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We introduce and study an analog of the Kelvin transformation connected with the Vladi-
mirov-Taibleson operator acting on real- or complex-valued functions on a space Kn over a non-
Archimedean local field K.

1. Introduction. The classical Kelvin transform is an important tool of mathematical
analysis. In the framework of α-fractional potential theory ([13, 15]), the Kelvin transform
of a function u on Rn, n ≥ 2 is (

Ku
)
(y) = |y|α−nu(Ty), (1)

where 0 < α ≤ 2, T is the inversion with respect to the unit sphere defined as

Tx =
x

|x|2
. (2)

The case where α = 2 is related to the theory of harmonic functions (see, for example,
[3]). If Ω is an open subset of Rn\{0} and Ω∗ = {Tx : x ∈ Ω}, then a function u is harmonic
on Ω if and only if Ku is harmonic on Ω∗. This property has a number of applications. It is
extended to α-harmonic functions related to the fractional Laplacians and other operators.
There is a deep theory devoted to probabilistic interpretation of the Kelvin transform ([1, 6]).

In this note we introduce a kind of Kelvin transformation connected to the Vladimirov-
Taibleson operator acting on real- or complex-valued functions on a space Kn over a non-
Archimedean local field K:(

Dα.nu
)
(x) = cn,α

∫
Kn

u(x) − u(y)

∥x− y∥n+α
Kn

dy, x ∈ Ω ⊂ Kn, (3)

where n ≥ 2, ∥z∥Kn = max
1≤j≤n

|zj|K for z = (z1, . . . , zn) ∈ Kn, | · |K is the normalized absolute

value, dy is the Haar measure,

cn,α =
q − 1

1 − q−α−n
, α > 0,

q is the residue cardinality of K, and the precise meaning of the inegral in (3) depends on
smoothness assumptions regarding the function u. A model example of the field K is the
field Qp of p-adic numbers.

The operator (3) and equations containing it have been investigated by many authors.
Its theory is to some extent parallel to that of fractional Laplacians of real analysis, though
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the details are often very different; see the books [21, 10, 19, 2, 9, 22, 23] and many recent
papers, such as [7, 4, 5, 12] and others.

The formulas (1) and (2) cannot be reproduced in the non-Archimedean situation, since
an element x ∈ Kn cannot be divided in a straightforward way by a real number |x|2K .
An interpretation of the latter as a p-adic number does not help: p-adic geometry is quite
different from the real one.

Fortunately, the non-Archimedean space Kn possesses the property absent in Rn. On
the set Kn, there exist various field structures, in particular the structure of an unramified
field extension (see Section 2). This makes it possible to define an analogue of the Kelvin
transformation, connected with the notion of α-harmonic functions, solutions for the equation(
Dα,nu

)
(x) = 0 on subsets of Kn.

2. Local fields. A (non-Archimedean) local field is non-discrete totally disconnected locally
compact topological field. Such a field K is isomorphic to a finite algebraic extension of the
field Qp of p-adic numbers, if K has characteristic 0, or to the field of formal Laurent series
with coefficients from a finite field, if K has a positive characteristic. See [19, 16, 20, 10, 8]
for the basic notions and results regarding the local fields.

On any local field there exists an absolute value | · |K , such that: 1) |x|K = 0 if and only
if x = 0; 2) |xy|K = |x|K |y|K ; 3) |x + y|K ≤ max{|x|K , |y|K}. This last inequality, called
ultrametric, implies that |x+ y|K = |x|K , if |y|K < |x|K .

The ring O = {x ∈ K : |x|K ≤ 1} is called the ring of integers of K. The ideal P =
{x ∈ K : |x|K < 1} contains such an element β that P = βO. The quotient ring K̄ = O/P
is actually a finite field called the residue field. The absolute value is called normalized, if
|β|K = q−1 where q is the cardinality of O/P .

If a local field K is a subfield of a local field L, then L is called an extension of K, which
is denoted LK . The extension L can be considered as a vector space over K. If L is finite-
dimensional over K, then LK is called the finite extension of degree n, where n = dim L
over K. Any basis of L over K is called a basis of the extension. Note that the residue field
L̄ is an extension of K̄.

