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Given natural parameters s and r, where 2 < s < r, we consider the distribution of a random
variable

o0
_ —k _ ATs
£= ZS &k = Aflﬁzmﬁkm’
k=1

where (£x) is a sequence of independent random variables taking values in {0,1,...,r} with
probabilities pg, p1, ..., pr, respectively, and all p; < 1.

In the case s = 3 = r, necessary and sufficient conditions for the singularity and absolute
continuity of the distribution of & are established. It is shown that the distribution of £ is
absolutely continuous if and only if p; = % = po. In all other cases, the distribution is si-
ngular (i.e., supported on a set of zero Lebesgue measure). For popipaps = 0, the fractal
Hausdorff-Besicovitch dimension of the spectrum (i.e., the minimal closed support) of the di-
stribution of £ and of the essential support of its density is explicitly determined under the
condition p;p;11p;42 # 0 for i =0, 1.

The work also discusses the connection between the distribution of £ and infinite Bernoulli
convolutions governed by the corresponding series as well as representations of numbers in the
base-3 numeral system with one redundant digit. Several open problems are formulated.

For the numeral system with the base 3 and the alphabet A = {0,1,2,3}, the problem
of determining the number of representations of a number is completely solved. It is proven
that almost all numbers (with respect to the Lebesgue measure) in the interval [0; %} have
a continuum of distinct representations, while those with a unique representation form a fractal
set of Hausdorff-Besicovitch dimension logs 2.

1. Introduction. Let (£2,'B) be a measurable space and let ;1 and v be two continuous
probability measures defined on it. Recall that the measure p is called absolutely continuous
with respect to the measure v (u < v) if p(E) = 0 for all F € B such that v(E) = 0. If
i < vand v < u, the measures are called equivalent (1 ~ v). The measures p and v are said
to be orthogonal (pu L v), if there exists a set S € B such that p(S) =0 and v(Q\ S) = 0.
If 4 L v and one of the measures is the Lebesgue measure, then other is called singular,
i.e., orthogonal to the Lebesgue measure. The probability distribution function of a singularly
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continuous random variable has a derivative equal to zero almost everywhere with respect
to the Lebesgue measure.

Singular probability measures and singular functions remain insufficiently studied objects,
and their general theory is underdeveloped. Nevertheless, Zamfirescu’s theorem ([19]) states
that, in the class of continuous probability distribution functions, those that have a nontrivial
singular component form a set of the second Baire category.

There are several problems related to singular measures (random variables).

1. The problem of deepening of the Jessen—Wintner theorem ([7]), which asserts that the
sum of a convergent (with probability 1) random series of independent discretely distributed
random variables has a pure distribution (purely discrete, purely absolutely continuous, or
purely singular). The criterion for discreteness is known, but the criteria for singularity and
absolute continuity are still unknown. In certain classes of random variables, this problem
has been successfully solved (|1,2,15-18]).

2. The problem of convolution of two singular measures (distributions). Currently, the
necessary and sufficient (as well as reasonably general sufficient) conditions under which the
convolution of two singular measures (distributions) is singular (or absolutely continuous)
are unknown (|6, 13]).

3. The problem of convolution of two Cantor distributions (distributions supported on
nowhere dense sets of zero Lebesgue measure). Moreover, necessary and sufficient conditions
for the spectrum (the minimal closed support) of the convolution of two Cantor distributions
to be a Cantor set or Cantorval remain unknown.

4. The problem of the behavior of the absolute value of the characteristic function at
infinity.

Recall that the characteristic function of the distribution of a random variable ¢ wi-
th probability distribution function F,(x) is the complex-valued function f¢(¢), which is
the expected value of the random variable ¢, i.e., fc(t) = Me™ = fj;o e dFy(z). Tt is
known [9] that for an absolutely continuous distribution of a random variable ¢ with the
characteristic function f¢(t), the value

L; = limsup |fc(2)]

[t| =00

is equal to 0, for a discrete one Ls = 1, and for a singular distribution L, € [0; 1]. The value
of L for a singular distribution characterizes its closeness to being absolutely continuous or
discrete. The nature of L; = 0 or L = 1 for a singular distribution ¢ remains mysterious.

