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As it is known, conformal mappings are locally Lipschitz at inner points of a domain, and
quasiconformal (quasiregular) mappings are locally Holder continuous. As for estimates of the
distortion of mappings at boundary points of the domain, this problem has not been studied
sufficiently even for these classes. We partially fill this gap by considering in this manuscript
not even local behavior at the boundary points, but global behavior in the domain of one class
of mappings. The paper is devoted to studying mappings with finite distortion. The goal of our
investigation is obtaining the distance distortion for mappings at inner and boundary points.
Here we study mappings satisfying Poletsky’s inequality in the inverse direction. We obtain
conditions under which these mappings are either logarithmic Holder continuous or Holder
continuous in the closure of a domain. We consider several important cases in the manuscri-
pt, studying separately bounded convex domains and domains with locally quasiconformal
boundaries, as well as domains of more complex structure in which the corresponding distorti-
on estimates must be understood in terms of prime ends. In all the above situations we show
that the maps are logarithmically Holder continuous, which is somewhat weaker than the usual
Holder continuity. However, in the last section we consider the case where the maps are still
Hoélder continuous in the usual sense. The research technique is associated with the use of the
method of moduli and the method of paths liftings. A key role is also played by the lower bounds
of the Loewner type for the modulus of families of paths, which are valid only in domains with
a special geometry, in particular, bounded convex domains. Another important fact which is
also valid for domains of the indicated type, is the possibility of joining pairs of different points
in a domain by paths lying (up to a constant) at a distance no closer than a distance between
above points.

1. Introduction. The manuscript is devoted to the study of mappings with finite distortion,
more precisely, classes of mappings satisfying inverse Poletsky-type moduli inequalities. Such
estimates are important because they are part of the definition of quasiconformality by
Viiséld (see [1]), and more general classes of maps may also be studied in the context of
modulus distortion (see e.g. [2]). In several of our recent papers we have obtained results
on the distortion of mappings with controlled upper and lower distortion of the modulus
of families of paths. Such estimates have been obtained in various situations, including on
the plane, when the mappings are solutions of the Beltrami equation, and in space, when
these mappings satisfy the generalized Poletsky inequality in one of two versions, see, for
example, [3], [4], [5], [6], |[7] and [8]; see also Remark 1 on this occasion. In particular, the
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most common growth estimate that is performed for the mappings in the cited publications
is the logarithmic estimate, although in some individual situations the mapping is Holder
continuous, or even Lipschitz continuous, see, for example, [3].

Let us move on to definitions. A Borel function p: R" — [0, 00| is called admissible for a
family ' of paths v in R™ if the relation

tﬁmmwl (1)

v

holds for any locally rectifiable path v € I'. Given p > 1, p-modulus of I' is defined as

M) = inf / o (2)dm(x). @)

pcadmI’

Let M(T') := M,(T"). Let @Q: R™ — [0,00] be a Lebesgue measurable function. Given
a domain D C R", we say that f: D — R" satisfies the inverse Poletsky inequality with
respect to p-modulus if the relation

W< [ QW pdnty 3
f(D)

holds for any family of paths I' in D and any p, € adm f(I"). Regarding the use of inequa-
lity (3) for p = n, we may point, for example, to [11, Theorem 3.2, [12, Theorem 6.7.11] and
[2, Theorem 8.5]). At the same time, regarding the use of similar inequalities for p # n we
may point to [9] and [10].

Some upper estimates for | f(x)— f(y)| were proved in [7], where f is defined in a domain D
and satisfies (3) for p = n, besides that, f denotes the boundary extension of f onto D, and
the points z,y belong to U N D while U is some neighborhood of a (fixed) point zy € dD.
The purpose of this paper is to obtain similar results for p > n and any points x,y € D, not
only z,y € UND.

Note that the distortion estimates under non-conformal modulus are useful in the study
of composition operators in the Sobolev spaces, see Remark 2. Observe that, the boundary
continuous extension of mappings satisfying inequality (3) for p > n, as well as their equi-
continuity in the closure of the domain were established in [9] and [10]. However, explicit
estimates of the distortion at the boundary points for mappings in (3) have not been obtai-
ned. In addition, we show that mappings with the inverse Poletsky inequality are Holder
continuous for p > n whenever the majorant ) in (3) is integrable. This circumstance si-
gnificantly distinguishes this case from p = n, since in this case the mapping is logarithmic
Holder continuous, which is weaker than the usual Holder continuity.

Let us give some more necessary definitions. A mapping f: D — R" is called discrete if
{f7'(y)} consists of isolated points for any y € R™, and open if the image of any open set
U C D is an open set in R”. A mapping [ between domains D and D’ is said to be closed if
f(FE) is closed in D’ for any closed set E C D (see, e.g., [13, Section 3]).

