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We study the Cauchy problem for fractional kinetic equation in spaces with values in the
entire scale of spaces of Bessel potentials, prove its unique, classical in time, solvability, obtaini-
ng an analogue of the maximum regularity of the solution according to Da Prato and Grisvard.
We also study the inverse problem on determining a space-dependent component in the right-
hand side of such equation under a time-integral additional condition.

We use the method of fundamental solution of the equation. We are investigating properties
of the Green’s operators of the Cauchy problem for fractional kinetic equation in spaces of
continuous functions with values in spaces of Bessel potentials and find sufficient conditions for
a time-local, classical in time and with values in spaces of Bessel potentials, unique solvability
of the inverse problem. We define the unknown function on the right-hand side of the fractional
kinetic equation over the entire scale of spaces of Bessel potentials.

The solution of the problem is reduced to the study of the unique solvability of some
Fredholm’s linear integral equation of the second kind in spaces of continuous functions with
values in the entire scale of spaces of Bessel potentials. The unknown function on the right-
hand side of the fractional kinetic equation is expressed through the solution of this integral
equation.

1. Introduction. Fractional kinetic equation is used in various applied fields [1–3, 8, 22].
The Cauchy problem for the equation

u
(β)
t + a2(−∆)α/2u = F (x, t), (x, t) ∈ Rn × (0, T ]

with the Riemann-Liouville derivative u(β)t of order β ∈ (0, 1) and for the equation
Dβ

t u+ a2(−∆)α/2u = F (x, t), (x, t) ∈ Rn × (0, T ]
with the Caputo (Dzhrbasian-Nersessian-Caputo) fractional derivative

Dβ
t u(x, t) =

1

Γ(1− β)

(
∂

∂t

∫ t

0

u(x, τ)

(t− τ)β
dτ − u(x, 0)

tβ

)
, (x, t) ∈ Rn × [0, T ]

of order β ∈ (0, 1) was studied by many authors, in particular, in [1, 4, 5, 13, 17], largest at
α = 2, a detailed bibliography on this case is given in [5, 9, 12, 15]. The unique solvability
of the Cauchy problem and some inverse problems for such equations were obtained in
certain subspaces of the Schwartz space distributions [10, 11, 18, 19] and in spaces of Bessel
potentials [20].

In this paper, we prove the solvability of the Cauchy problem

Dβ
t u+ a2(1−∆)γ/2(−∆)α/2u = F (x, t), (x, t) ∈ Rn × (0, T ], u(x, 0) = u0(x), x ∈ Rn (1)
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in the spaces of Bessel potentials in terms of spatial variables and classical with respect to
time variable, obtaining an analogue of the maximum regularity of the solution according to
Da Prato and Grisvard [14,21], and find sufficient conditions for a time-local unique solvabi-
lity of a source inverse problem under a time-integral additional condition. Such problem
was not studied. Here (−∆)α/2 and (1−∆)γ/2 are determined using the Fourier transform

F [(−∆)α/2ψ(x)] = |ξ|αF [ψ(x)], F [(1−∆)γ/2ψ(x)] = (1 + |ξ|2)γ/2F [ψ(x)].

2. Notation and definitions. Let Q = Rn × (0, T ], n ∈ N, S(Rn) be a space of infinitely
differentiable functions rapidly decreasing at infinity, S ′(Rn) be a space of linear continuous
functionals over S(Rn) (the space of distributions). Through f∗g we denote the convolution
of f and g, (f ∗̂g)(τ) =

∫ T

τ
f(t− τ)g(t)dt. We use the function

fλ(t) =

{
θ(t)tλ−1

Γ(λ)
, λ > 0;

f ′
1+λ(t), λ ≤ 0,

where θ(t) is the Heaviside function, Γ(λ) is the Gamma-function and note that
fλ ∗ fµ = fλ+µ, fλ∗̂fµ = fλ+µ.

Recall that the Riemann-Liouville derivative v(β)t (x, t) of order β > 0 is determined by

v
(β)
t (x, t) = f−β(t) ∗ v(x, t),

and therefore Dβ
t v(x, t) = v

(β)
t (x, t)− v(x,0)

Γ(1−β)tβ
.