For a continuous random variable ( satisfying the Jessen-Wintner theorem, the condition
L = 0 implies singularity. This is the essence of the method of characteristic functions for
establishing the singularity of a distribution.

2. Object of study. Let s and r be fixed parameters such that 2 < s <r,let A ={0,1,....r}
be an alphabet, and let L = Ax Ax... be the set of sequences of elements from the alphabet A.
The representation of a number z € [0; "] by the series z = 18 Tt ags 24 ags TR+ =
AL as. ... 18 called its representation in the base-s system with a redundant alphabet. The
redundancy of the alphabet generally determines the non-uniqueness of number representati-
on. Each pair of parameters (s;r) generates its own unique geometry (|5, 11]).

Given a predetermined sequence () of independent random variables, each taking values
0,1, ..., with probabilities pg, p1, ..., pr, respectively (with all p; < 1), consider the distri-

bution of the random variable £ = AZ® )
162 &g
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According to the Jessen—Wintner theorem, the distribution of £ is either purely absolutely
continuous or purely singular. The problem of distinguishing between these cases by necessary
and sufficient conditions for arbitrary pair of parameters s and r is nontrivial as the problem
of finding an explicit expression for the probability distribution function of £ is, even for
specific values of the parameters.

With regard to the random variable £, in addition to the aforementioned issues, we are
interested in the following problems:

1) In the case of singularity, to describe the topological, metric, and fractal properties of
the Lebesgue zero measure set, where the distribution is supported.

2) In the case of absolute continuity, to find conditions under which & can be decomposed
into the sum of two independent components, one of which has a uniform distribution on an
interval.

3) To study the behavior of the absolute value of the characteristic function of the distri-
bution at infinity.

4) To establish the connection between the distribution of ¢ and infinite Bernoulli convoluti-
ons as well as convolutions of Cantor-type distributions.

This work is devoted to a partial solution of these problems.

In the paper [14], the case s = 2 = r was thoroughly investigated. It was established that
¢ has an absolutely continuous distribution only. if p; = 0,5 or pg = 0,5 = p,. In all other
cases, the distribution of £ is singular.

In this paper, we consider the case s = 3 = r and obtain a complete solution to the
problem of determining the type of distribution of £ as well as describe the fractal properties
of the distribution support under certain conditions.

In the sequel, we write

AgleQ...Ozk... = AQ’lOtQ...Oék... == Z 3_nan, an E A = {0, ]_, 2, 3}
n=1
The expression Ay, a,..a,... = T is called the A-representation of the number x, and v, is the

n-th digit of this representation. Parentheses in the A-representation of a number indicate
a repeating (periodic) part. A one-digit period is called simple.

3. The connection between the distribution of ¢ and the infinite Bernoulli convoluti-
on governed by a series. Every number z = A, 0, a,,..., @ € A is a value of the random
variable £. The set E¢ of values of ¢ coincides with the set of incomplete sums (subsums) of
the series

f: S > ug+ L
Upy==F+-+-+s+s5+5+..+t =+ —F+—-4+..= Uk + 1y = =,
BRSNS B CREE TR gn 30 3 : 2

that is, the set E(u,) = {z: 2 =>"" eyu,, €, € {0;1}, M € 2V},

Since for the terms wu,, and corresponding remainders r,, of the given series the inequality
u, < 1, holds for all n € N, it follows from Kakeya’s theorem ([8]) that E = [0; 3].

The infinite Bernoulli convolution governed by the series (1) is the distribution of the
sum 7 = » .~ UMy, where (n,,) is a sequence of independent random variables taking values
0 and 1 with probabilities ¢y > 0 and ¢ = 1 — gy > 0, respectively.