Given sets E, ' C R™ and a domain D C R" we denote by I'(E, F, D) the family of all
paths 7: [a,b] — R" such that v(a) € E,~(b) € F and ~(t) € D for t € (a,b). Due to [14], a
domain D in R" is called quasiextremal distance domain (QFE D-domain for short) if

M(T(B, F,R")) < Ay - M(T(E, F, D)) (4)
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for some finite number Ay > 1 and all continua £ and F' in D. Observe that a half-space or

a ball are examples of quasiextremal distance domains, see [15, Lemma 4.3].
In the extended Euclidean space R® = R"™ U {oo} we use the spherical (chordal) metric
en+1 1)

h(z,y) = |7(x)—m(y)|, where 7 is a stereographic projection of R” onto the sphere S"(<z, 1
in R"*!, and

1 |z — g

—7 h(x7 y) =
Y1+ [l V1 a1+ [yl

(see e.g. [1, Definition 12.1]). Given A, B C R™ we define
h(A, B) = (z,y),  h(A) = sup h(z,y),

inf h
r€A,yeB z,y€A
where h is a chordal metric in (5). Similarly, put
d(A,B)= inf |z—y|, d(A)= sup |z —yl|
reA,yeB

z,yeA

h(z,00) =

, T 700,y # 00 ()

Set
B(zg,7) ={z € R": |v — x| <71}, B"=DB(0,1), S(zo,r)={z€R": |z —x0| =71}

A continuum is a connected compactum in R™. The continuum is called non-degenerate, if
it is not a single point. Given § > 0, p > 1, domains D, D’ C R™, n > 2, a non-degenerate
continuum A C D’ and a Lebesgue measurable function Q: D' — [0,00] we denote by
&5 1o(D,D') a family of all open discrete and closed mappings f of D onto D’ satisfying
the relation (3) such that h(f~'(A),0D) > 4. The following result was formulated and
proved for the case p = n in [7] in the “local version”, i.e., at the neighborhood of the fixed
point.

Theorem 1. Let n > 2, p > n, and let Q € LY(D’), let D be a bounded quasiextremal
distance domain, and let D' be a convex bounded domain. Then any f € &% 4 5(D, D’) has

a continuous extension f: D — D’ and there exists C = C(n,p, A, D, D') > 0 such that

I I 1/p1n—1/n 0
7@) = Tl < - (@) Mog™ " (14 =) (6)

for all z,y € D and f € 6§,A7Q(D, D), where ||Q||; is a norm of the function Q in L*(D’).

The following definition in a slightly modified form was proposed in [16], cf. [17]. The
boundary of a domain D is called locally quasiconformal, if every point zo € 0D has a
neighborhood U, for which there exists a quasiconformal mapping ¢ of U onto the unit ball
B" C R” such that ¢(0D NU) is the intersection of the unit sphere B" with a coordinate
hyperplane z,, = 0, where x = (1, ..., z,). Note that, with slight differences in the definition,
domains with such boundaries are also called collared domains (see [16]). Let us say a few
words about the mapping of . Observe that, quasiconformal mappings are locally Holder
continuous (see [12, Theorem 1.11.II1]). By the above-mentioned definition, there is C' > 0
and some exponent 0 < o < 1 such that

(C) Fe—yls <lp7 @) ='W < C-lz—y|*  Va,yeB". (7)

Given 0 < a < 1, we say that, the boundary of a domain D is a-locally quasiconformal,
if 9D is locally quasiconformal and the mappings ¢ may be chosen such that (7) holds for
some C' > (. The following result holds.
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Theorem 2. Letn > 2, p>n, 0 < a <1, let Q € L'(D’), let D be a bounded domain
with a a-locally quasiconformal boundary, and let D’_be a bounded convex domain. Then
any f € Gf;,A?Q(D, D') has a continuous extension f: D — D'  besides that, there is C' > 0
such that

7 7 1/p1...—1/n 0
7) = )] < € (@) g™/ (14 =) (8)

for any x,y € D and f € &5 4 o(D, D"), where [|Q||y is a norm of Q in L*(D").

We will separately consider the case of domains with complex geometry. In this case, di-
stortion estimates should be understood in the terminology of the so-called prime ends. The
definitions and notations used below are fully consistent with our previous publication [6],
cf. [17]. In particular, a bounded domain D in R" is called regular, if D can be quasi-
conformally mapped to a domain with a locally quasiconformal boundary whose closure
is a compact in R", and, besides that, every prime end in D is regular. Note that the
space Dp = D U Ep is metric, which can be demonstrated as follows. If g: Dy — D is
a quasiconformal mapping of a domain Dy with a locally quasiconformal boundary onto
some domain D, then for z,y € Dp we put

p(z,y) =g~ (x) — g~ (v, 9)

where the element g~ !(z), * € Ep, is to be understood as some (single) boundary point
of the domain Dy. The specified boundary point is unique and well-defined, see e.g. [18,
Theorem 2.1, Remark 2.1], cf. [16, Theorem 4.1|. Given C >0and 0 < a <1, we say that,
the boundary of a domain D is a-regular, if D can be quasiconformally mapped to a domain
with a locally a-quasiconformal boundary whose closure is a compact in R", and, besides
that, every prime end in D is regular.

The following statement holds.

Theorem 3. Letn > 2,p > n, C>00<a<l,let Q € LY(D"), Iet D be a-regular domain,
and let D' be a bounded convex domain. Then any [ € G{S’A’Q(D?D’) has a continuous
extension f: Dp — D'; in addition, there exists a neighborhood C' = C(n, A, D, D', Py) > 0
such that 5
TP -TF(R) <O Wl*“@ ————> 10
F(P) = TP < - (1@ o™ (14— (10
for any Py, P, € Dp and f € &5 40(D, D'), where ||Q|ly is a norm of Q in L'(D").