For s ∈ R, p > 1 we determine the space of Bessel potentials ([23], p. 79)

Hs,p(Rn) = {v ∈ S ′(Rn) : ∥v∥s,p = ∥F−1[(1 + |ξ|2) s
2Fv]∥Lp(Rn) < +∞}, and let

C
(
[0, T ];Hs,p(Rn)

)
= {v(x, t) : ∥v∥

C
(
[0,T ];Hs,p(Rn)

) = max
t∈[0,T ]

∥∥v(·, t)∥∥
Hs,p(Rn)

< +∞},

Cb

(
(0, T ];Hs,p(Rn)

)
= {v(x, t) : ∥v∥

Cb

(
(0,T ];Hs,p(Rn)

) = sup
t∈(0,T ]

∥∥v(·, t)∥∥
Hs,p(Rn)

< +∞},

Cα,β,γ

(
[0, T ];Hs,p(Rn)

)
= {v ∈ C

(
[0, T ];Hs+α+γ,p(Rn)

)
:

Dβ
t v, (1−∆)γ/2(−∆)α/2v ∈ Cb

(
(0, T ];Hs,p(Rn)

)
},

∥v∥
Cα,β,γ

(
[0,T ];Hs,p(Rn)

) = max{∥v∥
C
(
[0,T ];Hs+α+γ,p(Rn)

), ∥Dβ
t v∥Cb

(
(0,T ];Hs,p(Rn)

),
∥(1−∆)γ/2(−∆)α/2v∥

Cb

(
(0,T ];Hs,p(Rn)

)}.
Assumption (L): β ∈ (0, 1), α > β, γ ≥ 0.
Denote by C̃α,β,γ(Q̄) a class of continuous functions v(x, t), (x, t) ∈ Q̄, equal to zero at

t ≥ T and with continuous (1−∆)γ/2(−∆)α/2v, Dβ
t v in Q.

The pair of functions (G0(x, t), G1(x, t)) is called ([5,17]) a Green’s vector function of the
Cauchy problem (1), if for rather regular and finite F (x, t), u0(x), the function

u(x, t) =

∫ t

0

dτ

∫
Rn

G0(x− y, t− τ)F (y, τ)dy +

∫
Rn

G1(x− y, t)u0(y)dy, (x, t) ∈ Q (2)

is a classical (from C̃α,β,γ(Q̄)) solution of the problem (1).
The existence of a Green’s vector-function was established, for example, in [1, 4], and

in [6, 7, 9, 12,16] in the case γ = 0,
Fx→ξ[G1(x, t)] := F [G1(x, t)] = Ĝ1(ξ, t) = Eβ,1(−a2(1 + |ξ|2)γ/2|ξ|αtβ),
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where Eβ,µ(z) =
∞∑
p=0

zp

Γ(pβ+µ)
is the Mittag-Leffler function.

For β ∈ (0, 1), z > 0 the function Eβ,1(−z) ∈ L1(Rn), Eβ,µ(−z) is infinitely differentiable
and compactly monotone if µ ≥ β : (−1)k( d

dz
)kEβ,µ(−z) ≥ 0 k = 0, 1, 2, . . . , it has the

bound
Eβ,µ(−z) ≤

C

1 + z
, C = const > 0.

Using the Fourier transform, we find G0. We have the equation

(G0)
(β)
t + a2(1−∆)γ/2(−∆)α/2G0 = δ(x, t), (x, t) ∈ Q, (3)

which, after the Fourier transformation in terms of spatial variables, takes the form
(Ĝ0)

(β)
t + b2Ĝ0 = δ(t)

with b2 = b2(ξ) = a2(1 + |ξ|2)γ/2|ξ|α/2 and has the solution
Ĝ0(ξ, t) = tβ−1Eβ,β(−b2tβ) = tβ−1Eβ,β(−a2(1 + |ξ|2)γ/2|ξ|αtβ).

