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We study the Cauchy problem for fractional kinetic equation in spaces with values in the
entire scale of spaces of Bessel potentials, prove its unique, classical in time, solvability, obtaini-
ng an analogue of the maximum regularity of the solution according to Da Prato and Grisvard.
We also study the inverse problem on determining a space-dependent component in the right-
hand side of such equation under a time-integral additional condition.

We use the method of fundamental solution of the equation. We are investigating properties
of the Green’s operators of the Cauchy problem for fractional kinetic equation in spaces of
continuous functions with values in spaces of Bessel potentials and find sufficient conditions for
a time-local, classical in time and with values in spaces of Bessel potentials, unique solvability
of the inverse problem. We define the unknown function on the right-hand side of the fractional
kinetic equation over the entire scale of spaces of Bessel potentials.

The solution of the problem is reduced to the study of the unique solvability of some
Fredholm’s linear integral equation of the second kind in spaces of continuous functions with
values in the entire scale of spaces of Bessel potentials. The unknown function on the right-
hand side of the fractional kinetic equation is expressed through the solution of this integral
equation.

1. Introduction. Fractional kinetic equation is used in various applied fields [1-3, 8, 22].
The Cauchy problem for the equation

W 4 2(=A) 2y = F(z,t), (z,t) € R" x (0,7

with the Riemann-Liouville derivative ul(tﬂ ) of order B € (0,1) and for the equation
DPu+ a?(—A)*?u = F(x,t), (z,t) € R" x (0,T]

with the Caputo (Dzhrbasian-Nersessian-Caputo) fractional derivative

Dfu(m,t):ﬁ %/0 %Ch—@ , (z,t) € R" x [0,T]

of order 5 € (0,1) was studied by many authors, in particular, in [1,4,5,13,17], largest at
a = 2, a detailed bibliography on this case is given in [5,9,12,15]. The unique solvability
of the Cauchy problem and some inverse problems for such equations were obtained in
certain subspaces of the Schwartz space distributions [10,11,18,19] and in spaces of Bessel
potentials [20].

In this paper, we prove the solvability of the Cauchy problem

DPu+a?(1 — A2 (=A)u = F(x,t), (2,t) € R" x (0,T], u(z,0) =ug(x), € R* (1)
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in the spaces of Bessel potentials in terms of spatial variables and classical with respect to
time variable, obtaining an analogue of the maximum regularity of the solution according to
Da Prato and Grisvard [14,21], and find sufficient conditions for a time-local unique solvabi-
lity of a source inverse problem under a time-integral additional condition. Such problem
was not studied. Here (—A)*/2? and (1 — A)?/? are determined using the Fourier transform

FI=2)*y(x)] = [€]* Flip(2)),  FI(L—A)PP()] = (1 + [€P)2Flyp(a)].
2. Notation and definitions. Let Q = R" x (0,7], n € N, S(R") be a space of infinitely
differentiable functions rapidly decreasing at infinity, S’(R™) be a space of linear continuous
functionals over S (]R") (the space of distributions). Through fxg we denote the convolution
of fand g, (f*xg)(r f f(t —7)g(t)dt. We use the function

()1 > 0:
f,\(t) — IF()\) ’ ;
f1+/\(t)7 )‘ S Oa

where 6(t) is the Heaviside function, I'(\) is the Gamma-function and note that

f,\*fu f)\ﬂn f)\*fu f,\+u

Recall that the Riemann-Liouville derivative U(B ) (x,t) of order B > 0 is determined by

0P (2, 1) = f-p(t) xv(x,t),
and therefore DPv(z,t) = v/ (z,t) — %.
For s € R, p > 1 we determine the space of Bessel potentials (|23], p. 79)

H*P(R") = {v € S'(R"): [|vls,p = [IFH[(1 + [§]*) 2 F ][l 2y < +o0}, and let

C(0. 71 HP(R)) = {0005 191 1) = 3385 10000y < 4500,
Cy((0,T); H*?(R™)) = {v(z,1): 10l (0,210 mmmy) = e [0C, O] apny < +o0k,

Oa7ﬁ77([O,T]; Hs7p(R”)) ={ve C’([O,T]; HsTorvp(R™ ))
DJv, (1 — A2 (=A)*/20 € Gy ((0,T]; HP(R™))},

_ B
- maX{HUHC([O7T];H5+a+mp(Rn)> ? HDt UHCb((O7T];Hs,p(Rn)) ’

_ /2(__ a/2
0= AV BP0l )

Hv”ca,ﬂ,w ([OvT};HS’P(R"))

Assumption (L): € (0,1),a> 3,7 >0.