Remark 1. Along with inequality (3), we have often considered the inequality

My (T (o, 71, 72)) < / Q) - 11y — yol)dm(y), (11)

A(yo,r1,r2)Nf(D)

where 7 is arbitrary Lebesgue measurable function n: (ry, ) — [0, 00] such that

/n(r)dr > 1 (12)

Observe that inequality (3) is stronger than (11). Indeed, let (3) holds. Now, we put p'(y) :=
n(ly — yo|) for y € A(yo,r1,72) N f(D), and p'(y) = 0 otherwise. By the Luzin theorem, we
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may assume that the function p’ is Borel measurable (see, e.g., [19, Section 2.3.6]). Then,
by [1, Theorem 5.7] we have that

T2

[yl > [nwr=1
e T1
for any (locally rectifiable) path 7. € I'(S(yo,71), S(v0,72), A(yo, 71,72)). Substituting the
function p’ in (3), we obtain the desired ratio (11).
Note that for mappings satisfying inequality (11), which is weaker than (3), the problems
studied in this manuscript have not yet been investigated.

Remark 2. The condenser in the domain D C R" is the pair (E, F') of connected closed
relatively to D sets E, F C D. Recall that a continuous function u € L;(D) is called an
admissible function for the condenser (£, F'), denoted u € Wy(E, F), if the set E N D is
contained in some connected component of the set Int{z: u(x) = 0}, the set F' N D is
contained in some to the connected component of the set Int{z: u(x) = 1}. Then we call as
a p-capacity of the condenser (F, F') relatively to a domain D the value
cap, (B, F;2) — inf [l LX(D)]",

where the greatest lower bond is taken over all admissible for the condenser (E,F) C D
functions. If the condenser have no admissible functions we put the capacity is equal to
infinity.

Given a Lebesgue measurable function @: R™ — [0, 00|, ¢ < 0o and any disjoint nondege-
nerate compact sets £, F' C D, we set

cap,q(E.F.D) = _int [ Q) [Vultdm(a) (13)
D

Observe that, the classes of homeomorphisms f between domains D and D’ generating
bounded composition operators on Sobolev spaces can be characterized by the inverse capaci-
ty (moduli) Poletsky inequality ([20], [21])

cap,/!(fH(E), fTHE); D) < Kpg(fi Qcap,/P(B, F; D), 1 <g<p<oo,  (14)

for some 0 < K,, < 0o. On the other hand, let f be a homeomorphism that satisfies the
relation

cap,(E, I, D) < cap, o(f(E), f(F), f(D)) (15)

for arbitrary compacts (continua) E, F' C D, and
cap, o(f(E), f(F), (D)) = Meo('(f(E), f(F), f(D))), (16)
where Myo(P(F(B) SE) DN = mt ) - Qo). Then

satisfies the condition

My(I'(E, F, D)) < cap, o(f(E), f(F), f(D)) (17)

N
—
S
s
=
S
Y
=
s

for any function p, € adm f(I'(E, F, D)) = adm '(f(E), f(F), f(D)) (see |9, Theorem 7.2
and relation (7.5) here. By Hesse equality (see [22, Theorem 5.5|),
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cap,(E, F, D) = My(I'(E, F, D)),
therefore (16) holds, for example, for bounded @. The general case is unknown.

Then the homeomorphisms f generating bounded composition operators satisfy (14), and,
in turn, (14) implies (17) at least for p = ¢ whenever @ satisfies (15) and (16). The general
case, when the mappings f are not homeomorphic, p and ¢ are different, and relations (15)—
(16) may not hold has not been studied sufficiently.

2. Auxiliary lemmas. Let D, D’ be domains in R”. For given numbers n < p < oo, § > 0,
a continuum A C D’ and an arbitrary Lebesgue measurable function Q: D’ — [0, o0], we
denote by B§ 4 o(D, D) a family of all open discrete and closed mappings f of D onto D’
satisfying the condition

M,(D(E, F, D)) < / QW) - 1 (ly — yol)dm(y) (18)

A(yo,r1,r2)Nf(D)

for any yo € D', any compacts

EC f’l(B(yo,rl)), FC f’l(D’\B(yo,rg)) 0<r <ry<ro=sup |y —yol,
yeD’

and any Lebesgue measurable function n: (r1,72) — [0, co] with the condition
/U(T)dT > 1, (19)

such that h(f~'(A),0D) > 6.

Let 9D be a boundary of the domain D C R™. Then the boundary 0D is called weakly
flat at the point xy € 0D, if for each P > 0 and for any neighborhood U of this point there is
a neighborhood V' C U of the same point such that M (I'(E, F, D)) > P for any continua FE,
F C D that intersect QU and 0V. The boundary of a domain D is called weakly flat if
the corresponding property holds at any point of D. The following statement holds (see
Theorem 1.2 in [9].

Proposition 1. Let D C R™ be a bounded domain with a weakly flat boundary. Suppose
that, Q € L'(D'). If D' is locally connected on its boundary, then any f € Ps 40(D, D') has

a continuous extension f: D — D', f(D) = D', and the family pUS A,Q(E, D'), which consists
of all extended mappings f: D — D', is equicontinuous in D.

Remark 3. Observe that, &% , (D, D) C 5 , (D, D’), because the relation (3) obviously
implies

M,(T(E, F, D)) / Qly dm(y) ¥ p. € adm(f(I(E,F,D))).  (20)

In addition, (20) implies (18) for the corresponding F and F' by Theorem 7.1 in [9].

The following lemma was proved in several different situations in 23] and [7]. In parti-
cular, in [23] we considered the case when the family 6{; Aq consists of mappings of the unit
ball onto itself and satisfies condition (3) for p = n. Besides that, |7] deals for the case p =n
while the conditions on D and D’ a similar to the mentioned below.
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Lemma 1. Let D and D’ be domains satisfying the conditions of Theorem 1, and let
be a continuum in D', Q € L'(D'). Then there exists 8, > 0 such that &% , , C &5 .
In other words, if f is an open discrete and closed mapping of D onto D’ satisfying the
condition (3) such that h(f~'(A),0D) > 4, then there exists 6; > 0, which does not depend
on f, such that h(f~'(E),0D) > 4.