According to the Jessen—Wintner theorem, the distribution of 7 is either purely singular

or purely absolutely continuous. Below, it will be shown that it is always singular.
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The distribution of 7 is a special case of the distribution of &, where py = ¢3, p1 = 3¢3q1,
P2 = 3¢047, P3 = 43

If one attempts to implement a geometric approach to analyzing the distribution of &,
difficulties arise due to the non-uniqueness of the A-representation of numbers.

4. The number of representations of a number and the overlapping of cylinders.
It is obvious that the equality Ay, a,.. = Ay .. 1S equivalent to > o 37%(ay — ¢x) = 0.
The numbers 0 = A and % = A3 have a unique A-representation, but they are not
the only ones. There exist numbers that have a finite, countable, or even continuum set of
distinct A-representations.
Note that there are three pairs of interchangeable consecutive digit pairs in a A-represen-
tation of a number, which do not change its value: 03 <+ 10, 13 « 20, 23 <« 30.

Theorem 1. A number whose A-representation contains a simple period (a period of one
digit) has a countable set of different representations (except for the numbers 0 and %)

Proof. 1. First, we show that the number xg = A, 4,0) has a countable set of different
representations. Indeed, for an arbitrary-length sequence of twos, we have:
Aoy aip0) = Boropifox—112) = Doy lax—1]2..23(0)

Thus, xo has an infinite set of different representations. Let us show that this set is countable.
Consider an arbitrary representation A, 4,... of the number 1. If we suppose oy = 0, we get
a contradiction: 1 = Agagay.. < Aoy = 3.

The assumption oy = 1 also leads to a contradiction: 3 <1 = Ajgya,.. < Ayg) = 2.

If a; = 3, then 1 = Az, a,... < A3y =1, and thus a3, = 0 for all k¥ > 1, so

1= Az0) = A

If a; = 2, we analyze as. As with aq, we find that as ¢ {0, 1}, and if iy = 3, we uniquely
get 1= Agg(o).

If iy = 2, we continue this process for as, and so on. This yields 1 = Ay 930y = Ag) for
all £ € N. Therefore, the number 1 has a countable set of different representations.

The countability of representations of the number Ag_ () is justified analogously. Taking
into account the equalities

Aora(0) = Ba g afor-112) = Doy agalar-110) T B, 02
=~

k

Agy.ar(0) = 01A10) + @2A01(0) + - + kg (10
~~

k—1
the proof can be considered complete.

2. The countability of the representations of the number zy = A, ., (2) follows from item
1, because A, c.2) = Ac,..cx23(0)-
3. By replacing pairs of consecutive digits in the A-representation (e.g., 03 with 10), we
obtain:
Ay = Aoy = Aoy = Ar10(3)-

Let A4, . .a,.. be an arbitrary representation of the number zo = A).
Since Agiz) = Ay = 19 < Ag(g), we must have 2 # a; # 3. If oy = 0, then x5 = Ay If
a1 = 1, then we analyze s, and so on. For any & € N, we have

A1...10(3) =Ap) <0 < A1...12(0)7
<~ <~

k k
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S0 2 # a1 # 3. I agyr # 1, then g = Ay 1)
<~

A number g = A, 1) With ¢ # 1 hag a countable set of different A-representations,
since the pair ¢;1 has no alternative substitution, and the set ¢;...c, may have only a finite
number of alternatives, or none at all, if it contains no digits 0 or 3.

4. Since Ay3) = Aps1j0@) = Auti.a@) = As1ja), then according to item 3, the
number zy = Ay3) has a countable set of A-representations. The countability of the set of
representations of the number zop = A, ., (3) follows from item 3 and the remark above.
Therefore, the A-representations of the number z, are exhausted by the cases described
above. O

Corollary 1. Almost all numbers (with respect to the Lebesgue measure) in the interval
[0; 3] have a continuum of different A-representations.

Theorem 2. A number whose A-representation contains only the digits 1 and 2, each
appearing infinitely many times, has a unique A-representation.

Proof. Let A,,..a,.. be an arbitrary A-representation of the number

To=1291.122..211..122..2..11...122...2 ., @n, by € N.
| S S s S e i) S

ay by ag by an bn

Denote the digits of the given A-representation of zy by cq,cs,...,Cpn, ...