Denote by C, 5,(Q) a class of continuous functions v(z,t), (z,t) € @, equal to zero at
t > T and with continuous (1 — A)/2(=A)*2y, D’v in Q.

The pair of functions (Go(z,t), G1(z,t)) is called (|5,17]) a Green’s vector function of the
Cauchy problem (1), if for rather regular and finite F'(z,t), uo(x), the function

u(z,t) :/0th . Go(z —y,t —7)F(y, 7)dy + Gi(z —y,t)uo(y)dy, (z,t) €Q (2)

Rn

is a classical (from C, 5-(Q)) solution of the problem (1).
The existence of a Green’s vector-function was established, for example, in [1, 4], and
in [6,7,9,12,16| in the case v = 0,

FoelGr(w, 1)) i= FlGh(w, 0)] = Gi(&,1) = Bga(—a’(1+ [¢*)2|¢|*t7),
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where Eg ,(2) = > F(#:u) is the Mittag-Lefller function.
p=0

For 5 € (0,1), z > 0 the function Eg (—2) € L;(R"), Eg . (—
and compactly monotone if y > B: (=1)*(L)*Eg,(—2) > 0 k

bound o
Es,(—2) <
ﬁnu‘( Z) — 1 + Z’
Using the Fourier transform, we find GGo. We have the equation

z) is infinitely differentiable
= 0,1,2,..., it has the

C = const > 0.

(Go)t? + a(1 — AYP(=2)2Gy = 6(x,t), (2,t) € Q, (3)

which, after the Fourier transformation in terms of spatial variables, takes the form
(Go)\? + 102Gy = 6(t)
with b2 = b?(€) = a?(1 + |¢?)7/2|€|*/? and has the solution
Go(&,t) = t77 By g(—b*t7) = 1971 By g(—a*(1 + [£]*)/?[¢|*t7).
As in [17], for example, we show that

Gi(2,) = fig(t) * Golw,b), (2,%) € Q.

3. Solvability of the direct problem. Taking into account properties of the convolution
and components of the Green’s vector-function we obtain the solvability of the Cauchy
problem (1) throughout the scale of spaces H*?(R™) in space variables.

Lemma 1. For o < o+ 7y and each t € (0,T] the functions
gi(&:t0) = L+ [EP)EFIGI(E, 1), j=0.1,

are bounded and continuous in space variables { € R™. There exist positive constants d; =
d;(p) such that for allp > 1, f € L,(R")

IF g (&t o) FLN L, @y < djw; @O fllz, @y, t€(0,T], j=0,1, (4)

where w(t) = max{t*~!,*1a) 1w, (t) = max{l,t_a%} for each t € (0,T].

Proof. The lemma is proved according to the scheme of the proof of Lemma 1 from [13],
where the case v = 0 was considered. [

Theorem 1. Let the assumption (L) holds, 5,6 € (0,1), 1 < p < ﬁ, s € R, F €
Cy((0,T); HoH 0P (R™)), ug € H¥F*FP(R™). Then there exists the unique solution

u(z,t) = F(x,t) * Go(z,t) + ug(x) x Gi(z, 1), (x,t) € Q, (5)
of the problem (1) in the space Cy ([0, T]; H*P(R")) and the bound

< bol| F'll, + by [|uo|

[ Hs+a+7.p(Rn) (6)

Ca,p~y ([OvT];HS’P(R" ) ((0 T);Hs+ (o), p(Rn))
holds where by, by are positive constants.

Proof. Similarly to [13], at the beginning, we show the existence of convolutions from (5) in

the space C([0,T]; H*T*™?(R™)). We have ‘
FHO+16R)57 Fluo() + G 0] = F7 | FIGE ) (14 163) T Fluol(€)] =
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= F a6 OF[F (1 +1e?) T Fluol©)]]]

sta+
By assumption, F~'[(1+]£?) 2 W}"[uo] (€)] € L,(R™), by Lemma 1 the function g¢;(&,,0)
is a multiplicator in L,(R™) in variables £. Therefore,

stoty

Juo 1]

IN

Hstoty.p( R") = Hf |: 1+ ‘€| )

S5 Fluo)(€)]

Fluo(-) * Gi(- )]

Lp(R™)

< e (t,0) H;r (1+ €

=0 ||U0|

Hstoa+y(Rn) -
Lp(R™) (®")