Proof. Let us prove Lemma 1 from the opposite. Suppose that its conclusion is not true.
Then, there are sequences y,, € E, f,, € 6?7 aq and z,, € D such that fm(Zm) = ym and
h(Zy,0D) — 0 as m — oo. Without loss of generality, we may assume that x,, — xy as
m — oo, where xy may be equal to co if D is unbounded. Observe that the quasiextremal
distance domains have weakly flat boundaries (see Lemma 2(ii) in [24]). In addition, convex
domains are locally connected on the boundary, which follows directly from the definition of
a convex domain. Now, by Proposition 1 and Remark 3 the family { f,,,}>°_; is equicontinuous
at xo. Then, for any ¢ > 0 there is my € N such that h(f, (), fim(20)) < € for m = mg. On
the other hand, since f,, is closed, f.,(zo) € OD’". Due to the compactness of the space R"
and the closure of 9D’, we may assume that f,,(zo) converges to some B € 9D" as m — 0.
Therefore, by the triangle inequality,

M), fn(0)) > B fnom), B) = BB, flo)) > 5 - h(E, 0D
for sufficiently large m € N. Finally, we have a contradiction: A(f,(xm), fm(z0)) = o,
0g := % -h(E,0D’) and, at the same time, h(f,(zm), fm(x0)) < € for m = mg. The resulting
contradiction refutes the original assumption. ]

The following lemma was proved in [25], cf. the proof of Theorem 1.1 in [23].

Lemma 2. Let D’ be a bounded convex domain in R", n > 2, and let B(yx,./2) be a ball
centered at the point y, € D', where §, := d(y.,0D’). Let zy € 0D'. Then for any points
A, B € B(z,0./8) N D’ there are points C, D € B(y.,0./2), for which the segments [A, C|
and [B, D] are such that

d([A>C]7[B7D]) 200|A—C|, (21>

where Cjy > 0 is some constant that depends only on 4, and d(D').

3. Proof of Theorem 1. A path «a: [a,b) — D is called a total f-lifting of B starting at
z, if (1) ala) =z; (2) (foa)(t)=pB(t) for any t € [a,b). We have the following, see [13,
Lemma 3.7].

Proposition 2. Let f: D — R™ be a discrete open and closed (boundary preserving)
mapping, B: [a,b) — f(D) be a path, and zinf™"' (8(a)). Then B has a total f-lifting
starting at x.

Before proceeding to the proof of Theorem 1, let us first prove its local version, cf. |7,
Theorem 1].

Lemma 3. Let n > 2, p > n, and let Q € L'(D’), let D be a bounded quasiextremal
distance domain, and let D" be a convex bounded domain. Then any f € Gf;A’Q(D, D") has

a continuous extension f: D — D’ and for any xy € 9D, xy # 00, there exists a neighborhood
U and C = C(n,p, A, D,D’) > 0 such that

T T 1/p1..—1/n 0
7) = Tl < - (@) Mog™ " (14 =) (22)
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for every x,y € UND and f € &, (D, D), where ||Q|ly is a norm of the function Q in
LY(D").
Proof. We will mainly use the scheme of proof of [7, Theorem 1]. The possibility of a conti-
nuous extension of the mapping f to the boundary of the domain D follows by Theorems 1.2
and 7.1 in [9] due to the comments made after the formulation of Lemma 1.

Let us prove the relation (22). Fix xy € 0D, and let y, € D'. Let 0, := d(y., 0D’) and let
E = B(y.,6./2) C D'. By Lemma 1 we may find §; > 0 such that h(f~'(E),0D) > §, for
every f € &5, o By Theorems 1.2 and 7.1 in [9] the family & , , is equicontinuous in D.
Thus, for d,/8 there exists a neighborhood U C B(xg, d1/2) of xg such that |f(z) — f(xo)| <
d./8 for every r € UN D and all f € & , 5. Let x,y € UN D and let

go == |f(x) = f(y)] < do :=0./4.

Now we apply Lemma 2 for A = f(z), B = f(y) and zy = f(zo). Due to this lemma, there
are segments I 3 A and J 5 B in D’ such that INE # @ # JN E, and

d(1,J) =z Co-|f(x) = f(y)l, (23)

where Cy is some constant depending only on E and D'
Let a; and By be total f-liftings of paths I and J starting at the points x and y, respecti-
vely (they exist by Proposition 2).
By definition, |ag| N f71(E) # @ # |61 N f~H(E). Since h(f~(E),dD) > §; and z,y €
B(xg,01/2), then
d(an) = 61/2, d(pr) = 01/2. (24)

Let I' :=I'(ay, 1, D). Then, by (4),
M(T) = (1/Ap) - M(T'(cvq, 51, R™)), (25)
and on the other hand, by [26, Lemma 7.38|,

1
M(D(ar, 81, ") 2 ey -log (14 =), (26)
m
where ¢, > 0 is some constant depending only on n, and

_ d(ou, f)
min{d(ay),d(1)}

By Hoélder inequality, for any function p € adm T,

|3

M(T) < / o ()dim(z) < / Pla)dm(z) | - mS (D). (27)
Letting (27) to inf over all p € admI", we obtain that
M(T) < / p(@)dm(z) < (My(T))F - m"= (D) (28)

