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The paper considers the problem of approximating Lauricella—Saran’s hypergeometric func-
tions Fk in special cases by branched continued fractions as a special family of functions. Under
the certain conditions on the elements of branched continued fraction expansions of some ratios
of these functions, it is proven that every expansion converges to the function that is analytic
in the domain of analytic continuation

C(Dn:{ZERg:ZlSThZ2§777Z3§O}5 0<77<17

at least as fast as a geometric series with a ratio less then unity. For this purpose, the method
based on the formula for the difference of two approximants of a branched continued fraction
and the PF method (based on the so-called property of fork for a branched continued fraction
with positive elements) was used.

1. Introduction. Branched continued fractions as a class of special functions are one of the
most effective tools for representing the analytic functions that naturally arise in a variety
of applied problems (see, for example, [16, 17, [I8] and also [35, [42]). The expansions of
some ratios of the Lauricella—Saran’s hypergeometric functions Fx into branched continued
fractions were constructed and investigated in |2} 23]. This was done on the base of three-
term recurrence relations (|2, Lemma 1]), using the idea of choosing certain identical values
of the parameters of hypergeometric functions, proposed in [4]. The need to compute the
values of the function F in special cases arises, in particular, in the problem of studying
of the propagator seagull diagram [36]. Other applications of Fx can be found in [2 15, [34]
and also [39]. In the same way, the long-standing problem of studying the convergence of
the branched continued fraction expansion of one ratio of Appel’s hypergeometric functions
F, (see [14]) was partially solved in a special case in [I}, 24, 26]. And recently, in [25] [40],
two expansions of special ratios of the Lauricella-Saran’s hypergeometric functions F); were
constructed and investigated.

This paper establishes the estimates of convergence rate of the above-mentioned expansi-
ons for the ratios of Lauricella-Saran’s hypergeometric functions F in the special cases.
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Such estimates (also called truncation error bounds [25]) are important from a computa-
tional point view. Truncation error bounds were established for branched continued frac-
tion expansions of some ratios of generalized hypergeometric functions 3F» in [5], Appell’s
hypergeometric functions Fy in [27], F» in [26], F} in [30], Horn’s hypergeometric functions Hs
in [3], Hy in [21], Horn’s confluent hypergeometric functions Hg in [6], and Lauricella-Saran’s
hypergeometric functions Fj; in [25]. Each of them is based on the formula for the di-
fference of two approximants of a branched continued fraction (see [I3] p. 28|), adapted to
the constructed expansions (for more on branched continued fraction structures, see [9]).
More about the convergence problem can be found in [10, 12] and also in [20, 32].

2. Expansions of some ratios of hypergeometric functions F. The function Fi is
defined by triple power series (see [37, 41])

Jr

Z a2 Q+T(61)p+7‘(52) <1 Zg Zg (1>

Fr(ar, oo, 1, By 71572, 733 2) TTr T
)o(72)q(73)r prg T

p,q,7=0

where i, ag, 81, B2, 71,772,773 € C herewith v1,7v2,73 € Z<, Z< denotes the nonpositive
integers, z = (21, 22, 23) € Dp,,

Dp, ={z € C3: 21| < 1, |2zo| < 1, |2z3] < (1 —|2z1])(1 — |22])},

(O =EE+1)-...- (£+ Kk —1) is the Pochhammer symbol.
In [2, Theorem 3| the following is proved.

Theorem A. The special ratio

Fy(a, ay, By, Bo; o, Ba, 733 2) (2)
FK(ala A, 51 + 17 52; aq, 527 V3 + 17 Z)
has a formal branched continued fraction expansion

V1z3
1-— 21 — 1 U923 ) (3)
T2 U323

1=z — V423

1—.

1—22—

where o, B2,73 € Z<, and
(g +n—1)(y3+n—1—7) _ (Brn)(ys+n—ay)

Von—1 = ) n — ) >1 4
T (g4 20— 2) (s + 20 — 1) 7 (43 +2n — 1)(75 + 2n) 4)
The following result can be proved in much the same way.
Theorem B. The special ratio
Fre(ay, a9, B1, Bas a1, B2, 733 2) (5)
Fr(ay, aa + 1, 81, Bas ay, B, 73 + 15 2)
has a formal branched continued fraction expansion
H123
1— Z9 — 1223 ) (6>
< [aZ3
1— Z1 —

1—.
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where o, 2,73 € Z<, and

Bi+n—1)(y+n—1—a) _ (ae+n)(ys+n—pr)
(3 +2n—2)(y3+2n—1) ~ 7"

>1. (7

= ., n>
Han—1 (73 +2n — 1)(y3 + 2n)

The ratios and form the so-called complete group of ratios of the hypergeometric
function Fi (o, as, f1, B2; aq, P2, v3;2) (see |38, Definition 1]).