We shall prove that «,, = ¢, for all natural n using the principle of mathematical induc-
tion.

Since A(l) = Ao(g) <z < AQ(O) = Al(g), it follows that a; = 1.

Assume that a; = ¢; for all j < k. Consider the digit aj1. There are two possible cases:
1) cgr1 =15 2) cxy1 = 2. In the first case:

Acl‘..ck(l) = Acl...ckO(B) <z < Acl.‘.ck2(0) = Acl...ckl(Q)a

SO 11 = 1 = ¢k11. In the second case:

A(:1“.(:;9(1) = Acl...ckl(ii) <xp < Acl...ck?;(()) = Acl...ck(2)a

SO 11 = 2 = Cga1- Thus, by the principle of mathematical induction a,, = ¢, for all
n € N. The proof for the case where the representation begins with a sequence of twos is
analogous. [

Theorem 3. If some A-representation of a number x does not contain a simple period and
contains infinitely many digits 0 and 3, then x has a continuum of different representations.

Proof. Under the assumptions of the theorem, the A-representation of the number x contains
infinitely many pairs of the form a3 or 0b, where a # 3, b # 0. Each of these pairs admits
an alternative substitution. Therefore, any number satisfying the conditions of the theorem
has a continuum of different A-representations. O

Corollary 2. The numbers

r=A, o 1.12.2.1.12. 2. andy=A_ 9 91 1.9 91.1.
SV S Lo Lo~

aj by an bn by aj bn an

have a finite number of different A-representations. Moreover, if o; = 3 for all j = 1, k, then
both x and y have a unique A-representation.
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Corollary 3. The set of numbers that have a unique A-representation is of continuum
cardinality and has fractal Hausdorff-Besicovitch dimension equal to logs 2.

The set A, ,, of numbers z € F that have a A-representation of the form A, . ay..an..,
() € L, is called cylinder of rank m with base c;.. cm It is easy to prove that the cylinder
A, .., 1S a segment with endpoints a = Z;nzl 3 F b=a + 3w and clearly,

01 .Cm l JAcl .Cmi-

A distinctive feature of A-representation of numbers lies in the specific overlaps between
cylinders:
Acl...cmi N Acl...cm[iJrl} = Acl...cmflifi - Ac1...cm_1[i+1]0a 1= 07 17 27

i.e., the intersection of two “adjacent” cylinders is itself a cylinder of the next rank.

5. Function with fractal level sets. From the obtained results concerning the number
of rs-representations of numbers, one can perform a fractal analysis of the level sets of the
function. Let us consider a model example with s =3 = r.

Let us recall that the traditional quaternary representation of numbers = € [0; 1] is called

aq

_ A4 _
Tr = Aalaz .. _Z—i_E—{— +4—n+
where o, € {0,1,2,3}, in particular A}, o (0) = Aimz...ak_l[ak—l](i%)'

By agreeing to use, among the two quaternary representations of a quaternary-rational
number, only the one that has the period (0), we define the function f by

f(ilf - A4 ) = Aoqaz...an...

a102...0n..
Theorem 4. The function f has level sets of different cardinalities:
1) singletons and finite sets;
2) countable and continuum sets,
including sets of positive fractal dimension.

Proof. Tt is clear that the cardinality of the set f~'(yo) at level yo = f(x¢) is equal to the
cardinality of the set of different representations of the number gy, € [0; %]

As noted above, the numbers 0 and % have unique representations: f~(0) = A‘(LO),
@) = A??)) = 1. According to Theorem 2, the number Ay = 2 also has a unique

representation f~(3) = Afy =
The number Yo = A1010(12) A0310(12) = A0303(12) = A1003(12) has a finite number of
formally different representations, and therefore has a finite level set

5

{AIOIO(IQ A0310(12 A%303 12)» AZ11003 12)}

The level set yo = Ay = Al...10(3)7 as follows from the above, is countable.
<~

The number yo = A() has a continuum set of different representations, and thus the
level set of the function f is continuum: y;' = {z : # = A? }, where (a,,b,) €

aibiasbs...anby...
{(1,0),(0,3)}.
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Writing the number z = A? in the form

aibiasbs...anby...