D

Here we take into account that D is bounded, so that m"™= (D) < oo. Now, by (27) and (28)
we obtain that

7/"/_

V(T o, 1, BY) > chim =5 (D) -log® (14 ). (29)
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Coeo’ " Observe that p satisfies (1) for f(T'), see (21). By the

0, ygD.
definition of &7 , ,, we obtain that

Now, we put p(y) =

1 - Q1L

M,(T) < /demy:C’p-—. 30

AN S g | Q) =G e = T o
By (29) and (30), it follows that

2 np P 01 - HQHl
cim”™ 7w (D) -logn (1+ <GP ———————.
(D)o (1 g y) < 07 ey *
The desired inequality (22) follows from the last relation, where C' := Cy* - a7y "mTPp(D),

taking into account that, according to L’Hospital’s rule, log (1 + %) ~ log (1 + %) ast — +0
for any different k,n > 0.

We have proved Lemma 3 for the inner points z,y € U N D. For the points z,y € UN D,
this statement follows by passing to the limit 7 — x and y — vy, T,y € D. O]

Proof of Theorem 1. The possibility of a continuous extension f: D — D’ for f € &5 40(D, D)

was established in Lemma 3. It remains to prove the relation (6) for any z,y € D. Let us
prove by contradiction. Assume that the conclusion of Theorem 1 does not hold. Now, for
any m € N there exists f,,: D — D', f,, € 6§7A7Q(D, D", and 2, ym € D such that

Fol) = )| > m- (@1 Pog ™" (14 —2—). (31)

|$m _ym’

Since f,, has a continuous extension to 0D, we may assume that x,,,y, € D. Since D
is bounded, we may find subsequences ¥, , ym,, k € {1,2,...}, and points g, yo € D such
that x,,, — o and ¥y, — Yo as k — oo. There are two cases: 1) xg # yo, 2) To = yo. In the
first case, when xq # 1, observe that, there exists M € N such that | f,,(2) — fr(ym)| < M
for any m € N. Indeed, by the assumption D’ is bounded, so that by the triangle inequality
| fn(@m) = S (Ym)| < |fon(@m)| + [fn (Ym)| < 2sup | frn(2)] < 2 d(D'). In this case, we may

zeD
set M :=2-d(D’). In turn,
(11 ¥1eg™" (14 =0m) = (1@l g (14

as m — oo. Thus, for sufficiently large m € N,

o)~ Tl < - (1) Plog ™ (14 =),

Cl |xm - ym|
The latter contradicts with (31).
In the second case, when g = yo, the relation contradicts with (22) whenever xy € 9D,
and with Theorems 1.1, 7.1 in |9] whenever z, € D. O

)
—_— )=
|$0—y0’> '

4. Proof of Theorem 2. Just as in the previous section, we formulate a “local version” of
Theorem 2, cf. [7, Theorem 2.

Lemma 4. Let n > 2, p > n, and let Q € L*(D’), let D be a bounded domain with
a locally quasiconformal boundary, and let D' be a bounded convex domain. Then any
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fe 6§7A7Q(D, D') has a continuous extension f: D — D', while, for any xy € 0D, xo # oo,
there exists a neighborhood V' of xq and C = C(n,p, A, D, D’) > 0 such that

_ _ o S

@) = )l < € (@) og™ (14 ) (32)
for any r,y € VN D and f € &5 40(D, D"), where a is a number from the definition of
quasiconformal boundary in (7) and ||Q||; is a norm of Q in L*(D’).

Proof. Observe that the locally quasiconformal boundaries are weakly flat (see |27, Proposi-
tion 2.2], see also |1, Theorem 17.10]). Now, the possibility of a continuous extension of the
mapping f to the boundary of the domain D follows by Theorems 1.2 and 7.1 in 9] due to
the comments made after the formulation of Lemma 1.

The further proof comes down to modifying the scheme of the proof of Theorem 2 in [7].
Put 2o € 9D. Let y,. € D' be an arbitrary point of D', §, := d(y.,0D’) and E = B(yx, 6./2) C
D'. By Lemma 1, there exists 6, > 0 such that h(f~'(E),0D) > 0, for all f € &5, ;. Then
d(f~'(E),0D) > 6, for any f € &%, . In addition, since by Theorems 1.2 and 7.1 in

9] the family &F , , is equicontinuous at D, for the number §,/8 there is a neighborhood

U C B(zo,01/4) of g such that | f(z) — f(zo)| < d./8 for any z,y € UND and all f € & , .
By the definition of a locally quasiconformal boundary, there exist a neighborhood U* of

the point xy and a quasiconformal mapping ¢: U* — B", p(U*) = B", such that o(DNU*) =

B, where B} = {x € B": x = (x1,...,%,), 2, > 0} is a half-ball.