Let oy, B2 be complex numbers herewith oy, 8y € Z< and ay, f1, 3 be real numbers. In
[2, Theorem 6] it is shown that under the conditions

O<v, <7, n>1 7>0. (8)

the branched continued fraction (3|) converges uniformly on every compact subset of the
domain

D, = {ZG(C31 2n €1 — kK, +00), n=1,2, 23 ¢ [%,—f—oo)}, 0< k<1, (9)

to a function f(z) that is holomorphic in ©,,, and, in addition, the function f(z) is an
analytic continuation of the function in the domain . A similar result is valid for the
function (5)) and its expansion @ provided that

O<p, <7, mn>1, 7>0. (10)

In [23, Theorem 2|, under conditions that oy, as, 81, B2, and 3 are complex constants such
that oy, By & Z< and

lvn] + Re(vn) <pg(1—¢q), n>1, p>0, 0<qg<l,
the uniformly convergence of on every compact subset of the domain

U =9, o, (11)

K

to a function f(z) holomorphic in D7 is proved, and, addition, it is shown that f(z) is an

analytic continuation of in ©77, where

1
Dpo= {2 [ o0) n=1,2, s < LB ]

2p

and

1-— 1-—
o = Lae il < 20 n— 12, o) < S ), o< k<1,
2 2v neN

Also, a similar result is valid for and @ provided that aq, s, 51, B2, 73 € C, o, B2 & Z<,
and

] + Re(pin) <pg(1—¢q), n>1, p>0, 0<qg<l1,
where p,, n > 1, are defined by .

3. Main results. Let {f,(z)} be a sequence of approximants of branched continued frac-
tion . We set

U™M(z)=1, n>1, (12)
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and, forn > 1,1 <k <n,

V4173

- V4223 ’
_ k2 —
145" 1— . v, 173

—Z _ 1 —
Lo T

UM(z)=1— 2y

- 21+5§_1)n — Upks

where 5{ is a Kronecker symbol, v,,, n > 1, are defined by . Then, forn >2,1 <k <n-—1,

V4123
e — e 1E3 (13)
14870 Ulgj-)l(z)

and f,(z) zl—zl—U’(’}l—fE’), n>1.
1 z
Assume that U,gn)(z) # 0 for all indices in some domain ©, ® C C3. Then for n > 1,

k> 1 (see [13] p. 28])

Vn+123 - Uy
foark(2) — fu(z) = =25 2. (ant1 + (14)

r=1

orforn>2k>2

fn+k(z) - fn(z) =

—1123 ( Vnt1%3 ) [ﬁ] V2 [(n1_1[)/2] Var+1
3 n T r
et z _1\yn+1 +
n+k (-1 n+k !

U (@)U (2) \ 0 Uin(@) ) o Ul @)Uy (2) o Us? (2)Uy (2)
where [.] denote integer part, ¢ =n+k,p=n,ifn=2s,andg=n,p=n+k,if n=2s—1,
s> 1.

The following result holds.

Theorem 1. Let ay, B2 be complex number herewith oy, 3y & Z< and oy, (1, and s real
numbers such that satisfy the conditions (@ Then:

(a) the branched continued fraction (3) converges to a finite value f(z) for each z € D,),
where

@n:{z€C3:z1§n,zQ§n,23§O}, 0<n<l,; (15)

(b) the convergence is uniform on every compact subset of the domain Int(%®,), and the
function f(z) is analytic on Int(D,);

(c) if f,(z) denotes the nth approximant of (3), then for n > 2 and for cach z € D,
£ (z) = fulz)| <
(|Z1+6§_1)n+1 |(1 - Zl+6§_1)n+2) + T‘Zg‘)(l - Zl+5§_1)n+l + T’Zg‘)_1<7_’23|>n.

- (1 —21)(1 = 22)(1 — 21 + 7|23)l =D/ (1 — 25 + 7]23]) /2] ’

(16)

(d) the function f(z) is an analytic continuation of the function (2) in the domain Int(D,,).

Proof. (a) Let z be an arbitrary fixed point in . Using inequalities , from for
arbitraries n and k such that 1 <k <n —1 and n > 2, we have

(), — 1 _ _ Vk+1%3 B B
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Now, using 7 , and , for any n > 2 and k > 2, we have that
[—nzl/ U (2)] < 72|

and
1

U ()]
Next, additionally using and for 1 <k <n—1and n > 2, we obtain

Un+1%23 1

‘ <|Z ( )n-‘rl’ + T|z3| )
_— 71 '
U5 @) = T e VT T

Prpsomt T

‘ V4123 ’ Vit1|23]
1 1
_ Ui (2) Uit (2)

‘Uk(:’n—l-l) (Z)U(n+1) (Z) ‘ _ ‘1 _ . . Vk+1%3 ‘ - I/k-+1|23’ =

k+1 (~1)k+1 -z k1 +
146 U(n+1) (—1k+ U 1

7| 23]