4 ar by ay by
T = Aalblasz...anbn... = Z + E + E + E +...=
dar+by | dag+ by L a,
= 2 + 44 + ... = 16—|— 162—|—‘___|_ 16n+ ’

where a,, = 4a,+0b, € {3;4}, we see that the set y, ! consists of points whose representations
in base 16 use only two digits, 3 and 4. It is well known that the set is a continuum, self-similar
Lebesgue measure zero set with fractal dimension log,s2 = }l. O]

6. Singularity of the distribution. The set £ under the condition popipops # 0 is the
spectrum of the distribution of £. If pop1paps = 0, then the spectrum of ¢ is a subset of E. If
1.3

either py = 0 or p3 = 0, then the spectrum is [0;1] or [3; 5], respectively. In all other cases,

the spectrum is a nowhere dense fractal set. A nontrivial case arises when pop;p3s # 0 and
p; =0, fori#j, j€{1,2}.

Lemma 1. The set C[A;{0,1,3}] = {z : = = Asag..an...@n € {0,1,3}} is a nowhere

dense, N-self-similar set of zero Lebesgue measure, whose fractal (Hausdorff) dimension is

3+v5

xr = lOgg 5 -

Proof. Let A/ = A, ., NC.Since C C [A3U{A;UAp}],2 = AN A3, it follows that

C1...Cm
1 -2
C A Al Since Al; € C and Aj; N Ay = &, we have C i~ Al
1
Moreover, Agg U Ag; is congruent (isometric) to Ayg U Ayy, Aj UAT 2 Alg U AL, and

C' C A3 UA3U[(AgUAg) U (AgUA)]

a1
Furthermore, C' Y Al5, i = 0,1. Taking into account that Agys = A1, Dozo = Aigo, We
have

I I I 32
A/000 U A/001 = A610 U A611 = A/100 U A/101 = A/110 U A/111 ~ A6 U Alp

and we obtain
1

1
Uy A;L_,inm] U D,

11=0 in=0

CcAyUAU

where D is a countable set, and C' & A} ;15 with k = 372 Hence, C is an N-self-similar
set, and its dimension is the solution of the equation

I = 2n
3 > See b

n=0

345 O

that is r = logz =5~

Remark 1. The set C[A;{0,2,3}] has the same properties as C[A; {0, 1,3}]. The proof is
analogous to the one above.
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Theorem 5. Let pypipops = 0.
1. If p; = piy1 = Pige = %, then the random variable £ has a uniform distribution on the unit
interval.
2. If there exists a p; such that 0 # p; # %, then the distribution of the random variable £
is a singular distribution, and:

2.1) if two of the probabilities are zero, then ¢ has a Cantor-type distribution with a
spectrum of fractal dimension logs 2;

2.2) if only one of the probabilities is zero, and pip; = 0, then & has a Cantor-type
distribution with a spectrum of fractal dimension log, 3*‘[

2.3) if only one of the probabilities is zero, and pops = 0 then ¢ has a singular distribution
with a strictly increasing probability distribution function, and the fractal dimension of the
essential support of its density is — logs p}" p5’ pt*

Proof. 1. If p3 = 0, then £ is a random variable whose digits &, in the ternary representation
take values 0, 1,2 with probability % Such a random variable is known to have a uniform
distribution on the interval [0;1].

If po = 0, then consider the random variable £ = £ — % ==Y 3%, i.e., the random
variable Y % 5%;1 Ag’, e where ¢/ takes values 0, 1, 2 with equal probabilities %

n=1

Since ¢ and é have equivalent distributions, and é is uniformly distributed, it follows that &
1.3

is uniformly distributed on [3; 3].