As in [17], for example, we show that
G1(x, t) = f1−β(t) ∗G0(x, t), (x, t) ∈ Q.

3. Solvability of the direct problem. Taking into account properties of the convolution
and components of the Green’s vector-function we obtain the solvability of the Cauchy
problem (1) throughout the scale of spaces Hs,p(Rn) in space variables.

Lemma 1. For ϱ ≤ α + γ and each t ∈ (0, T ] the functions

gj(ξ, t, ϱ) = (1 + |ξ|2)
ϱ
2F [Gj](ξ, t), j = 0, 1,

are bounded and continuous in space variables ξ ∈ Rn. There exist positive constants dj =
dj(p) such that for all p > 1, f ∈ Lp(Rn)

∥F−1[gj(ξ, t, ϱ)F [f ]]∥Lp(Rn) ≤ djwj(t)∥f∥Lp(Rn), t ∈ (0, T ], j = 0, 1, (4)

where w0(t) = max{tβ−1, tβ(1−
ϱ

α+γ
)−1}, w1(t) = max{1, t−

βϱ
α+γ } for each t ∈ (0, T ].

Proof. The lemma is proved according to the scheme of the proof of Lemma 1 from [13],
where the case γ = 0 was considered.

Theorem 1. Let the assumption (L) holds, β, θ ∈ (0, 1), 1 < p < 1
1−βθ

, s ∈ R, F ∈
Cb

(
(0, T ];Hs+(α+γ)θ,p(Rn)

)
, u0 ∈ Hs+α+γ,p(Rn). Then there exists the unique solution

u(x, t) = F (x, t) ∗G0(x, t) + u0(x) ∗G1(x, t), (x, t) ∈ Q, (5)

of the problem (1) in the space Cα,β,γ

(
[0, T ];Hs,p(Rn)

)
and the bound

∥u∥
Cα,β,γ

(
[0,T ];Hs,p(Rn)

) ≤ b0∥F∥
Cb

(
(0,T ];Hs+(α+γ)θ,p(Rn)

) + b1∥u0∥Hs+α+γ,p(Rn) (6)

holds where b0, b1 are positive constants.

Proof. Similarly to [13], at the beginning, we show the existence of convolutions from (5) in
the space C

(
[0, T ];Hs+α+γ,p(Rn)

)
. We have

F−1
[
(1 + |ξ|2)

s+α+γ
2 F [u0(·) ∗G1(·, t)]

]
= F−1

[
F [G1](ξ, t)

(
1 + |ξ|2

) s+α+γ
2 F [u0](ξ)

]
=
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= F−1
[
g1(ξ, t, 0)F

[
F−1[

(
1 + |ξ|2

) s+α+γ
2 F [u0](ξ)]

]]
.

By assumption, F−1
[(
1 + |ξ|2

) s+α+γ
2 F [u0](ξ)

]
∈ Lp(Rn), by Lemma 1 the function g1(ξ, t, 0)

is a multiplicator in Lp(Rn) in variables ξ. Therefore,∥∥u0 ∗G1

∥∥
Hs+α+γ,p(Rn)

=
∥∥∥F−1

[
(1 + |ξ|2)

s+α+γ
2 F [u0(·) ∗G1(·, t)]

]∥∥∥
Lp(Rn)

≤

≤ c1w1(t, 0)
∥∥∥F−1

[
(1 + |ξ|2)

s+α+γ
2 F [u0](ξ)

] ∥∥∥
Lp(Rn)

= c1 ∥u0∥Hs+α+γ(Rn) .