-~ 1 — 21+6§71)k+1 + T‘Z:}’

and, furthermore,

Vn41%3 _ Vn4123 < 7|23
U7(1,n+1) (Z)U’r(l?j_‘il) (Z) 1— Zl+6§,1)n+1 — VUpa173 - 1- Zl+6§,1)n+l -+ 7—’23|

Due to the above, for n > 2 and k > 2, we have the following
|fn+k(z) - fn(z)| S
(|Zl+6§_1)n+l |(1 — Zl+6§_1)n+2) + 7‘|23|)(1 - Zl+6£_1)n+1 + 7‘|23|)71(7‘|23|)n

- (1 - Zl+6§71)n+1)(1 — Zl+6£,1)n+2)(1 — 21 + T|Z3|)[(n_1)/2](1 — 29 —+ T|Z3|)[n/2] -

(2, o)1= 2, gomss) + )7l

= . (18
(= 21— 22)(1— 2,y o - s = 21 + 701 = 5 rlzgem )
1
Obviously, for an arbitrary fixed z € D,,
(|Zl+5§,1)n+1 |<]. — Zl+5§,1)n+2) + 7—|23|)(7—|23|)n
— 0

(1 — Zl)<1 — 22)(1 — yn+1 + T’23|>(1 — 21 + T|23|)[(n_1)/2]<1 — 29 + T|23|)[n/2]

et
as n — +00. Thus, due to the arbitrariness of k, we get (a).
(b) Let £ be an arbitrary compact subset of Int(®,,). Then there exists a constant C' > 0
such that for n > 2, k > 2, and for all z € R from (18] we obtain
(C(1=n)+7C)(rC)"
n zZ) — Jn\Z < .
|f +k( ) J ( )| (1 _77)3(1 —7]—}—7’0)”71
Now, if m, n are arbitrary integer numbers such that m > 2, n+ 2 > k > 2, then, for all
Z € R,

[ frrm(2) = fu(2)] < |foim(2) = fr(2)] + | fu(2) = fi(2)]-

(CA —n) +7C)(7C)"
(=01 =n+7C)"

Due to

—0 (n— +00),

(b) follows.
(c) follows directly from (18]) as & — +oc.
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(d) It is obvious that
Fi (o, g, Br, Bo; a1, B2, 735 0)
Fi (o, a9, 81 + 1, Bo; an, B2, 73 + 15 0)
Then, there exists 0 < £ < 1/4 such that function (2) is analytic in domain
O.={zcR® —ec<2<0, —£<2<0, —< 2z <0},

and O. C (Dp, NInt(D,)), in particular, O1/3 C (Dp, NInt(D,))).

Let z be an arbitrary fixed point in O.. Then it is obvious that the elements of expansion
(3) are positive, which gives us the following (see, [I3, Proposition 1.4])

fon(2) < foni2(2) < foni1(2) < fon-1(z), n>1.

This, together with (a), for each z € O, ensures the convergence of the sequences of even
and odd approximants of branched continued fraction (3| to a finite value f(z).
Now, we consider

Fie(on, oz, b1, B2; 01, B2, 733 2) — fulz), n>1
Fy(ar, a0, 81+ 1, Bo;an, Bo,ys + 152) 77 -
where
Fy (a1, ag, Br, Be; ar, B2,73; 2) _
Fi(ay, a9, By 4 1, Bo; an, Bo, 73 + 15 2)
V123
=1- Z9 — Uy 23 s
1-— Z1 —
1—. . VnZ3
CT RO T ., Un+1%3
=2, s-nmHl T
H v )
and
n n—1
FK (ab (%) + Z 5§71)Ta /61 + Z 6571): 52; aq, 527 V3 +n+ 17 Z)
n+1 r=0 r=0
VTL(‘H )(Z) - n+1 n
Fy (al, at Y oY B+ > 0 Basan, Bays +m+ 2 Z)
r=0 r=0
Let
n+1
Vi) -
V4123
— 1 - Z1+§(_l)k+1 - Vk+223
b 1—2 (—1)k+2 —
1+4; 1-— .. Unz3
. —21+6£_1)n — ) Z . Unt123
_ oy —
e Vi)
Then, similarly to , forn>21<k<n-—1we have
! Vk+1(z)

Obviously, U ,En) (z) # 0, Vk(n) (z) # 0 for all indices and for all z € ®.. Then, taking into
account for n > 1, we obtain

FK(Oél,OQ,ﬁl,Bz;041,52,73;@
Fr (o, g, b1 + 1, Ba; an, Ba, 73 + 15 2)