We took into account that w;(¢,0) = 1. From the inequalities obtained above, for all s € R,
p>1,t € [0,T], we obtained the existence of a convolution ugxG; € C ([0, T]; H*F?(R™))
and the bound

HUO * GlHC([[LT];HeravL%P(]Rn)) < ClHuo‘ Hs+a+y.p(Rn)" (7)
Hereinafter ¢;, © € N are positive constants.
For each t € [0,71, let us estimate the norm
H(F * Glo) (-, t)‘ Hs+a+v.p(Rn) ”}—_1 [ L+l )SMMF[F * GO]] HLP(R") -

<
Lp(R™)

H]—" { 1+ ¢ F Uotp(-,r) « Go(-t —7) dTH

. t 1/p
<t'w {/ dr |h0(x,t,7')|p dx} ,
0 Rn

s+a+w

where
ho(-+1.7) = F~ [(L16P) 57 FIF () # Gl = 7)]| =

] (L o R S A O D R D

— F {go(&t — 7 (a+y)(1-0)F[F 1+ |€|2)WﬂF](5’T)H} '

By Lemma 1, the function go(&,t —7, (a+7)(1 —60)) is a multiplicator in L,(R™) in variables
&. By assumption,

st(a +w)

F [( + [€7) FIF(E, 7')1 L,(R™) for each 7 € [0, T).

Then

s+ (a +’y

Lp(R™)

FIF](& )]

H5+(a+’Y)9,p(Rn) VT E (O, T]

[0t ) gy < 2ot = 7. (a+2)(1 = 8)) | F7[(1+ [¢)

= cquo(t — 7, (@ +7)(1 = 0)) [|[F(-, 7)]

From previous transformations, we get

[(F % Go)(-,1)]

Hsta+vy,p (Rn) S

) t 1/p
S C2t17; {/0 wg(t (CY + ’7)( 9)) dT} ”FH (OT s+ (at+7)0, p(R”))
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and under the condition p(1— £6) < 1 which is the condition for the existence of the integral

[ utte=rta+ 0 -0)ar

for all t € [0,T], s € R we obtain the existence of the convolution fg F(,7) % Go(-,t — 1) dr
in H5T*tP(R™) and the bound

L TR T——

/OtF<.,T) ¥ Golt — 7) dr

Hsto+vy.p (Rn)

Therefore, F « Gy € C ([0, T]; H***™?(R")) and, considering (7), we get the estimate

< i e Fll

"U’HC([O’T];H5+O¢+’Y,;D(RR)) Hs+oty.p(Rn) (0.T]; Hs+(a+)6. P(Rn)) . (8)

Because

F+ 61— A=A )] = F [ (1+ 167) Tl Flul] =

@ stat+y
_ | ey f[u]] ,
(1+1¢P)>
as proven, F ! {(1 + |§|2)S+;+W}_[UH € L,(R™) for each ¢t € [0,T], and the function S - =

(1+1¢12)
is a multiplicator in L,(R™), then for all ¢ € (0,7 we get

S+a+'y

1771 [+ 12 A1 = AP (=) 2ul] ], gy < 4

F+1e”) E F |

LyRm)

We obtained that for the function (5) (of class C'([0,T]; HT*"?(R")) as shown) the
condition (1 — A)/2(=A)*?u € C,((0,T]; H*P(R")) is also met and the following bound
holds

(1= A (=a) (9)

C';,(OT] Hsp(Rn)) — 4” H ([0 T); Hs+a+'yp(]Rn))'

It follows from the equation (1) that
“Dju=—a*(1 — A2 (=A)*u + F € Cy((0,T); H*(R™))
and the following bound holds

[“Dulle, Y= APP=8) | ) FIElG,

OT H) p(R’n)) < HCL OT]'HS’T’(R") OT] Hsp(Rn))

) + CﬁHFH (

‘ H ([0 T);Hs+a+v.p(Rn) (0,T); Hs+(@+)0, p(Rn)) :

From this and bounds (8), (9) the estimate (6) follows.
We have shown that the function (5) belongs to Cy g, ([0, T]; H*P(R™)). By properties of
the Green’s vector-function it is the solution of the Cauchy problem (1). O
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4. Solution of the inverse problem. We find sufficient conditions for existence and
uniqueness of the solution (u, g) of the inverse problem

DPu+ (1= A=Ay = g(x)Fy(t) + F(x,t), (x,t) e R" x (0,T] := Q, (10)

,0) = up(x), xR, (11)

—/ u(z, t)dt = &(z), = €R" (12)

where F, Fy, ug, ® are the given functions.