We took into account that w1(t, 0) = 1. From the inequalities obtained above, for all s ∈ R,
p > 1, t ∈ [0, T ], we obtained the existence of a convolution u0∗G1 ∈ C

(
[0, T ];Hs+α+γ,p(Rn)

)
and the bound ∥∥u0 ∗G1

∥∥
C
(
[0,T ];Hs+α+γ,p(Rn)

) ≤ c1
∥∥u0∥∥Hs+α+γ,p(Rn)

. (7)

Hereinafter ci, i ∈ N are positive constants.
For each t ∈ [0, T ], let us estimate the norm∥∥(F ∗G0)(·, t)

∥∥
Hs+α+γ,p(Rn)

=
∥∥F−1

[
(1 + |ξ|2)

s+α+γ
2 F [F ∗G0]

]∥∥
Lp(Rn)

=

=

∥∥∥∥F−1

[
(1 + |ξ|2)

s+α+γ
2 F

[∫ t

0

F (·, τ) ∗G0(·, t− τ) dτ

]] ∥∥∥∥
Lp(Rn)

≤

≤ t1−
1
p

{∫ t

0

dτ

∫
Rn

∣∣h0(x, t, τ)∣∣p dx}1/p

,

where

h0(·, t, τ) = F−1
[
(1 + |ξ|2)

s+α+γ
2 F [F (·, τ) ∗G0(·, t− τ)]

]
=

= F−1

[(
1 + |ξ|2

) (α+γ)(1−θ)
2 F [G0](ξ, t− τ)

(
1 + |ξ|2

) s+(α+γ)θ
2 F [F ](ξ, τ)

]
=

= F−1

[
g0(ξ, t− τ, (α + γ)(1− θ))F

[
F−1[

(
1 + |ξ|2

) s+(α+γ)θ
2 F [F ](ξ, τ)]

]]
.

By Lemma 1, the function g0(ξ, t− τ, (α+γ)(1− θ)) is a multiplicator in Lp(Rn) in variables
ξ. By assumption,

F−1

[(
1 + |ξ|2

) s+(α+γ)θ
2 F [F ](ξ, τ)

]
∈ Lp(Rn) for each τ ∈ [0, T ].

Then∥∥h0(·, t, τ)∥∥Lp(Rn)
≤ c2w0(t− τ, (α + γ)(1− θ))

∥∥∥F−1
[
(1 + |ξ|2)

s+(α+γ)θ
2 F [F ](ξ, τ)

] ∥∥∥
Lp(Rn)

=

= c2w0(t− τ, (α + γ)(1− θ)) ∥F (·, τ)∥Hs+(α+γ)θ,p(Rn) ∀τ ∈ (0, T ].

From previous transformations, we get∥∥(F ∗G0)(·, t)
∥∥
Hs+α+γ,p(Rn)

≤

≤ c2t
1− 1

p

{∫ t

0

wp
0(t− τ, (α + γ)(1− θ)) dτ

}1/p

∥F∥
Cb

(
(0,T ];Hs+(α+γ)θ,p(Rn)

),
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and under the condition p(1−βθ) < 1 which is the condition for the existence of the integral∫ t

0

wp
0(t− τ, (α + γ)(1− θ)) dτ,

for all t ∈ [0, T ], s ∈ R we obtain the existence of the convolution
∫ t

0
F (·, τ) ∗G0(·, t− τ) dτ

in Hs+α+γ,p(Rn) and the bound∥∥∥∥∫ t

0

F (·, τ) ∗G0(·, t− τ) dτ

∥∥∥∥
Hs+α+γ,p(Rn)

≤ c3t
βθ
∥∥F∥∥

Cb

(
(0,T ];Hs+(α+γ)θ,p(Rn)

).
Therefore, F ∗G0 ∈ C

(
[0, T ];Hs+α+γ,p(Rn)

)
and, considering (7), we get the estimate∥∥u∥∥

C
(
[0,T ];Hs+α+γ,p(Rn)

) ≤ c1
∥∥u0∥∥Hs+α+γ,p(Rn)

+ c3T
βθ
∥∥F∥∥

Cb

(
(0,T ];Hs+(α+γ)θ,p(Rn)

). (8)

Because

F−1
[
(1 + |ξ|2)

s
2F [(1−∆)γ/2(−∆)α/2u]

]
= F−1

[(
1 + |ξ|2

) s+γ
2 |ξ|αF [u]

]
=

= F−1

[
|ξ|α(

1 + |ξ|2
)α

2

(
1 + |ξ|2

) s+α+γ
2 F [u]

]
,

as proven, F−1
[
(1 + |ξ|2) s+α+γ

2 F [u]
]
∈ Lp(Rn) for each t ∈ [0, T ], and the function |ξ|α

(1+|ξ|2)
α
2

is a multiplicator in Lp(Rn), then for all t ∈ (0, T ] we get∥∥F−1
[
(1 + |ξ|2)

s
2F [(1−∆)γ/2(−∆)α/2u]

]∥∥
Lp(Rn)

≤ c4

∥∥∥F−1
[
(1 + |ξ|2)

s+α+γ
2 F [u]

]∥∥∥
Lp(Rn)

.