We may assume that ¢(z9) = 0 and U* C U (see the proof of Theorem 17.10 in [1]). Let V

be any neighborhood in U* such that V' C U*, and let

0y :=d(0V,0U™). (33)
Consider the auxiliary mapping
F(w) = fl¢ ' (w)), F:B} —-U" (34)
Let z,y € VN D and
g0 = |f(z) = f(y)] < do:=0d./4 (35)

Now, we apply Lemma 2 for the points A = f(z), B = f(y) and zy = f(x¢). According to
this lemma, there exist segments [ 5 A and J 2 B in D' such that INE # @ # JNE,
moreover
d(1,J) =z Co-|f(x) = f(y)l, (36)
where Cj depends only on E and d(D’).
By Proposition 2 there exist whole f-liftings oy and [, of the paths [ and J starting
at the points x and y. Now, by the definition, |a;| N f7Y(E) # @ # |8:] N f~Y(E). Then
la1|NU # @ # |on|N(R*\U) and |51|NU # @ # |61|N(R*\U). By |28, Theorem 1.1.5.46]

lag|NOU # @, |B1|NOU # @. (37)

Similarly,
lar|NOV # 2, |Bi|NIV # 2. (38)

Due to (37), @y and /3 contain subpaths of and §; with origins at the points x and y which
belong entirely in U* and have end points at OU*. Due to (33), (37) and (38)

d(ay) = by, d(By) 2 0a. (39)
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Consider the paths p(af) and ¢(B;). Let Z,57 € U* be such that d(af) = |T — y|. We put
2" = ¢(T) and y* = @(y). Then by (7), O [2" —y*|* = [T — | = d(a]) = by, or

1 1/a
|lz* —y*| > <552) : (40)

l/a 1/a
From (40), we obtain that d(p(af)) > (%62) . Similarly, d(¢(57)) = <%52> . Let

[:=T(p(a), 0(57), BY).

Observe that, B” is also a (Q/D-domain with some Aj < oo in (4) (see [15, Lemma 4.3]).
Then, on the one hand, by (4)

M(T) = (1/A4p) - M(T(e(a7), 0(57), R")), (41)

and on the other hand, by [26, Lemma 7.38|

M(L(p(a?), 9(5),R") > ¢, - log (14 ), (42)

where ¢, > 0 is some constant that depends only on n,

_ d(p(a7), p(57))
min{d(p(a})), d(e(87))}

Then, combining (41) and (42) and taking into account that d(p(a?), v(8;7)) < |p(x) —o(y)],
we obtain that

51/04 61/0&
MT) >¢, - log(1 _ 2 >, -log (1 _ 2 . (43
)2 6108 (14 ) * & e U G ) @

where ¢, > 0 is some constant that depends only on n and Af from the definition of QE D-
domain.
By Holder inequality, for any function p € adm T,

M) < [ pryim(s) < ( / pﬁ(m)dm(az)) ) (44)
Letting (44) to inf over all p € admI", we obtain that
M) < / o (@)dm(z) < (My(T))% -m"" (D). (45)

D

Here we take into account that D is bounded, so that m™= (D) < co. Now, by (43) and (45)
we obtain that

n—p p 51/a

o (D) - logn <1+ - 2 )
(C)elp(z) = o(y)]

M,(T (o1, Bi,R™)) = G im™ (46)
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Let us now establish an upper bound for M,(I"). Note that, F' in (34) satisfies the relati-

on (3) with the function Q(z) = K, - Q(z) instead of Q, where K, > 1 is the constant of a

quasiconformality of o ~1. Let us put

1 )
ply) = Cosa® Y € D

0,  ygD,
where Cj is the universal constant in inequality (36) and ¢ is defined in (35). Note that p
satisfies the relation (1) for F'(I') due to the relation (21). Then, by the definition of & , ,
due to the definition of F in (34), we obtain that

Q1

M,(T) K )dm Co’Ky - 47
s 3/ Qu)dmly) = 7@ - WP 0
It follows by (43) and (47) that

Gim~ 5 (D) - logn (1 +— ) ) < C;PK, - %-

(CYVelp(z) — o(y)] [f (@) = f(y)l
Now, from the latter relation, it follows that
1 ) . 51/04
F(@) = FW)| < C3'a K - (|Qll)rlog ™ (14 — 2 <
( (C)Velp(z) — w(y)l)
1~—7 i, -1 5%/0(
<Co'a K (Ql)og (14— ).

(C) M+ —y|o
which is the desired inequality (8), where C := C;'-é, Y™ Ko and ro = 65/* /(C)/°*! instead
of §. However, we may replace ry by 0 here, because, by L’Hospital’s rule, log (1 + %) ~
log (1 H) as t — +0 for any different k,n > 0.
We proved Lemma 4 for the inner points z,y € V N D. For z,y € V N D, this statement

follows by means of the transition to the limit 7 — x and §y — vy, T,y € D. m

Proof of Theorem 2. is similar to the proof of Theorem 1, however, we will carry it out
completely. The possibility of a continuous extension f: D — D’ for f € 6{; AﬂQ(D, D') was
established in Lemma 4. It remains to prove the relation (6) for any z,y € D. Let us prove
by contradiction. Assume that the conclusion of Theorem 2 does not hold. Now, for any
m € N there exists fp,: D — D', fn, € S5 40(D, D), and zy,, ym € D such that

Fon@m) = ()| = m - (1Q111)¥10g ™" (1 + ﬁ) (48)

Since f,, has a continuous extension to 0D, we may assume that z,,,y,, € D. Since D is
bounded, we may find subsequences T, , Ym,, k € {1,2, ...}, and points xg, 3o € D such that
T, — o and Y, — Yo as k — oo. There are two cases: 1) zg # Yo, 2) To = Yo. In the first
case, when xq # 7o, observe that, there exists M € N such that | f,,(2m) — fin(ym)| < M for
any m € N. Indeed, by the assumption D’ is bounded, so that by the Triangle inequality

| fon(Zm) = Fn ()| < | Fn (@) 4 [ fon ()| < 2sup | fm(2)] < 2-d(D'). In this case, we may
zeD
set M :=2-d(D’). In turn,
(IQI1) 1og ™"/ (1 +

as m — oo. Thus, for sufficiently large m € N,

) = QI og™ " (14— =

’ m m’a ’330—90’O‘
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T ) = Folwa)| < - (@1 hog ™" (1 + %),