For 6 € (0,1) the pair (u,g) € Cap,([0,T]; H*P(R")) x HH0P(R") is called a
solution of the problem (10)—(12) if it satisfies the equation (10) and the conditions (11),
(12).

. Note that

/ (1= AY2(—A)2u(z, )t = (1 — AY/2(—A)? /Tu(m,t)dt:(1—A)7/2(—A)“/2<I>(x),

/ D, t)dt /T[fl_ﬁ(t)*ut(x t)]dt:/To/tf1_5 (t — 7)us(w, 7)dr ) dt =

:/0 UT;ET fie 5t—7)dt>Td7._/OTuT(x 7) fop(T — 7)dT =

oA + | wter st = ryar

Applying the condition (12) to both sideg of the equation (10) we get

T
%[— uo(x) fo—p(T') +/ w(z,7) fi_p(T — 7)dr] + (1 — AV (= A)2D(z) =

0

T T
— %[g(x) / FO(T)dT+/ F(:L‘,T)dT}, x € R".
0 0

Assuming N = N(T) = = fOT Fo(t)dt # 0, we find the following expression for the

unknown function

9(r) = — (1 — AP (—A) ()
N (13)

1 T T

. [u0< ) fos(T) — /0 w(w, 7) frg(T — 7)dr +/0 F(x,T)dT], z € R,

NT
Lemma 2. Let s € R,p > 1,u, F € C,((0,T]; H*?(R"™)), up € H*P(R"), ® € H*TT#(R"),
Fy, € C[0,T) and fo Fo(T)dr # 0. Then the function g, defined by (13), belongs to H*?(R™)
and the fol]owmg est1mate holds

g/l ez 2 (ny < ao|ul] o +

c(lor)mv @&r))
@' Hs+a+’y,p(]Rn), t e [O, T]

"‘CLQHU()’HM) )"—&3‘

a||F]|
toullElle, (orpmer @)
where aq, aq, as, az are positive constants.

Proof. For all s € R, p > 1 we have

oo = [|F [+ EP)IFIL — AV (0021 O)] |, oy =

e l€°
S)JHLP(RTL)_ H]: [(1 + |€|2)%< + |§| )

11— A)72(=2)*9|

s+~/ s+oc+w

Flo)( F12](€)

= [lF i+ e Ml o
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_ stoaty
< CIF A +1eP) = FIUON ey = ClPl resosn
and then the required estimate follows from the formula (13). O]
Assumptions:
(A)Belpl),l<p<ig a>py>0seR F e G0T]HT(RY),

up € Hotetrp(RY), & € HoH2et)2(R™), Fy € C[0,T], [ Fo(t)dt # 0;

T max _|Fo(T)]

(B) % is bounded by an increasing function of 7.
0 0

Note that the assumption (B) is fulfilled, for example, for Fy(t) positive monotone
increasing and with Fy(0) # 0.

Note that HS+"‘+W(R”) Hs+(a+7)9p(]R") for each 6 € (0,1), in particular, such that

% < W’ that is 6 € [ ,1) for B € [£,1). It follows from Lemma 2 that in assumption (A),

defined by (13) functlon g € Hstervp(R™) ¢ H*H@)0p(R") and the following estimate
holds

_I_

gl sy < Bllglmeoeery < bollull o 0| Fll

C([0,T);Hs*»(R") ) (07T];HS**P(R"))

+bo | uo|

Heo(re) 1 b |

H5+2(a+’y),p(Rn), t E I:O, T]

where s* = s+ a + v, and b, by, by, by, b3 are positive constants dependent on 7. Then in
assumption (A), by Theorem 1, there exists the unique solution u of the Cauchy problem
(10), (11), u € Cap,([0,T]; H*P(R™)) and it is defined by

Substituting (13) into the formula (14), we obtain

atet) = [ (B 1 8y 720" 0(a) - (o) fo-sl1)-
_ /OTu(x, n) fi_p(T — n)dn) + % /OT F(z, n)dn} } x Go(z,t — 1) d7 4 up(z) * G1(z,t)

for (z,t) € @, i.e. the Fredholm’s linear integral equation of the second kind

u(z,t) — %/0 [u(x,n) */0 Fo(1)Go(z,t — T)dT} fig(T —n)dn = vo(x,t), (x,t) E(Q,)
15

(o) = [0 A (-2) 2 8(0) 4 Golayt - r)r -

_%/0 [Fo(T)uo(l")fz—ﬁ(T) +/0 F(:v,n)dn} x Go(x,t — 7)dT 4+ up(z) * Gy(z,t)  (16)

for (z,t) € @, and here the symbol * means the convolution in space variables.