We obtained that for the function (5) (of class C
(
[0, T ];Hs+α+γ,p(Rn)

)
as shown) the

condition (1 − ∆)γ/2(−∆)α/2u ∈ Cb

(
(0, T ];Hs,p(Rn)

)
is also met and the following bound

holds ∥∥(1−∆)γ/2(−∆)α/2u
∥∥
Cb

(
(0,T ];Hs,p(Rn)

) ≤ c4
∥∥u∥∥

C
(
[0,T ];Hs+α+γ,p(Rn)

). (9)

It follows from the equation (1) that

CDβ
t u = −a2(1−∆)γ/2(−∆)α/2u+ F ∈ Cb

(
(0, T ];Hs,p(Rn)

)
and the following bound holds∥∥CDβ

t u
∥∥
Cb

(
(0,T ];Hs,p(Rn)

) ≤ ∥∥a2(1−∆)γ/2(−∆)α/2u
∥∥
C
(
[0,T ];Hs,p(Rn)

) + ∥∥F∥∥
Cb

(
(0,T ];Hs,p(Rn)

) ≤
≤ c5

∥∥u∥∥
C
(
[0,T ];Hs+α+γ,p(Rn)

) + c6∥F∥
Cb

(
(0,T ];Hs+(α+γ)θ,p(Rn)

).
From this and bounds (8), (9) the estimate (6) follows.

We have shown that the function (5) belongs to Cα,β,γ

(
[0, T ];Hs,p(Rn)

)
. By properties of

the Green’s vector-function it is the solution of the Cauchy problem (1).
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4. Solution of the inverse problem. We find sufficient conditions for existence and
uniqueness of the solution (u, g) of the inverse problem

Dβ
t u+ (1−∆)γ/2(−∆)α/2u = g(x)F0(t) + F (x, t), (x, t) ∈ Rn × (0, T ] := Q, (10)

u(x, 0) = u0(x), x ∈ Rn, (11)

1

T

∫ T

0

u(x, t)dt = Φ(x), x ∈ Rn (12)

where F, F0, u0,Φ are the given functions.
For θ ∈ (0, 1) the pair (u, g) ∈ Cα,β,γ

(
[0, T ];Hs,p(Rn)

)
× Hs+(α+γ)θ,p(Rn) is called a

solution of the problem (10)–(12) if it satisfies the equation (10) and the conditions (11),
(12).

Note that∫ T

0

(1−∆)γ/2(−∆)α/2u(x, t)dt = (1−∆)γ/2(−∆)α/2
∫ T

0

u(x, t)dt = (1−∆)γ/2(−∆)α/2Φ(x),∫ T

0

Dβ
t u(x, t)dt =

∫ T

0

[f1−β(t) ∗ ut(x, t)]dt =
∫ T

0

(∫ t

0

f1−β(t− τ)uτ (x, τ)dτ
)
dt =

=

∫ T

0

uτ (x, τ)
(∫ T

τ

f1−β(t− τ)dt
)
dτ =

∫ T

0

uτ (x, τ)f2−β(T − τ)dτ =

= −u0(x)f2−β(T ) +

∫ T

0

u(x, τ)f1−β(T − τ)dτ.

Applying the condition (12) to both sides of the equation (10) we get
1

T

[
− u0(x)f2−β(T ) +

∫ T

0

u(x, τ)f1−β(T − τ)dτ
]
+ (1−∆)γ/2(−∆)α/2Φ(x) =

=
1

T

[
g(x)

∫ T

0

F0(τ)dτ +

∫ T

0

F (x, τ)dτ
]
, x ∈ Rn.