An operator Sξ of multiplication in L by an element ξ can be considered as a linear
operator on a K-vector space. If the linear function ξ 7→ Tr(Sξ) does not vanish identically,
then the extension is called separable. Here Tr is the trace of a linear operator in a finite-
dimensional vector space. All finite extensions of the field of characteristic zero are separable.
On the other hand, the notion of separability makes sense also for the finite fields K̄, L̄.

There exists a detailed theory of extension of local fields; see [8, 20]. Here we will need
only the unramified extensions.

A finite extension L of a local field K is called unramified, if L̄/K̄ is a separable extension
of the same degree, as LK . Any local field K has a unique (up to the isomorphism) unramified
extension of each given degree n ≥ 2. The cardinality of the residue field L̄ in this extension
equals qn where q is the residue cardinality card (O/P ) in K. Each unramified extension is
separable.

The unramified extension of degree n has, as aK-vector space, a canonical basis consisting
of representatives of a basis in L̄ over K̄. Let x ∈ L have the coefficients x1, . . . , xn ∈ K of
its expansion with respect to the canonical basis. Then the normalized absolute value |x|L
has the representation ([18]):

|x|L =
(

max{|xj|K : 1 ≤ j ≤ n}
)n
. (4)

Another absolute value on L, ∥x∥L = |x|1/nK ≡ max{|xj|K : 1 ≤ j ≤ n}, extends the absolute
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value fromK. Comparing the expression for ∥x∥L and ∥x∥Kn , we see that the above canonical
basis is an orthogonal basis (in the non-Archimedean sense [17]) in L considered as Banach
space with the norm ∥ · ∥L. Therefore (see also [11]) the canonical basis defines an isometric
linear isomorphism between L and Kn, U : Kn → L, U−1x = (x1, . . . , xn).

In particular, this isomorphism defines an invariant measure on the additive group Kn,
and the measure of the unit ball in Kn equals 1. By the uniqueness of the Haar measure,
dx = dx1 . . . dxn. Moreover, this isomorphism identifies the operator Dα,n defined in (3) with
the operator (

Dγ
Lu

)
(x) =

1 − qnγ

1 − q−n(γ+1)

∫
L

u(z) − u(x)

|z − x|γ+1
L

dz, γ =
α

n
. (5)

Thus a multi-dimensional operator over Kis equivalent to a one-dimensional operator over
a bigger field. Of course, this is a purely non-Archimedean phenomenon.

3. Fourier analysis and Sobolev-type spaces. The additive group of a local field K is
self-dual, so that the Fourier analysis on K is similar to the classical one. The details may
be found in particular in [9, 10, 21, 23].

Let χ be a fixed non-constant additive character. We assume that χ has rank zero, so
that χ(x) ≡ 1 on O, and χ(x0) ̸= 1 for some x0 ∈ K with |x0|K = q.

The Fourier transform of a complex-valued function f ∈ L1(K) is defined as(
Fx→ξf

)
(ξ) = f̂(ξ) =

∫
K

χ(xξ)f(x) dx, ξ ∈ K.

If f̂ ∈ L1(K), then we have an inversion rule

f(x) =

∫
K

χ(−xξ)f̂(ξ) dξ.

The Fourier transform preserves the Bruhat-Schwartz space D(K) of test functions, consi-
sting of locally constant functions with compact supports. The local constancy of a function
f : K 7→ C means the existence of such an integer k that for any x ∈ K

f(x+ x′) = f(x), whenever |x′|K ≤ q−k.

The above notion extend naturally to functions Kn 7→ C. In this case(
Fx→ξf

)
(ξ) = f̂(ξ) =

∫
Kn

χ(x · ξ)f(x) dx, f ∈ L1(Kn).

For φ ∈ D(Kn), (
Dα,nφ

)
(x) = F−1

ξ→x

(
∥ξ∥αKnFx→ξφ

)
(x).

We will use a consruction of Sobolev-type spaces of complex-valued functions suggested by
Zunigo-Galindo (for the details see [9, 23]).