Theorem 2. Under assumptions (A), (B) there exists T1 > 0 and for each T' € [0,T}] the
unique solution

(4, 9) € Capr ([0, 7] H*"(R™)) 3 H**(R") C Coyy ([0, ] HYP(R™)) x H* 02 (R™)
of the problem (10)—(12): g is defined by (13) where u is the solution of the equation (15).
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Proof. Tt was shown above that under conditions of this theorem, the solution u of the
Cauchy problem (10), (11) satisfies the equation (15) in C([0,T]; H****"P(R")). On the
contrary, each solution u € C'([0, T]; H* *+*(R")) of the equation (15) satisfies this Cauchy
problem, because the equation (15) is obtained with (14) by substituting a specific function
g from (13), and according to Theorem 1, u € Cy ([0, T]; H*P(R™)). The solution u €
C([0,T]; H¥t+tP(R™)) of the equation (15) also satisfies the condition (12) if g is defined
by (13). Indeed, assuming that this is not the case, and

—/ (x,t)dt = *(z), = €R"

with some ®* € H*T2(+)r(R") ¢ H*F*+7P(R™), by the uniqueness of the solution of the
Cauchy problem, from here and from formulas (12), (13) we obtain
(1= A AP (@7 () - Bla)) =0 <=> (1+ [EF)/2Ie (F[o)(€) — Fla)(€)) =0,

and therefore, ®*(z) — ®(z) =0, z € R™.

It remains to prove the solvability of the equation (15) in C([0,T]; H**™?(R")) and
the uniqueness of the solution of the inverse problem.

As in the proof of Theorem 1 we show that vy € C([0, T]; H*T?(R™)).

On C([0, T]; H*™*(R™)) we introduce the operator P

(Pv)(z, 1) = % /OT [v(a:, 1) * /Ot Fo(r)Gol(z,t — ﬂdﬂ Fios(T — p)dny + vo(z, 1),

(z,t) € Q, v e C([0,T]; HTFP(R™)).
For v € C([0,T]; H***t?(R")), taking into account the above estimates and Lemma 1,
we get
[(Po)(, ) | g p@ny < lvo(- ) | gs=p@ny+

sl [ vewe [ RGt=rar s - i
”/TU- */0 Fo(m)Go(+, t — 1) dr f1_5(T —n) dn‘Hs* —

_ Hf*l[ 1+ [¢)7 / fiop(T =) dn/ Fo(r)o(, n)*Go('at—ﬂdT}_
<t » max | Fo(T)| %
{/ dr
< 1-4l—4 —
TPt~ 712[3)% |Fo(T /Ow (t —1,0) dT} |l o(oayae » (@)

T7€[0,7T
where s* = s + a + 7. Hence,

Hs*»(Rn)

IA

Lp(R™)

/ fip(T — ndn/ 1[(1+\€| Y5 F (,n)]}"[Go(x,t—T)]]pdgg}l/pg

1

csT max |Fy(7)

T€[0,7T]

[OyT];HS*,p(]Rn)) S ||UO||C([O,T];HS*’3’(R")) + |f FO d | H || ([OT CHs* p(Rn)) :
0

7ol

So, P: C([0,T); HstetrP(R™)) — C([0,T]; H*t*t*(R")). The Neumann series for the
solution of the equation (15) converges under the condition (B) for 7" < T) with some
Ty > 0.

Let us prove the uniqueness of the solution of the inverse problem. Let (uq,¢1), (u2, go2)
be two solutions of the problem (10)—(12). Then for u = u; — us, g = g1 — go we have the

problem
Dfu + a2(1 — A)7/2(—A)a/2u =g(z)Fo(t), (z,1) € Q,
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1 T
u(z,0) =0, ze€R" T/ u(z,t)dt =0, z€R"
0

As above, we find

o) = ~57 | wlehioaT = nn, R (1)

where u satisfies the equation

u(z,t) + %/0 [u(a:, n) * /0 Fo(1)Go(z,t — 7)dr| f1p(T —n)dn =0, (x,t) €@ (18)

in the space C([0,T]; H**™#(R")) (here the symbol * means the convolution in space
variables).
This is a linear homogeneous integral equation of the form (15). We obtain the existence

of such positive T that ensures the unique solvability of the equation (18) in the space
C ([0, T]; Hsr+P(R™)), and therefore, u = 0. Then from (17) we get g(z) =0, z € R". [
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