C(1 T — ym|a
The latter contradicts with (48).
In the second case, when g = yo, the relation contradicts with (22) whenever zy € 0D.
If 29 = yo € D, then by Theorems 1.1 and 4.1 in [9], since 0 < o < 1 and |z, — Y| < 1 for
sufficiently large m we obtain that

Tolen) — Tozo) < — S QD™ C-(IQI)*”

logl/n (1 + \xmiym|> logl/" <1 + |$m_6ym|a) '
The latter contradicts with (48). O

5. Proof of Theorem 3.

Proof. The proof of Theorem 3 almost completely coincides with the proof of a similar
statement for the conformal modulus (see Proof of Theorem 3 in [7]), let us demonstrate
this. Let f € (‘5%’7 10D, D"). Since D is a regular domain, there exists a quasiconformal
mapping ¢! of the domain D onto a domain D, with a locally quasiconformal boundary,
and, by the definition of the metric p in the prime ends space, one has

p(Pr, Py) =g~ (P1) — g7 (P)]- (49)
Consider the auxiliary mapping
F(z)=(fog)(x), x€ Dy (50)

Since g~! is quasiconformal, there is a constant 1 < K; < oo such that

Kil M(T) < M(g(T) < Ky - M(T) (51)

for any family of paths I' in Dy. Considering inequalities (51) and taking into account
that f satisfies the relation (3), we obtain that also I satisfies the relation (3) with a
new function @(x) = Kj - Q(x). In addition, since g is a fixed homeomorphism, then
h(F~Y(A),0Dy) > & > 0, where §o > 0 is some fixed number. Then Theorem 2 may
be applied to the map F'. Applying this theorem, we obtain that,

1 0,
IF(@) = Fl)| < O - (el log ™ (14 20 (52
for all x,y € Dy, where ||@Q||; is the norm of the function @Q in L'(D'). If P,, P, € Dp \ Ep,

then P, = g(x) and P, = g(y) for some z,y € Dy. Taking into account the relation (52) and
using the relation |z — y| = |[¢7(P1) — g7 (P)| = p(P1, P,), we obtain that

1 1)
1 _ 1 < * P, 1/p 71/71 —O
|F(g7H(P)) — F(g7 ' (P)|] < C*K7 - (||Q1)"Plog (1 + pa(P17P2))’
or, due to (50),

. * %. p —1/n L
f(P) = f(P)] < C°KY - (|Qlh)Plog™ (1 " p“(Pl,P2)>'

1
The last ratio is desired if we put here C' := C* K. Here we also take into account that, by
L’Hospital’s rule, log (1 + %) ~ log (1 + ﬁ) as t — +0 for any different k,n > 0. Thus, in
the last relation, we may write ¢ instead dy.
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Observe that, every f € 6§’A7Q(D,D’) has a continuous extension to Ep := Dp \ D.

Indeed, g~! is continuous in D, see the comments made after relation (9). Also, F has
a continuous extension to Dy. Now, f(z) = (F o g71)(z) has a continuous extension to Dp,

as required. If P, P, € Ep, we obtain the desired inequality in (10) taking the limit in
F(@m) — flym)] < C-(|Q1)/Plog='/" (1 + #> as m — oo, where z,, — P, and

P (@m,ym)
Ym — Py as m — 00, Ty, ym € D, m € {1,2,...}. a

6. The case p > n. A metric space (X,d, u) is called @—Ahlfors—regular for some @ > 1if,
for any xg € X and some constant C' > 1,

1 ~ ~
ERQ < w(B(zo, R)) < CRY.
The Ahlfors a-regular spaces have Hausdorfl dimension « (see [29, p. 61-62]). Let (X, d, p)
be a metric measure space with metric d and a locally finite Borel measure . Following [29],
§7.22, a Borel function p: X — [0, o] is said to be an upper gradient of a function u: X — R
if
ulw) ~u(w)| < [ pds

gl

for any rectifiable path v connecting the points z and y € X, where, as usual, | pds denotes
the linear integral of the function p over the path . Such a space X will be said to admit
the (1;p)-Poincaré inequality if there exist constants C' > 1 and 7 > 0 such that

g [l wslauto) < caim ) (Lo [ pﬂdu<x>)l/p

for any ball B C X and arbitrary locally bounded continuous function u: X — R and any

upper gradient p of u, where
1

up = m/udu(m)

B

For distinct points z,y € X denote by I';, the collection of all compact rectifiable paths in
X connecting x to y. The following result holds (see |30, Proposition 4.1]).

Proposition 3. Let X be a Q-Ahlfors regular metric measure space that (1;p)-Poincaré
inequality holds for some p > Q. Then M,(T,,) = C - (d(x,y))??.

Let f: D — R", n > 2, and let Q: R" — [0,00] be a Lebesgue measurable function
such that Q(y) = 0 for y € R™\ f(D). Let A = A(yo,r1,72). Let I'f(yo,71,72) denotes the
family of all paths «: [a,b] — D such that f(v) € I'(S(yo,71), S(Yo,72), A(Yo,71,72)), i.€.,
f(v(a)) € S(yo,r1), f(v(b)) € S(yo,72), and f(v(t)) € A(yo,r1,72) for any a <t < b. Given
p = 1, we say that f satisfies the inverse Poletsky inequality at yo € f(D) with respect to
p-modulus, if the relation

My(T s (30,71, 72)) < / Q) - 7y — ol )dm(y) (53)
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holds for any 0 < r; < ry < 19 := sup |y — yo| and any Lebesgue measurable function
yeD’

n: (r1,73) = [0,00] such that [™n(r)dr > 1.