Assuming N = N(T ) := 1
T

∫ T

0
F0(t)dt ̸= 0, we find the following expression for the

unknown function

g(x) =
1

N
(1−∆)γ/2(−∆)α/2Φ(x)−

− 1

NT

[
u0(x)f2−β(T )−

∫ T

0

u(x, τ)f1−β(T − τ)dτ +

∫ T

0

F (x, τ)dτ
]
, x ∈ Rn.

(13)

Lemma 2. Let s ∈ R, p > 1, u, F ∈ Cb

(
(0, T ];Hs,p(Rn)

)
, u0 ∈ Hs,p(Rn), Φ ∈ Hs+α+γ,p(Rn),

F0 ∈ C[0, T ] and
∫ T

0
F0(τ)dτ ̸= 0. Then the function g, defined by (13), belongs to Hs,p(Rn)

and the following estimate holds
∥g∥Hs,p(Rn) ≤ a0

∥∥u∥∥
C
(
[0,T ];Hs,p(Rn)

)+
+a1

∥∥F∥∥
Cb

(
(0,T ];Hs,p(Rn)

) + a2∥u0∥Hs,p(Rn) + a3∥Φ∥Hs+α+γ,p(Rn), t ∈ [0, T ]

where a0, a1, a2, a3 are positive constants.

Proof. For all s ∈ R, p > 1 we have

∥(1−∆)γ/2(−∆)α/2Φ∥Hs,p(Rn) =
∥∥F−1

[
(1 + |ξ|2)

s
2F [(1−∆)γ/2(−∆)α/2Φ](ξ)

]∥∥
Lp(Rn)

=

=
∥∥F−1

[
|ξ|α(1 + |ξ|2)

s+γ
2 F [Φ](ξ)

]∥∥
Lp(Rn)

=
∥∥F−1

[ |ξ|α

(1 + |ξ|2)α
2

(1 + |ξ|2)
s+α+γ

2 F [Φ](ξ)
]∥∥

Lp(Rn)
≤
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≤ C
∥∥F−1

[
(1 + |ξ|2)

s+α+γ
2 F [Φ](ξ)

]∥∥
Lp(Rn)

= C
∥∥Φ∥∥

Hs+α+γ,p(Rn)
,

and then the required estimate follows from the formula (13).

Assumptions:
(A) β ∈ [1

2
, 1), 1 < p < 1

β
, α > β, γ ≥ 0, s ∈ R, F ∈ Cb

(
(0, T ];Hs+α+γ,p(Rn)

)
,

u0 ∈ Hs+α+γ,p(Rn), Φ ∈ Hs+2(α+γ),p(Rn), F0 ∈ C[0, T ],
∫ T

0
F0(t)dt ̸= 0;

(B)
T max

τ∈[0,T ]
|F0(τ)|

|
∫ T
0 F0(t)dt|

is bounded by an increasing function of T.
Note that the assumption (B) is fulfilled, for example, for F0(t) positive monotone

increasing and with F0(0) ̸= 0.

Note that Hs+α+γ,p(Rn) ⊂ Hs+(α+γ)θ,p(Rn) for each θ ∈ (0, 1), in particular, such that
1
β
≤ 1

1−βθ
, that is θ ∈ [1−β

β
, 1) for β ∈ [1

2
, 1). It follows from Lemma 2 that in assumption (A),

defined by (13) function g ∈ Hs+α+γ,p(Rn) ⊂ Hs+(α+γ)θ,p(Rn) and the following estimate
holds

∥g∥Hs+(α+γ)θ,p(Rn) ≤ b∥g∥Hs∗,p(Rn) ≤ b0
∥∥u∥∥

C
(
[0,T ];Hs∗,p(Rn)

) + b1
∥∥F∥∥

Cb

(
(0,T ];Hs∗,p(Rn)