- fn(z) =

_ _.n Un+1%3 Vp
T <Zl+55_l>n+1 N Vn(ﬁl)(z)) rljll Vi (2) U8 (z)
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Therefore, for n > 1 and for all z € ®.,
Fr(ou, oo, B, Bo; a1, B2, 73 2)
nlZ) < < Jon—1\Z).
Jon(2) Fg(ay, a9, B+ 1, B2; a1, B2, v3 + 1;2) fona(2)
Now, due to the above, including (a), we get liril fon(z) = lim fo, 1(z) = f(z). Then
n—-+0o0

n——+oo

also for all z € ®,,

f(z) = Fi (o, ag, Br, Ba; an, Ba, 735 2)
Fr(ay, a0, f1 + 1, Bosay, Bo, ys + 152)
Finally, applying [2, Theorem 2|, we obtain (d). ]

By setting 81 = 0 and replacing v3 with 3 — 1 in Theorem [I, we obtain a similar result
for the branched continued fraction

1
TR , (19)
1—21— Ua23
1—22— U323
1—2’1—1_2 B Us23
27 1C
where

" _ (g +n—1)(y3+n—2) _ n(ys+n—1—ay) "> 1
T iy 2n—3) (13 +2n—2) " (s+2n—2)(p+2n—1) T

Corollary 1. If oy and 8 be complex numbers herewith oy, s & Z<, as and 3 be real
numbers such that 0 < u, < 2, n > 1, > 0, then:
(a) the branched continued fraction (19) converges to a finite value g(z) for each z € D,
where ®,, is defined by ;
(b) the convergence is uniform on every compact subset of to the function g(z)
analytic in Int(®D,);
(¢) if gn(2z) denotes the nth approximant of (19), then for n > 3 and for each z € D,

19(2) — gn(2)] <
<|Zl+6£,1)n+1 ’(1 — Zl+6§,1)n+2) + %’23|>(1 — Zl+6£,1)n+1 + %|Z3|>_1<%‘23|)n_1

- (1 — 21)3(1 — 29)(1 — 21 + 2|23 ) [("=2/2(1 — 25 + 5¢|23]|)l=1)/2] ;

(20)

d) the function g(z) is an analytic continuation of Fi (ay, as, 1, by; a1, by, c3;2) in Int(9,)).
The following theorem can be proved in much the same way as Theorem [I]
Theorem 2. Let ay, B € C herewith oy, B & Z<, as, 1,73 € R and the inequalities @
hold. Then:

(a) the branched continued fraction (0) converges to a finite value f(z) for each z € D,),

where ©,, is defined by ;

(b) the convergence is uniform on every compact subset of the domain Int(%®,), and the
function f(z) is analytic on Int(D,);

(¢c) if fu(z) denotes the nth approximant of (6), then for n > 2 and for cach z € D, the
truncation error bound @ holds;

(d) the function f(z) is an analytic continuation of the function (5) in the domain Int(D,)).
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Corollary 2. Let oy, 8y € C herewith oy, 8y & Z<, 1,73 € Rand 0 < v, < 3, n > 1

» > 0, where
(Bi+n—1)(y3+n—2) . nptn—1-5)

Y

v n—1 — 9 n — ; n Z 1
2T L o ) (2 —2) T (st 20— 2)(7s + 20— 1)
Then:
(a) the branched continued fraction
1
V123 ) (21>
1— Z9 — U223
1-— 21 — U323
1-— Z9 — U123
1-— Z1 —
1—

converges to a finite value g(z) for each z € ©,,, where ®,, is defined by @;

(b) the convergence is uniform on every compact subset of (13)) to the function g(z) analytic
in Int(D,);

(¢c) if g,(2) denotes the nth approximant of (21)), then for n > 3 and for each z € D, the
truncation error bound (@) holds;

(d) the function g(z) is an analytic continuation of Fi(ay,1, by, ba; a1, b, c3;2) in Int(D,).

4. Conclusions. For each z € Int(®,), where ©, is defined by , we have established
that under conditions ({§]) the branched continued fraction (3]) converges to the function f(z)
which is analytic in Int(®,)), at least as fast as geometric series with ratio
pla) = Tl /(min{1 = 21,1 = 22} + ). Thus, B |f(2) = £,(2)"" < p(o)

where f,(z) is nth approximant of (3)). Using the PF method (based on the so-called property
of fork for a branched continued fraction with positive elements) [2], it is also established
that under conditions , the function f(z), to which the expansion (3]) converges, is an
analytic extension of the function in the domain . A similar result is valid for the
function (5)) and its expansion @ provided that the inequalities hold.

Further research is to establish truncation error bounds for expansions and in
the domains of @ and . For this, we can try to use the ideas of obtaining estimates in
[7, 8, 11]. Another direction is to establish sets of numerical stability of these expansions.

Here, we can use methods for both continued fractions [19, B1] and branched continued
fractions [28, 29| 33].
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