proposition 2 A, s[A4] = 04 5[4]. O

Remark 1. In Theorem 3, conditions 3(x) € L and Inn = o(T';(\,)) as n — oo can be
replaced by conditions 5(z) € Ly and Inn = O(I'y(\,)) as n — oo.

The functions a(r) = In™ x and B(z) = T satisfy the conditions of Theorem 4. There-
fore, the following statement is correct.

Corollary 1. Let the function f and the sequence ()\,) satisfy the conditions of Theorem 3.
If 5, /" +00 as n — oo then
. InlnM(r, A)) _ AnIn A,
lim ————> = lim ——————.
r——+o0o r n—00 Mf (1/’@,1’)

The functions a(z) = B(x) = In" x not satisfy the conditions of Theorem 3. In this case
we put
InlnM(r, A
ANA = L IR A))
r—+00 Inr
and prove the following statement.

Inln My (r)

Proposition 2. Let 7 = O(['4(r)) as r — 400 and lim < 1. IflnAyg ~ In A,

n— oo
s, /400 and Inn = O(I'f(\,)) as n — oo then

) In A,
MNAl=0[Al+1, o[A] = 7}1_)_I1;1() ln(M;1<1/’anD/)\n>.

Proof. Suppose that o[A] > 0. Then |a,| > 1/Mf()\711+1/0) for every o € (0, o[A]) and all
n > ng(c). We choose r =r,, = INY Then for r, <r < Tni1 We have
2 te

In gu(r, A) > In Mp(2ALFY7) —In Mp(ALHV7) = / +1/ Mdm > e At
)\'}7, 1/o

x
Since In A\, 1 ~ In \, as n — oo,

Inl A Inln p(ry', A In(ci A °
r——4o00 Inr n—00 In T'n+1 n—00 ]n(QAnfl)

In view of the arbitrariness of o € (0, 0[A]) we obtain the inequality A[u] > o[A] + 1.
The inequality I'(r) > ¢ implies

Inp(r,A) > InMs(r) > (14 o(1)err

as rog < r — 400, i.e. A[u] > 1 and the inequality A[u] > o[A] + 1 holds at o[A] = 0.
On the other hand, if o[A] < 400 then |a,,| < 1/Mf()\i;rl/g) for every o > o[A]) and
some sequence (n;) — oo. Therefore, for m € {n;} as above we get u(se,, A) < p* (),
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where £*(r) = max{M;(r),) /M;(ALT/?): n > 1}. In [9] (see the proof of Theorem 5) it is
proved that

— Inlnu* — Inln M
i W) gy M)
r—+400 Inr r—r+4-00 Inr
Therefore,
Inl A Inl ms A . Inlnp* (e,
Al = tim BRACA) g Indnsbe ) oy ndn (o)
r——4o00 Inr m——+o00 In ¢, m—+4-00 In s,
— Inlnp* — Inlnp” — InlnM
< T BIEGE) g i) gy gy M)
m—+oo  In s, r—+oo  Inr r—+400 Inr
In view of the arbitrariness of o we obtain the inequality A[u] < 1+ o[A] that is obvious if
o[A] = +o0. O

5. Some open problems. If f(z) = e* then A(z) = F(z), where
F(z) = ZaneA”Z, z =0+ 1t,

n=1

is an entire Dirichlet series. We put (o) = >°°7 |a,|e* and p(o) = max{|a,|e*7: n >
1}. Then [11] In9M (o) ~ Inu(o) as 0 — +oo, provided |a,| < exp{—A,(h(\,)} for n > ny
and Inn = O(h()\,)) as n — oo, where h is a positive continuous function on [0, +00)
increasing to +o00. Therefore, we can consider that Theorem 3 is a generalization of this result.
In [14,15] it is studied conditions under which p(In9t(0)) ~ ¢(In (o)) as ¢ — +oo, where
¢ is a positive continuous function on [0,400) increasing to +oc. The following question
arises.

Question 1. For a given function ¢ under what conditions the relation

p(InM(r, A)) ~ @(In p(r; A))
holds as r — +oo for the entire functions A of form (2)?

Using the Wiman-Valiron method, in [16] it is proved that the asymptotitc estimate
InM(o) ~ Inp(o) holds as 0 < o — 400 outside some exceptional sets of finite measure for
each Dirichlet series with a given sequence of exponents ()\,) if and only if

Zni\ < 400.

n=1

The conjecture about the correctness of this statement was posed in [17]. The following
conjecture seems to be correct.

Conjecture 1. If

o)

1
Z 00 < +00

n=1

then InOM(r, A) ~ In pu(r, A) as r — 400 outside some exceptional set E such that

r
/ﬁd$< 400
E

x
for the every entire functions A of form (2).

Question 2. The condition I'f(r) < r asr — +oo in Theorem 3 appeared due to the applied
method. Can it be weakened?
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