)+
+b2∥u0∥Hs∗,p(Rn) + b3∥Φ∥Hs+2(α+γ),p(Rn), t ∈ [0, T ]

where s∗ = s + α + γ, and b, b0, b1, b2, b3 are positive constants dependent on T . Then in
assumption (A), by Theorem 1, there exists the unique solution u of the Cauchy problem
(10), (11), u ∈ Cα,β,γ

(
[0, T ];Hs,p(Rn)

)
and it is defined by

u(x, t) =
(
g(x)F0(t) + F (x, t)

)
∗G0(x, t) + u0(x) ∗G1(x, t), (x, t) ∈ Q̄. (14)

Substituting (13) into the formula (14), we obtain

u(x, t) =

∫ t

0

{F0(τ)

N

[
(1−∆)γ/2(−∆)α/2Φ(x)− 1

T

(
u0(x)f2−β(T )−

−
∫ T

0

u(x, η)f1−β(T − η)dη
)
+

1

T

∫ T

0

F (x, η)dη
]}

∗G0(x, t− τ) dτ + u0(x) ∗G1(x, t)

for (x, t) ∈ Q, i.e. the Fredholm’s linear integral equation of the second kind

u(x, t)− 1

NT

∫ T

0

[
u(x, η) ∗

∫ t

0

F0(τ)G0(x, t− τ)dτ
]
f1−β(T − η)dη = v0(x, t), (x, t) ∈ Q,

(15)
where

v0(x, t) =

∫ t

0

F0(τ)

N
(1−∆)γ/2(−∆)α/2Φ(x) ∗G0(x, t− τ)dτ−

− 1

NT

∫ t

0

[
F0(τ)u0(x)f2−β(T ) +

∫ T

0

F (x, η)dη
]
∗G0(x, t− τ)dτ + u0(x) ∗G1(x, t) (16)

for (x, t) ∈ Q, and here the symbol ∗ means the convolution in space variables.

Theorem 2. Under assumptions (A), (B) there exists T1 > 0 and for each T ∈ [0, T1] the
unique solution

(u, g) ∈ Cα,β,γ

(
[0, T ];Hs,p(Rn)

)
×Hs+α+γ,p(Rn) ⊂ Cα,β,γ

(
[0, T ];Hs,p(Rn)

)
×Hs+(α+γ)θ,p(Rn)

of the problem (10)–(12): g is defined by (13) where u is the solution of the equation (15).
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Proof. It was shown above that under conditions of this theorem, the solution u of the
Cauchy problem (10), (11) satisfies the equation (15) in C

(
[0, T ];Hs+α+γ,p(Rn)

)
. On the

contrary, each solution u ∈ C
(
[0, T ];Hs+α+γ,p(Rn)

)
of the equation (15) satisfies this Cauchy

problem, because the equation (15) is obtained with (14) by substituting a specific function
g from (13), and according to Theorem 1, u ∈ Cα,β,γ

(
[0, T ];Hs,p(Rn)

)
. The solution u ∈

C
(
[0, T ];Hs+α+γ,p(Rn)

)
of the equation (15) also satisfies the condition (12) if g is defined

by (13). Indeed, assuming that this is not the case, and
1

T

∫ T

0

u(x, t)dt = Φ∗(x), x ∈ Rn

with some Φ∗ ∈ Hs+2(α+γ),p(Rn) ⊂ Hs+α+γ,p(Rn), by the uniqueness of the solution of the
Cauchy problem, from here and from formulas (12), (13) we obtain
(1−∆)γ/2(−∆)α/2

(
Φ∗(x)− Φ(x)

)
= 0 <=> (1 + |ξ|2)γ/2|ξ|α

(
F [Φ∗](ξ)−F [Φ](ξ)

)
= 0,

and therefore, Φ∗(x)− Φ(x) = 0, x ∈ Rn.
It remains to prove the solvability of the equation (15) in C

(
[0, T ];Hs+α+γ,p(Rn)

)
and

the uniqueness of the solution of the inverse problem.
As in the proof of Theorem 1 we show that v0 ∈ C

(
[0, T ];Hs+α+γ,p(Rn)

)
.