2.1) If p3 = 0 = p;, then the spectrum of the distribution of £ is a Cantor-type set C|r,, V],
where V' = {0, 1,2} \ {4}, which is known to be a self-similar set with fractal dimension log; 2.
A similar situation occurs p; = 0 = ps. If p3 # 0 = py and pyps = 0, then the corresponding
random variables € and € have equivalent distributions. This last case corresponds to a
random variable with independent digits in the classical ternary representation. Since one
digit has zero probability, £ has a singular Cantor-type distribution.

2.2). In the case pip; = 0, the spectrum of the distribution of ¢ coincides with the set
Clrs;{0,2,3}] or C[rs; {0, 1,3}]. Therefore, Claim 2.2) follows from the previous lemma and
remark.

2.3). Let pops = 0. If p3 = 0, then the random variable ¢ has independent and identically
distributed ternary digits, and if p; # % for some 7, then the distribution is singular.

Indeed, in this case, the set of growth points of the probability distribution function is the
interval [0; 1]. The probability that £ belongs to the set E[3; po, p1, p2] of numbers whose digit
frequencies match p; for each i = 0, 1,2 is equal to 1. As it was shown by Eggleston (|4]) and
Billingsley ([3]), the set E has Lebesgue measure zero and Hausdorff-Besicovitch dimension
— log, pp’pi' ph?. Therefore, € has a singular distribution with a strictly increasing distribution
function ([10]).

If po = 0, then the same conclusion holds for the random variable é = ¢ — 1 whose

2
distribution is equivalent to distribution of &. O

In the case pop1paps # 0, we use the method of characteristic functions.
The characteristic function of the distribution of £ has the form

k k
Hsok = o+ pre’ S ppe I et ZPmCOS——I-Zmesmgk,

and satlsﬁes the functional equation fe(t) = p1(t)fe(5). In partlcular, f5(27ms) = fe(2mn),

Vn € N and Lg > ‘f5<2ﬂ')|

t
3
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Theorem 6. If p; = % = po, then the random variable { = A¢ ¢, ¢, With independent di-
gits &, taking values 0, 1, 2,3 with probabilities py, p1, P2, p3, respectively, has an absolutely
continuous distribution. In this case, the distribution of ¢ is the convolution of a uniform di-
stribution on [0; 1] and a singular Cantor-type distribution. In all other cases, the distribution
of ¢ is singular.

Proof. If py = = = po, then £ can be expressed as the sum of two independent random
variables: T, Wthh has a uniform distribution on [0; 1], and ¢, which has a singular Cantor-
type distribution.

Indeed, a uniformly distributed random variable on [0; 1] has the form 7 =" 37"7,,
where (7,,) are i.i.d. random variables taking values 0, 1, 2 with equal probabilities % The
random variable ¢ =Y | 37"(,, where (, are independent random variables taking values
0, 1 with probabilities x > 0 and 1 — = > 0, has a singular Cantor-type distribution.

The convolution of the distributions of 7 and ( is the distribution of sum 7+ ( if addends

are independent. The identity & = 7 4 ( is equivalent to system of equations &, = 7, + (.,

n =1, 2,.... This system is equivalent to the following consistent system of equations:
1 1 1
pozp{fn:O}:gl', p1 = P{fn—l}_ (1—1‘)4—333—5
1 1 1
P = Plé =2} o + 5(1 —w) =5 m=Ple =3 = 30— 1)
which implies p; = 3 = pa, po + p3 = 3, and & = 3py.
Thus, under the condltlon p1 = = = po the distribution of £ is a convolution of uniform

and singular distributions, hence it is absolutely continuous.

Now consider the case where p; # % or py # % We use the characteristic function method
to obtain sufficient conditions for singularity, specifically proving that L¢ > 0, which implies
singularity. We first show that the infinite product

HSOk (2m) # 0. (2)

Since 327 _ pm sin 27 > 0 for all k > 1, it follows that ¢r(27) # 0. It is known that
the absolute convergence of the infinite product (2) is equivalent to the convergence of the
series Y o, |pr(2m) — 1|. We prove the convergence of this series using the comparison test.