Let C0(K
n) be the space of all continuous functions on Kn tending to zero at infinity by

the filter of complements to compact subsets. For φ, ψ ∈ D(Kn), define the scalar product

⟨φ, ψ⟩ℓ =

∫
Kn

||| ξ ||| ℓKnφ̂(ξ)ψ̂(ξ) dξ, ℓ = 0, 1, 2, . . . , (6)

where ||| ξ |||Kn = max(1, ∥ξ∥Kn). Let Hℓ = Hℓ(K
n) be the completion of D(Kn) with respect

to the scalar product (6). We have continuous embedding Hm ↪→ Hℓ for ℓ ≤ m. Next, we set

H∞ = H∞(Kn) =
∞⋂
ℓ=0

Hℓ.

We have H0 = L2(Kn), H∞ ⊂ L2(Kn).
The scalar products (6) define a system of seminorms on D(Kn), so that D(K) becomes

a metric space. Its completion coincides with H∞(Kn). Thus H∞(Kn) can be considered
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as a locally convex vector space continuously imbedded in C0(K
n). The mapping Dα,n is

a bicontinuous automorphism of H∞(Kn).
4. Kelvin transformation. Denote by U : Kn → L the above isometric isomorphism. An
inversion in Kn is defined as

J = U−1∆U , (7)
where ∆(x) = 1

x
, x ∈ L\{0}. Note that the classical inversion (2) is a conformal mapping,

see [3]. In p-adic mathematical physics the conformal group is defined as the one generated
by ∆ and isometries ([14]); in this sense our inversion (7) is a conformal mapping.

We call the transformation(
Ku

)
(x) = ∥x∥α−n

Kn u(J (x)), 0 ̸= x ∈ Kn

the non-Archimedean Kelvin transformation.
Let us consider the operator Dγ = Dγ

L (γ ̸= 1) of the form (5) corresponding to the
field L. Let us denote x∗ = 1

x
for x ∈ L and f ∗(x) = f(x∗). We calculate the action of an

operator
(
Dγf ∗ )(x∗) on the function f ∗, which is sufficiently regular, so that the calculations

make sense. For example, we may assume f ∈ H∞(L). The nonlinear change of variables in
an integral is substantiated in [17, Appendix A7].

First we consider the operator(
D−γf ∗ )(x∗) = dn,γ

∫
L

|x∗ − y|γ−1
L f

(1

y

)
dy, x ̸= 0,

where dn,γ = 1−q−nγ

1−qn(γ−1) . The operator D−γ is an inverse operator to Dγ ([21]). We have(
D−γf ∗)(x∗) = dn,γ

∫
L

∣∣∣x∗ − 1

z

∣∣∣γ−1

L

∣∣∣ 1

z2

∣∣∣
L
f(z) dz = dn,γ

∫
L

|z|−γ−1
L |x∗z − 1|γ−1

L f(z) dz =

= dn,γ|x∗|γ−1
L

∫
L

|z|−γ−1
L |z − x|γ−1

L f(z) dz = |x∗|γ−1
L D−γ

(
| · |−γ−1

L f(·)
)

(x). (8)

If f = Dγu, then u( 1
x
) = |x|1−γ

L D−γ(| · |−γ−1
L Dγu(·))(x), so that Dγ(|x|γ−1

L u(x∗))(x) =

= |x|−γ−1
L Dγ

xu(x), or, equivalently,(
Dγu

)
(x) = |x|γ+1

L Dγ(|x|γ−1
L u(x∗))(x). (9)

The identity (9) can be interpreted for functions on Kn, if we set γ = α
n

and identify L
with Kn using the expansion with respect to a canonical basis. Thus, we have proved the
following result.

Theorem 1. For any u ∈ H∞(Kn),
(
Dα,nu

)
(x) = ∥x∥α+n

Kn Dα,n
(
Ku

)
(x).

As usual, we call a function u ∈ H∞(Kn) α-harmonic on a subset G ⊂ Kn, if(
Dα,nu

)
(x) = 0 for all x ∈ G.

Note that an α-harmonic function (on a subset) must be defined on the whole space Kn. For
explicit example of such function see the eigenfunctions of Dα,n ([21, 10, 9, 7]).

Corollary 1. Let u be α-harmonic function on G, G ∋ 0. Then the function Ku is α-
harmonic on the set {J (x) : x ∈ G}.
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