Let f: D — D’ be a mapping satisfying the relation (53) for some p > n, n > 2, and
let @ is integrable in D’. Assume that D is n-Ahlfors regular domain (as a metric measure
space with the Euclidean metric d(z,y) = |z — y|) that (1;p)-Poincaré inequality holds for
some p > n. Also, let D’ be a domain in R™. Let f(z) # f(y). Set

eo = [f(x) = f(y)l- (54)

Now, by Proposition 3
My(Tay) 2 C - |z —y[*". (55)

t < oo. Let t5 < 0 be an arbitrary point such that z' := r(t)) € D’. Now, f(T',) C
L(S(zt, &), S(z1,e%), A(zt, el €?)), where €' := |f(x) — 2| and & := |f(y) — 2!|. Now,
[y, CTy(z' e, e?). Observe that

[fy) = f@)+e" = fly) = f@)|+1f(@) — 2| = | = f(y)| =€, (56)
1 and, thus, ¢! < €%. Now let us prove the upper bound for M,(T,,). We set
L telee?;
n(t) =9 | ) 2]
0, télee7,
here £ is a number from (54). Note that 7 satisfies the relation (19) for r; = &' and ry = £2.
Indeed, it follows from (54) and (56) that ry —ry = &2 — &' = |f(y) — 2| — |f(x) — 2| =
2
|f(z) = f(y)| = €o. Then [5 n(t)dt = (1/e) - (€* — ') > 1. By the inequality (9) and the
relation (53) applied at the point z!, we obtain that
QL
() = fy)l”

By (55) and (57), we obtain that C'- |z —y|"? < ||Q||1/|f(z) — f(y)|". From the latter ratio,
we obtain that

My(T) € My(Ty (' 22) < 5 [ Q)im(z) = (57)

[f(@) = F)l < O (|QI) Y7l — |7 (58)
Thus, the following statement holds.

Theorem 4. Let f: D — D’ be a mapping satisfying the relation (53) for some p > n,
n > 2, and let @) is integrable in D’. Assume that D is n-Ahlfors regular domain (as
a metric measure space with the Euclidean metric d(x,y) = |x — y|) that (1;p)-Poincaré
inequality holds for some p > n. Also, let D" be a domain in R™. Then the relation (58) holds
for every x,y € D, where C > 0 is some constant which does not depend on f. Moreover,
f has a continuous extension f: D — D’ and the relation (58) holds for every x,y € D, as
well.

Proof. For x,y € D, the relation (58) was established before the formulation of Theorem 4.
Let us to prove the possibility of a continuous boundary extension of f to dD. Assume
the contrary. Then there are o € 0D and sequences x,,,y,, € D, m € {1,2,...}, such
that ., ym — xo as m — oo, however, |f(z,) — f(ym)| = €1 > 0 for some & > 0.
The latter contradicts the relation (58), because it follows from it that, | f(z,) — f(ym)| <
CV2  (|Ql) P |z — ym| P — 0 as m — oo. Finally, the relation (58) may be obtained
for x,4 € D by means of a limit transition operation. m
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Example 1. In the unit disk D C C, let us consider the family of fractional linear transfor-

_n—1

mations f,(z) = —2r, n € {1,2,...}, z = 2 + iy € D, > = —1. Note that, every f, map

l—z0—

the unit disk onto itself homeomorphically. Observe that, f, € C'(D) and f, ! € C'(D), so
that f, € W,.?(D) and f;' € W,5P(D) for every n € N and for every p > 1. Thus, f, satisfies

ocC ocC

the relations (53)-(19) for every n € N with Q(z) = Ko (2, f), where
[P eIl J(z, f) #0;

|J(z.0)]°
Kop(z, f) = {1, f'(z) =0;
0, otherwise,
/ o |f/(z)h| Y o / Y
1 ()1l = S [f/(2)], Iz f) =det f'(2) = [f(2)], (59)

see e.g. [31, Theorem 1.1|. Observe that, the (1;p)-Poincare inequality holds in D for any
p > 1 (see [32, Theorem 10.5]). Observe that, D is a Loewner space (see [29, Theorem 8.2
and Example 8.24(a)|). Now, D is Ahlfors regular, see [29, Proposition 8.19|. Now, we may
apply Theorem 4. By this theorem one has

1/p
f(x) = fly)| <OV (/Ifé(Z)lp_zdm(2)> w—y|",  VayeD,
D

while, by the direct calculation, |f/ (z)| =1 — @/(1 - 2“7_1)2, n € {1,2,...}. We see from
the latter inequality that f,, is Holder continuous for every fixed n € {1,2,...}. However, the
integral I,, :== [ |fn(2)|[P">dm(z) is unbounded over n € N; otherwise, the family {f,}n,
must be equicontinuous, but this is not true (for instance, we may consider the sequence
zn = "2 n € {1,2,...}. For this sequence, f,(z,) =0, while f,(1) =1 and |z, — 1| = 0 as
n — o0o. At the same time, | f,(z,) — fn(1)| # 0 as n — o0). The reason for this phenomenon
is that the sequence of mappings f,, does not have a single integrable function @) in (53) that
is common to all mappings f,, n € {1,2,...}.
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