Let us estimate uy = |pr(27) — 1

Uy, [(me cos(2mrm3~F > (Zgjp sin(27rm3~ )) ]

m=0
3 9 3 1
= [(me> +4(mesm (rm3~* Z pip; sin’ Z—j)S*k)> —1} =
m=0 0#£i#57#0
=2 [ Z Pm sin?(rm3™F) — Z pipj sin®(m(i — j)3_k)} ' <
m=0 0i#£j£0

3 1 3 1
<2 [ me sin2(7rm3*k)] é <2 [ me sin?(37 - 3*’“)} é < 2sin(37-37%) < 67 -37F.
=1 =1

m= m=
Let us note that the last three inequalities are valid for all £ > 2. From the final inequality
and the comparison test, it follows that the series >/~ , |¢r(27) — 1| converges, and hence so
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does the infinite product (2), which means that inequality (2) holds. Therefore, |f¢(27)| =0
if and only if ¢y (27) = 0, i.e., when
3 3
2mm 2mm
= O = 1
mEZO cos — g sin ——,

m=0

which is equivalent to the system of equations py — %pl - %pg +p3=0= ‘/73(]91 — p2). Thus,

|fe(2m)| = 0 if and only if p; = % = po, and under this condition, as it was shown earlier, the
distribution of £ is absolutely continuous.

Hence, when p; # % or po # %, we have |f¢(27)| # 0, and therefore Lg > 0 which implies
that the distribution of ¢ is singular. O

Corollary 4. The random variable n has a purely singular distribution.

The distribution of 7 is singular because the system 3¢3(1 — ¢o) = 5 = 3qo(1 — q0)? is
inconsistent.

7. The distribution of £ as a convolution of Cantor-type distributions.

Lemma 2. The sum of two independent singularly distributed random variables 6 =
S 0,3 " ande =7 €,37", where (6,) and (e,,) are sequences of independent random
variables taking values 0, 2 and 0, 1, respectively, with probabilities u, 1 — u and v, 1 — v

has a singular distribution whose spectrum is the interval [0; 3].

Proof. Indeed, the distribution of the sum 6+ ¢ belongs to the same class of distributions as
¢ with corresponding parameters py = uv, py = u(1l —v), po = v(1 —u), p3 = (1 —u)(1 —v).
However, the system u(1 —v) = 3 = v(1 — u) is inconsistent. Therefore, by Theorem 6, the
distribution of € 4 ¢ is singular. ]

Theorem 7. If py = (po + p1)(po + p2), then the distribution of £ is the convolution
of two Cantor-type distributions, namely, the distributions of the random variables 6 =
DNgoy. 0,6 = Dejey. e, where (0,,) and (e,) are sequences of independent random vari-
ables taking values 0, 2 and 0, 1 with the probabilities py + p1, 1 — (po + p1) and py + p,
1 — (po + p2), respectively.

Proof. It P{6, =0} =2, P{0, =2} =1—x, P{e, =0} =y, Ple, =1} =1 —y, then
the equality £ = 0 + ¢ is equivalent to the system py = zy, p1 = z(1 —y), p2 = (1 — 2)y,
ps = (1 — 2)(1 — y), which, in turn, is equivalent to * = py + p1, ¥y = po + p2, po = xY =
(po + p1)(po + p2)- L

Remark 2. For pg = p; = py = p3 = i, the condition py = (po + p1)(po + p2) is satisfied. In
this case, the distribution of ¢ is singular.

8. Concluding remarks. We were not able to obtain an explicit expression for the probabi-
lity distribution function F¢(x). The problem of description of the topological, metric, and
fractal properties of the essential support for the density of distribution of £, N = {z :
F{(x) > 0 or F{(x) does not exist} under the condition popipsps # 0 remains open. The
main difficulties arise from the non-uniqueness of the number representation by the series
and the overlapping of cylinders. Despite the relatively simple structure of the overlaps,
computing the probabilities of cylinders remains challenging.
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