On C
(
[0, T ];Hs+α+γ,p(Rn)

)
we introduce the operator P

(Pv)(x, t) =
1

NT

∫ T

0

[
v(x, η) ∗

∫ t

0

F0(τ)G0(x, t− τ)dτ
]
f1−β(T − η)dη + v0(x, t),

(x, t) ∈ Q̄, v ∈ C
(
[0, T ];Hs+α+γ,p(Rn)

)
.

For v ∈ C
(
[0, T ];Hs+α+γ,p(Rn)

)
, taking into account the above estimates and Lemma 1,

we get
∥(Pv)(·, t)∥Hs∗,p(Rn) ≤ ∥v0(·, t)∥Hs∗,p(Rn)+

+
1

NT

∥∥∥∫ T

0

v(·, η) ∗
∫ t

0

F0(τ)G0(·, t− τ) dτ f1−β(T − η) dη
∥∥∥
Hs∗,p(Rn)

;∥∥∥∫ T

0

v(·, η) ∗
∫ t

0

F0(τ)G0(·, t− τ) dτ f1−β(T − η) dη
∥∥∥
Hs∗,p(Rn)

=

=
∥∥∥F−1

[
(1 + |ξ|2)

s∗
2 F
[ ∫ T

0

f1−β(T − η) dη

∫ t

0

F0(τ)v(·, η) ∗G0(·, t− τ) dτ
]] ∥∥∥

Lp(Rn)
≤

≤ t1−
1
p max
τ∈[0,T ]

|F0(τ)|×

×
{∫ t

0

dτ

∣∣∣∣∫ T

0

f1−β(T − η)dη

∫
Rn

F−1
[
(1 + |ξ|2)

s∗
2 F [v(x, η)]F [G0(x, t− τ)]

]∣∣∣∣p dx}1/p

≤

≤ c7T
1−βt1−

1
p max
τ∈[0,T ]

|F0(τ)|
[ ∫ t

0

wp
0(t− τ, 0)dτ

] 1
p ∥v∥

C
(
[0,T ];Hs∗,p(Rn)

) ,
where s∗ = s+ α + γ. Hence,

∥Pv∥
C
(
[0,T ];Hs∗,p(Rn)

) ≤ ∥v0∥
C
(
[0,T ];Hs∗,p(Rn)

) + c8T max
τ∈[0,T ]

|F0(τ)|

|
∫ T

0
F0(τ)dτ |

∥v∥
C
(
[0,T ];Hs∗,p(Rn)

) .
So, P : C

(
[0, T ];Hs+α+γ,p(Rn)

)
→ C

(
[0, T ];Hs+α+γ,p(Rn)

)
. The Neumann series for the

solution of the equation (15) converges under the condition (B) for T < T1 with some
T1 > 0.

Let us prove the uniqueness of the solution of the inverse problem. Let (u1, g1), (u2, g2)
be two solutions of the problem (10)–(12). Then for u = u1 − u2, g = g1 − g2 we have the
problem

Dβ
t u+ a2(1−∆)γ/2(−∆)α/2u = g(x)F0(t), (x, t) ∈ Q,
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u(x, 0) = 0, x ∈ Rn,
1

T

∫ T

0

u(x, t)dt = 0, x ∈ Rn.

As above, we find

g(x) = − 1

NT

∫ T

0

u(x, η)f1−β(T − η)dη, x ∈ Rn, (17)

where u satisfies the equation

u(x, t) +
1

NT

∫ T

0

[
u(x, η) ∗

∫ t

0

F0(τ)G0(x, t− τ)dτ
]
f1−β(T − η)dη = 0, (x, t) ∈ Q̄ (18)

in the space C
(
[0, T ];Hs+α+γ,p(Rn)

)
(here the symbol ∗ means the convolution in space

variables).
This is a linear homogeneous integral equation of the form (15). We obtain the existence

of such positive T that ensures the unique solvability of the equation (18) in the space
C
(
[0, T ];Hs+α+γ,p(Rn)

)
, and therefore, u = 0. Then from (17) we get g(x) = 0, x ∈ Rn.
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